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Abstract

The elliptic curve-based Enhanced Privacy ID (EPID) signature scheme
is broadly used for hardware enclave attestation by many platforms that
implement Intel Software Guard Extensions (SGX) and other devices.
This scheme has also been included in the Trusted Platform Module
(TPM) specifications and ISO/IEC standards. However, it is insecure
against quantum attackers. While research into quantum-resistant EPID
has resulted in several lattice-based schemes, Boneh et al. have initiated
the study of EPID signature schemes built only from symmetric prim-
itives. We observe that for this line of research, there is still room for
improvement. In this paper, we propose a new hash-based EPID scheme,
which includes a novel and efficient signature revocation scheme. In addi-
tion, our scheme can handle a large group size (up to 260 group members),
which meets the requirements of rapidly developing hardware enclave at-
testation applications. The security of our scheme is proved under the
Universal Composability (UC) model. Finally, we have implemented our
EPID scheme, which, to our best knowledge, is the first implementation
of EPID from symmetric primitives.

1 Introduction

The concept of Enhanced Privacy ID (EPID). Like group signatures [19]
and Direct Anonymous Attestation (DAA) signatures [11], EPID is a type of
anonymous signature scheme, which allows users in a group to sign messages
such that the signatures can be verified using a group public key, and the actual
signers’ identities are not revealed to the verifier (beyond the fact that they
belong to the group). The difference between these three types of signatures is
the methods that they handle traceability and revocation. A group signature is
traceable, meaning that given a signature, an authorised entity, namely a group
tracer, can find the actual signer. However, to avoid the tracer being a privacy
bottleneck, both DAA and EPID do not support traceability.
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Revocation is defined as “the withdrawal of the power of a signing key that
has been granted”. A typical revocation method is using a revocation list. Dif-
ferent types of revocation lists are considered in anonymous signatures. When
a group public key is on the revocation list, the entire group can be revoked.
Group signatures, DAA, and EPID all support this type of revocation. When
a certain group member’s key material is on the revocation list, this member
can be revoked. Some group signature schemes put a part of the membership
credential on the revocation list, e.g. [9]. Both DAA and EPID can use a private
key revocation list, such that if a signer’s private key is revealed, this signer is
revoked. This is not a powerful revocation since a signer’s private key is known
only by the signer and there is no way to force a malicious signer to revoke it-
self. To avoid this weakness, both DAA and EPID further have signature-based
revocation. In DAA, this is through linkability, i.e., two DAA signatures signed
by the same signer are linked if they use the same basename. For example, to
access a digital service, signers are required to use a given basename from the
service provider, who based on the user’s behaviour can build a local signature
revocation list. In EPID, a signature can directly be put on the revocation
list, and an EPID signature includes an extra Non-Interactive Zero-Knowledge
Proof (NIZKP) to demonstrate that none of the signatures in the list was signed
using the current signing key, while it does not leak any extra information about
a signer who has not been revoked. This is a unique and powerful feature of
EPID. The challenge is to make the cost of the NIZKP as low as possible.
Related work. The idea and first scheme of EPID were proposed by Brickell
and Li [12, 15]. They aim to build a new DAA scheme with enhanced revocation
capabilities. Their security notion of EPID is a modification of the security
model of the original DAA scheme [11] by replacing linkability with signature-
based revocation. The security of their scheme is based on the strong RSA
and the decisional Diffie-Hellman assumptions. Shortly after that, Brickell and
Li [13, 14] proposed a more efficient EPID scheme using bilinear pairings,
and its security is based on the strong Diffie-Hellman and the decisional Diffie-
Hellman assumptions. The computational and communicational costs of both
proof generation and verification are linear to the size of the signature revocation
list. The authors expected that the revocation list would be rather small. Later,
Dall et al. [25] identified that the Intel SGX EPID implementation leaks sensitive
key information via a cache side channel. Based on our understanding, this side-
channel attack does not show any design flaw in EPID schemes. Recently, Faonio
et al. [31] introduced a subversion resilient EPID (SR-EPID) scheme, which
provides the same functionality and security guarantees of the original EPID,
despite potentially subverted hardware. Their scheme uses also bilinear pairings.
The security of their scheme is based on the External Diffie-Hellman assumption,
i.e., both pairing input groups hold the decisional Diffie-Hellman assumption.
As for security analysis, Muhammad et al. worked on the formal method-based
security analysis of EPID-based remote attestation [46]. They made use of a
fully automated formal approach using a popular automatic symbolic protocol
verifier, ProVerif [7], to specify and verify the EPID-based attestation process
in the Intel SGX. El Kassem et al. [30] presented a new security model for EPID
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in the Universal Composability (UC) framework.
The pairing-based EPID scheme [14] is used for hardware enclave attestation

by many platforms that equip Intel Software Guard Extensions (SGX). This
scheme is included in ISO/IEC standards [37]. A TPM implementation of EPID
is included in the TPM 2.0 library specifications [47]. All these standard EPID
schemes make use of elliptic curves and their security is based on Diffie-Hellman-
related problems, so they are not quantum-safe. Designing a post-quantum
EPID scheme has drawn the cryptographic community’s attention. Solutions
based on lattices or hash functions have appeared in the literature.

In 2019, El Kassem et al. [30] proposed the first EPID scheme based on
lattices. The security of their scheme relies on the ring Short Integer Solution
(SIS) and Learning With Error (LWE) hard problems. Their scheme is proven
secure under the UC framework. In 2023, Biswas et al. [6] proposed another
lattice-based EPID scheme. The security of their scheme relies on the hardness
of the standard SIS problem. They adopted an updatable Merkle tree accumu-
lator to ensure that any group member can join or be revoked dynamically at
any time. Again in 2023, Chen et al. [20] proposed a new lattice-based Secure
Device Onboard EPID (SDO-LEPID) scheme, their construction is based on
the lattice-based DAA protocol in [23]. They implemented both the lattice-
based EPID scheme [29] and their proposed scheme and claimed that their new
EPID scheme is more efficient. However, we observe that the performance of
their protocol can be further improved by relying on more efficient and compact
lattice-based zero-knowledge proofs such as in [10, 42].

Boneh et al. [8] initiated the study of EPID from symmetric primitives and
proposed two EPID schemes. Their schemes rely on hash functions, pseudoran-
dom functions (PRFs), and Non-Interactive Zero-Knowledge Proofs (NIZKPs)
only. There is no known quantum attack on these primitives, so their schemes
are quantum-resistant. More specifically, the first scheme makes use of an
NIZKP of PRFs and the NIZKP is instantiated by MPC-in-the-Head (MPCitH);
considering a real-world use case of remote hardware attestation, the second
scheme uses a Merkle-tree-based accumulator to arrange group credentials, that
allows to reduce the signature size by moving many heavy verification steps
outside of the NIZKP. It is claimed that the maximum group size can reach 240

theoretically. They have not implemented their schemes although discussed key
sizes and signature sizes for different sizes of a group.
Our contributions. The focus of this paper is to improve the existing work on
EPID from symmetric primitives. We observe that the following aspects have
not yet been completed: (1) find an efficient method to prove an unrevealed sig-
nature key has not been used to create any signatures in a signature revocation
list; (2) let a symmetric-based EPID scheme handle a large group size, aiming
to 260; (3) prove the security of a symmetric-based EPID scheme under the Uni-
versal Composability (UC) model; and (4) implement a symmetric-based EPID
scheme and check their performance precisely. The contribution of this paper is
to complete these aspects. We propose a new hash-based EPID scheme, which
includes a novel and efficient signature revocation scheme. Our scheme can han-
dle a large group size (up to 260 group members), which meets the requirements
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of rapidly developing hardware enclave attestation applications. The security
of our scheme is proved under the UC model. Finally, we have implemented
our EPID scheme, which, to our best knowledge, is the first implementation of
EPID from symmetric primitives.
Outline of the paper. The remaining part of this paper is arranged as follows:
§ 2 describes relevant preliminaries, § 3 presents the proposed EPID construc-
tion, § 4 and 5 provide security notions and proofs, § 6 discusses our imple-
mentation result and compares it with the existing post-quantum EPID imple-
mentation results, and § 7 concludes this paper. For the sake of completion,
we provide the security analysis of a group membership credential scheme in
Appendix A.

2 Preliminaries

2.1 Hash-based signatures

In a hash-based signature scheme, a private key is composed of a series of
randomly generated strings, while the corresponding public key is obtained by
applying hash functions to the private key. Early hash-based signature schemes,
such as the Lamport scheme [41] and the Winternitz scheme [43], were one-
time signatures (OTS), meaning that each key pair can only be used to sign a
single message. The Merkle signature scheme [43] is the first hash-based few-
time signatures (FTS). It generates several OTS key pairs and aggregates their
public keys using a Merkle tree. The root of the tree serves as the overall public
key. Every signature uses one OTS private key, and it is comprised of the
corresponding OTS and the Merkle tree authentication path for the OTS public
key. The verifier can verify multiple signatures using only the Merkle tree root.

These signature schemes are characterized as stateful, as the signer is re-
quired to maintain a state containing information such as the number of signed
messages and the keys utilized. In comparison, more recent FTS schemes, such
as FORS [4], is stateless as they utilize a large set of secret random strings
that can be obtained from a pseudorandom function applied to the private key.
Signatures are then generated by selecting elements from the set based on the
message to be signed. While each signature discloses some secret strings in the
set, the set size is large, and the number of signatures can be controlled to make
it infeasible to forge a signature by mixing and matching secret strings from
previously generated signatures. Building on the top of FORS, SPHINCS+ [4]
is a more powerful stateless hash-based signature scheme. It employs a hyper-
tree, i.e., a tree of trees, to organize OTS and FTS key pairs. Each SPHINCS+
signature constitutes a chain of signatures, with the initial signature Σ0 being
generated from the message, and each subsequent signature Σi being a signature
of the public key that verifies the preceding signature Σi−1. By using the root
public key, the authenticity of the signature chain can be verified. Although
SPHINCS+ also has an upper limit on the number of signatures that can be
generated per key pair, it can be set to an extremely large value (up to 264),
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making it highly unlikely to reach this limit in practical scenarios. SPHINCS+
has been chosen as one of the three digital signature schemes by the National
Institute of Standards and Technology (NIST) to become a part of its post-
quantum cryptographic standard [45].

2.2 MPC-in-the-Head based signatures

Ishai et. al. [35] introduced the idea of Zero-Knowledge Proofs (ZKP) based on
“Multi-Party Communication in the Head” (MPCitH). Given a public value x,
the prover proves knowing a witness w such that f(w) = x. To do so, the prover
simulates, by itself, an MPC protocol betweenm parties that realizes f , in which
w is secretly shared as an input to the parties, and commits to the views and
internal state of each party. Next, the verifier challenges the prover to open
a subset of these commitments, checks them, and decides whether to accept
or not. If the MPC realizes f properly, this protocol is complete, meaning a
valid statement will always be accepted. The protocol is also zero-knowledgeable
because only the views and internal states of a subset of the parties are available
to the verifier, and by the privacy guarantee of the underlying MPC protocol, no
information about w can be leaked. For soundness, if the prover tries to prove a
false statement, then the joint views of some of the parties must be inconsistent,
and with some probability, the verifier can detect that. The soundness error of
a single MPC run can be high, but by repeating this process independently
enough times, the soundness error can be made negligible. The interactive zero-
knowledge proofs can be made Non-Interactive Zero-Knowledge Proofs (NIZKP)
through techniques such as the Fiat-Shamir transformation.

There are many solutions for constructing MPCitH NIZKPs, e.g., IKOS [35],
ZKBoo [34], ZKB++ [18], KKW [39], Ligero++ [5], Limbo [27], BBQ [26], Ban-
quet [2], BN++ [38], Rainer [28], AIM [40], Aurora [3], VOLE-in-the-Head [1]
and Polaris [33]. They follow the same paradigm but are different in the under-
lying MPC protocols and have different concrete/asymptotic efficiency. In this
paper, to describe our scheme, we do not need to touch the low-level details,
hence we will use MPCitH (for Boolean circuits) in an abstract way. We will
use the following syntax to describe a NIZKP:

π = P{(public params); (witness)|relation to be proved}

For example, to prove the same key sk is used in two different instantiations
of a pseudorandom function F with different data inputs, we write:

π = P{(C1, P1), (C2, P2)); (sk)|C1 = F (sk, P1) ∧ C2 = F (sk, P2)}

MPCitH has been used to generate signature schemes from a symmetric key
setting. The first scheme is Picnic [48, 18, 49], in which the secret signing key
is k and the public verification key is a pair (c, p), and the key pair satisfy the
equation c = E(k, p) where E is a block cipher, k is a secret key, and p and c are
respectively a plaintext and ciphertext block. To enhance security and improve
performance, more MPCitH-based signature schemes have been developed, e.g.,
Banquet [2], Rainer [28], FAEST [1], AIM [40] and Peron [24].
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Our EPID scheme makes use of this type of signature scheme, and any
scheme that holds the Existential Unforgeability under a Chosen Message Attack
(EUF-CMA) can be used. More specifically, we create a public and private key
pair from a keyed pseudo-random function written as y = F (sk, x), where sk is
a secret signing key and the corresponding public verification key is pk = (x, y).
Signing a message m essentially is to generate a non-interactive MPCitH proof
of knowing sk:

π = P{(x, y); (sk)|y = F (sk, x)}(m)

2.3 M-FORS and F-SPHINCS+ signatures

To construct an EPID scheme from symmetric primitives, we need to select
symmetric setting-based group membership credentials. A credential is a signa-
ture on a group member’s key generated by the issuer. Following the research
on hash-based group signatures [22] and hash-based DAA [21], we choose an
F-SPHINCS+ signature as a group credential. The F-SPHINCS+ signature
scheme is a modification of the SPHINCS+ signature scheme [4]. As a result,
F-SPHINCS+ signatures are more MPCitH friendly than SPHINCS+ signa-
tures. As depicted in Fig. 1, F-SPHINCS+ signatures make use of a hyper-tree
that is a tree of M-FORS trees. We now recall the description of M-FORS and
F-SPHINCS+ from [21, 22].
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Figure 1: F-SPHINCS+ signatures.

2.3.1 M-FORS

The M-FORS signature scheme, as depicted in Fig. 2, is a modification of FORS
used in SPHINCS+ [4]. As mentioned before, FORS is a few-time signature
scheme such that each key pair can be used to sign up to q signatures. M-FORS,
short for Merkle FORS, differs from FORS in that, the public key is generated
as the root of a Merkle tree. The purpose of this modification is to allow a
partial proof in MPCitH, which will significantly imrove the performance (see
M-FORS partial proof later for a more detailed discussion). With M-FORS, the
hyper-tree in F-SPHINCS+ is a q-ary tree such that the public key in a child
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<latexit sha1_base64="pZrlYg/UySvgK76kpXm8dLapZf0=">AAAB9HicbVDLSgNBEJz1GVejUY9eBkPAU9hNDuYYEMRjBPOAZAmzk0kyZGZ2nekNhiXf4cWDInr0I/wEb/6Nk8dBEwsaiqpuurvCWHADnvftbGxube/sZvbc/YPs4VHu+KRhokRTVqeRiHQrJIYJrlgdOAjWijUjMhSsGY6uZn5zzLThkbqDScwCSQaK9zklYKWgA+wBAFIJ0265m8t7RW8OvE78JclXs59J4dp9r3VzX51eRBPJFFBBjGn7XgxBSjRwKtjU7SSGxYSOyIC1LVVEMhOk86OnuGCVHu5H2pYCPFd/T6REGjORoe2UBIZm1ZuJ/3ntBPqVIOUqToApuljUTwSGCM8SwD2uGQUxsYRQze2tmA6JJhRsTq4NwV99eZ00SkW/XCzd+vlqBS2QQWfoHF0gH12iKrpBNVRHFN2jR/SMXpyx8+S8Om+L1g1nOXOK/sD5+AHVwpUG</latexit>

mt4
<latexit sha1_base64="jwHFvQP0vgnl33MUiiWjXhnvAWs=">AAAB9HicbVDLSgNBEJz1GVejUY9eBkPAU9iNgjkGBPEYwTwgWcLsZJIMmZldZ3qDYcl3ePGgiB79CD/Bm3/j5HHQxIKGoqqb7q4wFtyA5307a+sbm1vbmR13dy+7f5A7PKqbKNGU1WgkIt0MiWGCK1YDDoI1Y82IDAVrhMOrqd8YMW14pO5gHLNAkr7iPU4JWCloA3sAgFTCpHPRyeW9ojcDXiX+guQr2c+kcO2+Vzu5r3Y3oolkCqggxrR8L4YgJRo4FWzithPDYkKHpM9alioimQnS2dETXLBKF/cibUsBnqm/J1IijRnL0HZKAgOz7E3F/7xWAr1ykHIVJ8AUnS/qJQJDhKcJ4C7XjIIYW0Ko5vZWTAdEEwo2J9eG4C+/vErqpaJ/Xizd+vlKGc2RQSfoFJ0hH12iCrpBVVRDFN2jR/SMXpyR8+S8Om/z1jVnMXOM/sD5+AHXRpUH</latexit>

pk =
<latexit sha1_base64="L+yzNO/FKsTHQ3nqtc+rVuXrwc4=">AAAB6nicbZC7SgNBFIbPeo3xFk1pMxgCVmE3FqYRAjaWEc0FkiXMTmaTITOzy8ysEJZ0tjYWitj6LD6AnT6AT+ADOLkUmvjDwMf/n8Occ4KYM21c98NZWV1b39jMbGW3d3b39nMHhw0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HFJG/eUqVZJG/MKKa+wH3JQkawsdZ1PDzv5gpuyZ0KLYM3h0I1X7z7fvv6rHVz751eRBJBpSEca9323Nj4KVaGEU7H2U6iaYzJEPdp26LEgmo/nY46RkXr9FAYKfukQVP3d0eKhdYjEdhKgc1AL2YT87+snZiw4qdMxomhksw+ChOOTIQme6MeU5QYPrKAiWJ2VkQGWGFi7HWy9gje4srL0CiXvNNS+corVCswUwaO4BhOwIMzqMIl1KAOBPpwD4/w5HDnwXl2XmalK868Jw9/5Lz+AB0Zkh0=</latexit>

x
(0)
2<latexit sha1_base64="cKI5FuNtwdByphB//uKeH0CKFmc=">AAAB+3icbVDJSgNBEK2JW4xbjHjy0hiEeAkzQdBjwIvHCGaBJIaeTk/SpGehu0YShvkNj148KOLVk3/hzb+xsxw08UHB470qquq5kRQabfvbyqytb2xuZbdzO7t7+wf5w0JDh7FivM5CGaqWSzWXIuB1FCh5K1Kc+q7kTXd0PfWbD1xpEQZ3OIl416eDQHiCUTRSL1/oIB+j6yXj9D4p2edpr9LLF+2yPQNZJc6CFKvHn48EAGq9/FenH7LY5wEySbVuO3aE3YQqFEzyNNeJNY8oG9EBbxsaUJ/rbjK7PSVnRukTL1SmAiQz9fdEQn2tJ75rOn2KQ73sTcX/vHaM3lU3EUEUIw/YfJEXS4IhmQZB+kJxhnJiCGVKmFsJG1JFGZq4ciYEZ/nlVdKolB277Nw6xeoFzJGFEziFEjhwCVW4gRrUgcEYnuAFXq3UerberPd5a8ZazBzBH1gfP/isldU=</latexit><latexit sha1_base64="lMwwjCvmYflBBqqImgQ3gEc+XyY=">AAAB+3icbVDLSsNAFJ34rPUVK67cBKtQNyUpgi4LblxWsA9oY5hMJ+3QySTM3EhLyG+4dONCEbeu/ARXuvNvnD4W2nrgwuGce7n3Hj/mTIFtfxtLyyura+u5jfzm1vbOrrlXaKgokYTWScQj2fKxopwJWgcGnLZiSXHoc9r0B5djv3lHpWKRuIFRTN0Q9wQLGMGgJc8sdIAOwQ/SYXabluzTzKt4ZtEu2xNYi8SZkWL14P2+9PF5XPPMr043IklIBRCOlWo7dgxuiiUwwmmW7ySKxpgMcI+2NRU4pMpNJ7dn1olWulYQSV0CrIn6eyLFoVKj0NedIYa+mvfG4n9eO4Hgwk2ZiBOggkwXBQm3ILLGQVhdJikBPtIEE8n0rRbpY4kJ6LjyOgRn/uVF0qiUHbvsXDvF6hmaIocO0REqIQedoyq6QjVURwQN0QN6Qs9GZjwaL8brtHXJmM3soz8w3n4AWsCXnQ==</latexit><latexit sha1_base64="lMwwjCvmYflBBqqImgQ3gEc+XyY=">AAAB+3icbVDLSsNAFJ34rPUVK67cBKtQNyUpgi4LblxWsA9oY5hMJ+3QySTM3EhLyG+4dONCEbeu/ARXuvNvnD4W2nrgwuGce7n3Hj/mTIFtfxtLyyura+u5jfzm1vbOrrlXaKgokYTWScQj2fKxopwJWgcGnLZiSXHoc9r0B5djv3lHpWKRuIFRTN0Q9wQLGMGgJc8sdIAOwQ/SYXabluzTzKt4ZtEu2xNYi8SZkWL14P2+9PF5XPPMr043IklIBRCOlWo7dgxuiiUwwmmW7ySKxpgMcI+2NRU4pMpNJ7dn1olWulYQSV0CrIn6eyLFoVKj0NedIYa+mvfG4n9eO4Hgwk2ZiBOggkwXBQm3ILLGQVhdJikBPtIEE8n0rRbpY4kJ6LjyOgRn/uVF0qiUHbvsXDvF6hmaIocO0REqIQedoyq6QjVURwQN0QN6Qs9GZjwaL8brtHXJmM3soz8w3n4AWsCXnQ==</latexit><latexit sha1_base64="5rJ8RWURo6ijevKjxk8kbx038b8=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5IUQY8FLx4r2A9oY9hsN+3SzSbsTqQl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tjY2t7Z3dkt75f2Dw6Nj+6TS0XGqKGvTWMSqFxDNBJesDRwE6yWKkSgQrBtMbud+94kpzWP5ALOEeREZSR5ySsBIvl0ZAJtCEGbT/DGrOZe53/DtqlN3FsDrxC1IFRVo+fbXYBjTNGISqCBa910nAS8jCjgVLC8PUs0SQidkxPqGShIx7WWL23N8YZQhDmNlSgJeqL8nMhJpPYsC0xkRGOtVby7+5/VTCG+8jMskBSbpclGYCgwxngeBh1wxCmJmCKGKm1sxHRNFKJi4yiYEd/XlddJp1F2n7t671eZVEUcJnaFzVEMuukZNdIdaqI0omqJn9IrerNx6sd6tj2XrhlXMnKI/sD5/AJMzlA8=</latexit>

x
(1)
1<latexit sha1_base64="mPChz/hwTfdv7QaTJWwc8RuXEOI=">AAAB+3icbVA9SwNBEJ3zM8avGLGyWQyCNuFWBC0DNpYRTCIk57G32dPFvQ925yThuL9haWOhiK2V/8LOf+MmsdDEBwOP92aYmRekShp03S9nbn5hcWm5tFJeXVvf2KxsVdsmyTQXLZ6oRF8FzAglY9FCiUpcpVqwKFCiE9ydjfzOvdBGJvElDlPhRewmlqHkDK3kV6o9FAMMwnxQXOcH9LDwqV+puXV3DDJL6A+pNXY+HggANP3KZ6+f8CwSMXLFjOlSN0UvZxolV6Io9zIjUsbv2I3oWhqzSBgvH99ekH2r9EmYaFsxkrH6eyJnkTHDKLCdEcNbM+2NxP+8bobhqZfLOM1QxHyyKMwUwYSMgiB9qQVHNbSEcS3trYTfMs042rjKNgQ6/fIsaR/VqVunF7TWOIYJSrALe3AAFE6gAefQhBZwGMAjPMOLUzhPzqvzNmmdc35mtuEPnPdv+LCV1Q==</latexit><latexit sha1_base64="IkxzoYLn+FFDxevUbseNOWwdsyQ=">AAAB+3icbVC7SgNBFJ2Nrxhfa8TKZjEKsQk7ImgZsLGMYB6QrMvsZDYZMvtg5q4kLPsbljYWitha+QlW2vk3Th6FJh64cDjnXu69x4sFV2Db30ZuaXlldS2/XtjY3NreMXeLDRUlkrI6jUQkWx5RTPCQ1YGDYK1YMhJ4gjW9weXYb94xqXgU3sAoZk5AeiH3OSWgJdcsdoANwfPTYXablvFJ5mLXLNkVewJrkeAZKVX33+/LH59HNdf86nQjmgQsBCqIUm1sx+CkRAKngmWFTqJYTOiA9Fhb05AETDnp5PbMOtZK1/IjqSsEa6L+nkhJoNQo8HRnQKCv5r2x+J/XTsC/cFIexgmwkE4X+YmwILLGQVhdLhkFMdKEUMn1rRbtE0ko6LgKOgQ8//IiaZxWsF3B17hUPUNT5NEBOkRlhNE5qqIrVEN1RNEQPaAn9GxkxqPxYrxOW3PGbGYP/YHx9gNaxJed</latexit><latexit sha1_base64="IkxzoYLn+FFDxevUbseNOWwdsyQ=">AAAB+3icbVC7SgNBFJ2Nrxhfa8TKZjEKsQk7ImgZsLGMYB6QrMvsZDYZMvtg5q4kLPsbljYWitha+QlW2vk3Th6FJh64cDjnXu69x4sFV2Db30ZuaXlldS2/XtjY3NreMXeLDRUlkrI6jUQkWx5RTPCQ1YGDYK1YMhJ4gjW9weXYb94xqXgU3sAoZk5AeiH3OSWgJdcsdoANwfPTYXablvFJ5mLXLNkVewJrkeAZKVX33+/LH59HNdf86nQjmgQsBCqIUm1sx+CkRAKngmWFTqJYTOiA9Fhb05AETDnp5PbMOtZK1/IjqSsEa6L+nkhJoNQo8HRnQKCv5r2x+J/XTsC/cFIexgmwkE4X+YmwILLGQVhdLhkFMdKEUMn1rRbtE0ko6LgKOgQ8//IiaZxWsF3B17hUPUNT5NEBOkRlhNE5qqIrVEN1RNEQPaAn9GxkxqPxYrxOW3PGbGYP/YHx9gNaxJed</latexit><latexit sha1_base64="obje1toLolgD81rJUjZLA0BAim4=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQxCvIQdEfQY8OIxgnlAsi6zk9lkyOyDmV5JWPZXvHhQxKs/4s2/cZLsQRMLGoqqbrq7/EQKDY7zbZU2Nre2d8q7lb39g8Mj+7ja0XGqGG+zWMaq51PNpYh4GwRI3ksUp6Evedef3M797hNXWsTRA8wS7oZ0FIlAMApG8uzqAPgU/CCb5o9ZnVzkHvHsmtNwFsDrhBSkhgq0PPtrMIxZGvIImKRa94mTgJtRBYJJnlcGqeYJZRM64n1DIxpy7WaL23N8bpQhDmJlKgK8UH9PZDTUehb6pjOkMNar3lz8z+unENy4mYiSFHjElouCVGKI8TwIPBSKM5AzQyhTwtyK2ZgqysDEVTEhkNWX10nnskGcBrknteZVEUcZnaIzVEcEXaMmukMt1EYMTdEzekVvVm69WO/Wx7K1ZBUzJ+gPrM8fkzeUDw==</latexit>

x
(2)
0

<latexit sha1_base64="wDxZ+DAtOluwcg9BPLsdbOM5F/E=">AAAB+3icbVDJSgNBEK2JW4xbjHjy0hiEeAkzQdBjwIvHCGaBJIaeTk/SpGehu0YShvkNj148KOLVk3/hzb+xsxw08UHB470qquq5kRQabfvbyqytb2xuZbdzO7t7+wf5w0JDh7FivM5CGaqWSzWXIuB1FCh5K1Kc+q7kTXd0PfWbD1xpEQZ3OIl416eDQHiCUTRSL1/oIB+j6yXj9D4pVc7Tnt3LF+2yPQNZJc6CFKvHn48EAGq9/FenH7LY5wEySbVuO3aE3YQqFEzyNNeJNY8oG9EBbxsaUJ/rbjK7PSVnRukTL1SmAiQz9fdEQn2tJ75rOn2KQ73sTcX/vHaM3lU3EUEUIw/YfJEXS4IhmQZB+kJxhnJiCGVKmFsJG1JFGZq4ciYEZ/nlVdKolB277Nw6xeoFzJGFEziFEjhwCVW4gRrUgcEYnuAFXq3UerberPd5a8ZazBzBH1gfP/i0ldU=</latexit><latexit sha1_base64="mR+ylhANtdASwzMdHYh8jET1rZU=">AAAB+3icbVDLSsNAFJ34rPUVK67cBKtQNyUpgi4LblxWsA9oY5hMJ+3QySTM3EhLyG+4dONCEbeu/ARXuvNvnD4W2nrgwuGce7n3Hj/mTIFtfxtLyyura+u5jfzm1vbOrrlXaKgokYTWScQj2fKxopwJWgcGnLZiSXHoc9r0B5djv3lHpWKRuIFRTN0Q9wQLGMGgJc8sdIAOwQ/SYXabliqnmWd7ZtEu2xNYi8SZkWL14P2+9PF5XPPMr043IklIBRCOlWo7dgxuiiUwwmmW7ySKxpgMcI+2NRU4pMpNJ7dn1olWulYQSV0CrIn6eyLFoVKj0NedIYa+mvfG4n9eO4Hgwk2ZiBOggkwXBQm3ILLGQVhdJikBPtIEE8n0rRbpY4kJ6LjyOgRn/uVF0qiUHbvsXDvF6hmaIocO0REqIQedoyq6QjVURwQN0QN6Qs9GZjwaL8brtHXJmM3soz8w3n4AWsiXnQ==</latexit><latexit sha1_base64="mR+ylhANtdASwzMdHYh8jET1rZU=">AAAB+3icbVDLSsNAFJ34rPUVK67cBKtQNyUpgi4LblxWsA9oY5hMJ+3QySTM3EhLyG+4dONCEbeu/ARXuvNvnD4W2nrgwuGce7n3Hj/mTIFtfxtLyyura+u5jfzm1vbOrrlXaKgokYTWScQj2fKxopwJWgcGnLZiSXHoc9r0B5djv3lHpWKRuIFRTN0Q9wQLGMGgJc8sdIAOwQ/SYXabliqnmWd7ZtEu2xNYi8SZkWL14P2+9PF5XPPMr043IklIBRCOlWo7dgxuiiUwwmmW7ySKxpgMcI+2NRU4pMpNJ7dn1olWulYQSV0CrIn6eyLFoVKj0NedIYa+mvfG4n9eO4Hgwk2ZiBOggkwXBQm3ILLGQVhdJikBPtIEE8n0rRbpY4kJ6LjyOgRn/uVF0qiUHbvsXDvF6hmaIocO0REqIQedoyq6QjVURwQN0QN6Qs9GZjwaL8brtHXJmM3soz8w3n4AWsiXnQ==</latexit><latexit sha1_base64="aTIIkGc+QNbvzRV2zRi7CmcDMBg=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5IUQY8FLx4r2A9oY9hsN+3SzSbsTqQl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tjY2t7Z3dkt75f2Dw6Nj+6TS0XGqKGvTWMSqFxDNBJesDRwE6yWKkSgQrBtMbud+94kpzWP5ALOEeREZSR5ySsBIvl0ZAJtCEGbT/DGrNS5z3/HtqlN3FsDrxC1IFRVo+fbXYBjTNGISqCBa910nAS8jCjgVLC8PUs0SQidkxPqGShIx7WWL23N8YZQhDmNlSgJeqL8nMhJpPYsC0xkRGOtVby7+5/VTCG+8jMskBSbpclGYCgwxngeBh1wxCmJmCKGKm1sxHRNFKJi4yiYEd/XlddJp1F2n7t671eZVEUcJnaFzVEMuukZNdIdaqI0omqJn9IrerNx6sd6tj2XrhlXMnKI/sD5/AJM7lA8=</latexit>

x
(3)
3

<latexit sha1_base64="r4q88mX8nrtnwMyC8YvnbfUJDiY=">AAAB+3icbVDJSgNBEK1xjXGLEU9eGoMQL2HGCHoMePEYwSyQxNDT6Uma9Cx010jCML/h0YsHRbx68i+8+Td2loMmPih4vFdFVT03kkKjbX9bK6tr6xubma3s9s7u3n7uIF/XYawYr7FQhqrpUs2lCHgNBUrejBSnvit5wx1eT/zGA1dahMEdjiPe8Wk/EJ5gFI3UzeXbyEfoeskovU+K5bO0W+7mCnbJnoIsE2dOCpWjz0cCANVu7qvdC1ns8wCZpFq3HDvCTkIVCiZ5mm3HmkeUDWmftwwNqM91J5nenpJTo/SIFypTAZKp+nsiob7WY981nT7FgV70JuJ/XitG76qTiCCKkQdstsiLJcGQTIIgPaE4Qzk2hDIlzK2EDaiiDE1cWROCs/jyMqmflxy75Nw6hcoFzJCBYziBIjhwCRW4gSrUgMEInuAFXq3UerberPdZ64o1nzmEP7A+fgD+yJXZ</latexit><latexit sha1_base64="mIvh//xaD0xe2YH5LULvfl+u/UE=">AAAB+3icbVDLSsNAFJ3UV62vWHHlJliFuimJFXRZcOOygn1AW8NkOmmHTiZh5kZaQn7DpRsXirh15Se40p1/4/Sx0NYDFw7n3Mu993gRZwps+9vILC2vrK5l13Mbm1vbO+Zuvq7CWBJaIyEPZdPDinImaA0YcNqMJMWBx2nDG1yO/cYdlYqF4gZGEe0EuCeYzwgGLblmvg10CJ6fDNPbpFg+Sd2yaxbskj2BtUicGSlU9t/vix+fR1XX/Gp3QxIHVADhWKmWY0fQSbAERjhNc+1Y0QiTAe7RlqYCB1R1ksntqXWsla7lh1KXAGui/p5IcKDUKPB0Z4Chr+a9sfif14rBv+gkTEQxUEGmi/yYWxBa4yCsLpOUAB9pgolk+laL9LHEBHRcOR2CM//yIqmflhy75Fw7hcoZmiKLDtAhKiIHnaMKukJVVEMEDdEDekLPRmo8Gi/G67Q1Y8xm9tAfGG8/YNyXoQ==</latexit><latexit sha1_base64="mIvh//xaD0xe2YH5LULvfl+u/UE=">AAAB+3icbVDLSsNAFJ3UV62vWHHlJliFuimJFXRZcOOygn1AW8NkOmmHTiZh5kZaQn7DpRsXirh15Se40p1/4/Sx0NYDFw7n3Mu993gRZwps+9vILC2vrK5l13Mbm1vbO+Zuvq7CWBJaIyEPZdPDinImaA0YcNqMJMWBx2nDG1yO/cYdlYqF4gZGEe0EuCeYzwgGLblmvg10CJ6fDNPbpFg+Sd2yaxbskj2BtUicGSlU9t/vix+fR1XX/Gp3QxIHVADhWKmWY0fQSbAERjhNc+1Y0QiTAe7RlqYCB1R1ksntqXWsla7lh1KXAGui/p5IcKDUKPB0Z4Chr+a9sfif14rBv+gkTEQxUEGmi/yYWxBa4yCsLpOUAB9pgolk+laL9LHEBHRcOR2CM//yIqmflhy75Fw7hcoZmiKLDtAhKiIHnaMKukJVVEMEDdEDekLPRmo8Gi/G67Q1Y8xm9tAfGG8/YNyXoQ==</latexit><latexit sha1_base64="Xe5NIHAr0UFvmPvrEiq2ptfO4QM=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCvZTECnosePFYwX5AG8tmu2mXbjZhdyItIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM82PBNTjOt1XY2Nza3inulvb2Dw6P7ONyW0eJoqxFIxGprk80E1yyFnAQrBsrRkJfsI4/uZ37nSemNI/kA8xi5oVkJHnAKQEjDexyH9gU/CCdZo9ptX6RDeoDu+LUnAXwOnFzUkE5mgP7qz+MaBIyCVQQrXuuE4OXEgWcCpaV+olmMaETMmI9QyUJmfbSxe0ZPjfKEAeRMiUBL9TfEykJtZ6FvukMCYz1qjcX//N6CQQ3XsplnACTdLkoSASGCM+DwEOuGAUxM4RQxc2tmI6JIhRMXCUTgrv68jppX9Zcp+beu5XGVR5HEZ2iM1RFLrpGDXSHmqiFKJqiZ/SK3qzMerHerY9la8HKZ07QH1ifP5lPlBM=</latexit>

prf(sk, ·) :
<latexit sha1_base64="Kp4uCFHCigFWMH3ZdtpofrGGQQ4=">AAACAHicbVDJSgNBEK2JW4zbqAcFL4NBiCBhxovBU8CLxwhmgUwIPZ2epEnPQneNGIe5+CtePCji1c/wJvgxdpaDJj4oeLxXRVU9LxZcoW1/Gbml5ZXVtfx6YWNza3vH3N1rqCiRlNVpJCLZ8ohigoesjhwFa8WSkcATrOkNr8Z+845JxaPwFkcx6wSkH3KfU4Ja6poHLrJ7VH4aSz8rqeGZS3sRnl52zaJdtiewFokzI8Xq4cM3aNS65qfbi2gSsBCpIEq1HTvGTkokcipYVnATxWJCh6TP2pqGJGCqk04eyKwTrfQsP5K6QrQm6u+JlARKjQJPdwYEB2reG4v/ee0E/Uon5WGcIAvpdJGfCAsja5yG1eOSURQjTQiVXN9q0QGRhKLOrKBDcOZfXiSN87Jjl50bp1itwBR5OIJjKIEDF1CFa6hBHShk8AQv8Go8Gs/Gm/E+bc0Zs5l9+APj4wfjKJgH</latexit><latexit sha1_base64="aRF2T8S+tA/T2MtWO5RfMUy8WWs=">AAACAHicbVDLSsNAFJ3UV1tfURcKboJFqCAlcWNxVXTjsoJ9QBPKZDJph04ezNyINQTEX3HjQhFd+hnuBD/G6WOhrQcuHM65l3vvcWPOJJjml5ZbWFxaXskXiqtr6xub+tZ2U0aJILRBIh6Jtosl5SykDWDAaTsWFAcupy13cDHyWzdUSBaF1zCMqRPgXsh8RjAoqavv2kBvQfppLPysLAfHNvEiODrr6iWzYo5hzBNrSkq1vbvvwv37eb2rf9peRJKAhkA4lrJjmTE4KRbACKdZ0U4kjTEZ4B7tKBrigEonHT+QGYdK8Qw/EqpCMMbq74kUB1IOA1d1Bhj6ctYbif95nQT8qpOyME6AhmSyyE+4AZExSsPwmKAE+FARTARTtxqkjwUmoDIrqhCs2ZfnSfOkYpkV68oq1apogjzaRweojCx0imroEtVRAxGUoUf0jF60B+1Je9XeJq05bTqzg/5A+/gB4JSZhA==</latexit><latexit sha1_base64="aRF2T8S+tA/T2MtWO5RfMUy8WWs=">AAACAHicbVDLSsNAFJ3UV1tfURcKboJFqCAlcWNxVXTjsoJ9QBPKZDJph04ezNyINQTEX3HjQhFd+hnuBD/G6WOhrQcuHM65l3vvcWPOJJjml5ZbWFxaXskXiqtr6xub+tZ2U0aJILRBIh6Jtosl5SykDWDAaTsWFAcupy13cDHyWzdUSBaF1zCMqRPgXsh8RjAoqavv2kBvQfppLPysLAfHNvEiODrr6iWzYo5hzBNrSkq1vbvvwv37eb2rf9peRJKAhkA4lrJjmTE4KRbACKdZ0U4kjTEZ4B7tKBrigEonHT+QGYdK8Qw/EqpCMMbq74kUB1IOA1d1Bhj6ctYbif95nQT8qpOyME6AhmSyyE+4AZExSsPwmKAE+FARTARTtxqkjwUmoDIrqhCs2ZfnSfOkYpkV68oq1apogjzaRweojCx0imroEtVRAxGUoUf0jF60B+1Je9XeJq05bTqzg/5A+/gB4JSZhA==</latexit><latexit sha1_base64="z3JOQoNM6FtFgrjSIXyyWgtYsiw=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiReLp4IXjxVsLTShbDabdulmE3YnYgm9+Fe8eFDEqz/Dm//GbZuDtj4YeLw3w8y8IBVcg+N8W6WV1bX1jfJmZWt7Z3fP3j/o6CRTlLVpIhLVDYhmgkvWBg6CdVPFSBwIdh+Mrqf+/QNTmifyDsYp82MykDzilICR+vaRB+wRdJSnKprU9Ojco2ECZ1d9u+rUnRnwMnELUkUFWn37ywsTmsVMAhVE657rpODnRAGngk0qXqZZSuiIDFjPUElipv189sAEnxolxFGiTEnAM/X3RE5ircdxYDpjAkO96E3F/7xeBlHDz7lMM2CSzhdFmcCQ4GkaOOSKURBjQwhV3NyK6ZAoQsFkVjEhuIsvL5PORd116u6tW202ijjK6BidoBpy0SVqohvUQm1E0QQ9o1f0Zj1ZL9a79TFvLVnFzCH6A+vzB54illk=</latexit>

x
(0)
0

<latexit sha1_base64="BHZKWCdsZoKcn3t99VU9sOqHcDg=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWomzKRgi4LblxWsA9oa5hMJu3QyYOZG2kI+Qr3bvUX3Ilbv8A/8DOctllo64ELh3Pu5d573FhwBRh/GaWNza3tnfJuZW//4PDIPK52VZRIyjo0EpHsu0QxwUPWAQ6C9WPJSOAK1nOnN3O/98ik4lF4D2nMRgEZh9znlICWHLM6BDYD189m+UNWxxe5gx2zhht4AWud2AWpoQJtx/weehFNAhYCFUSpgY1jGGVEAqeC5ZVholhM6JSM2UDTkARMjbLF7bl1rhXP8iOpKwRrof6eyEigVBq4ujMgMFGr3lz811MQEJlKb2U/+NejjIdxAiyky/V+IiyIrHk8lscloyBSTQiVXH9g0QmRhIIOsaKjsVeDWCfdy4aNG/Zds9ZqFiGV0Sk6Q3VkoyvUQreojTqIohl6Ri/o1Xgy3ox342PZWjKKmRP0B8bnD+WxnYE=</latexit><latexit sha1_base64="BHZKWCdsZoKcn3t99VU9sOqHcDg=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWomzKRgi4LblxWsA9oa5hMJu3QyYOZG2kI+Qr3bvUX3Ilbv8A/8DOctllo64ELh3Pu5d573FhwBRh/GaWNza3tnfJuZW//4PDIPK52VZRIyjo0EpHsu0QxwUPWAQ6C9WPJSOAK1nOnN3O/98ik4lF4D2nMRgEZh9znlICWHLM6BDYD189m+UNWxxe5gx2zhht4AWud2AWpoQJtx/weehFNAhYCFUSpgY1jGGVEAqeC5ZVholhM6JSM2UDTkARMjbLF7bl1rhXP8iOpKwRrof6eyEigVBq4ujMgMFGr3lz811MQEJlKb2U/+NejjIdxAiyky/V+IiyIrHk8lscloyBSTQiVXH9g0QmRhIIOsaKjsVeDWCfdy4aNG/Zds9ZqFiGV0Sk6Q3VkoyvUQreojTqIohl6Ri/o1Xgy3ox342PZWjKKmRP0B8bnD+WxnYE=</latexit><latexit sha1_base64="BHZKWCdsZoKcn3t99VU9sOqHcDg=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWomzKRgi4LblxWsA9oa5hMJu3QyYOZG2kI+Qr3bvUX3Ilbv8A/8DOctllo64ELh3Pu5d573FhwBRh/GaWNza3tnfJuZW//4PDIPK52VZRIyjo0EpHsu0QxwUPWAQ6C9WPJSOAK1nOnN3O/98ik4lF4D2nMRgEZh9znlICWHLM6BDYD189m+UNWxxe5gx2zhht4AWud2AWpoQJtx/weehFNAhYCFUSpgY1jGGVEAqeC5ZVholhM6JSM2UDTkARMjbLF7bl1rhXP8iOpKwRrof6eyEigVBq4ujMgMFGr3lz811MQEJlKb2U/+NejjIdxAiyky/V+IiyIrHk8lscloyBSTQiVXH9g0QmRhIIOsaKjsVeDWCfdy4aNG/Zds9ZqFiGV0Sk6Q3VkoyvUQreojTqIohl6Ri/o1Xgy3ox342PZWjKKmRP0B8bnD+WxnYE=</latexit><latexit sha1_base64="BHZKWCdsZoKcn3t99VU9sOqHcDg=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWomzKRgi4LblxWsA9oa5hMJu3QyYOZG2kI+Qr3bvUX3Ilbv8A/8DOctllo64ELh3Pu5d573FhwBRh/GaWNza3tnfJuZW//4PDIPK52VZRIyjo0EpHsu0QxwUPWAQ6C9WPJSOAK1nOnN3O/98ik4lF4D2nMRgEZh9znlICWHLM6BDYD189m+UNWxxe5gx2zhht4AWud2AWpoQJtx/weehFNAhYCFUSpgY1jGGVEAqeC5ZVholhM6JSM2UDTkARMjbLF7bl1rhXP8iOpKwRrof6eyEigVBq4ujMgMFGr3lz811MQEJlKb2U/+NejjIdxAiyky/V+IiyIrHk8lscloyBSTQiVXH9g0QmRhIIOsaKjsVeDWCfdy4aNG/Zds9ZqFiGV0Sk6Q3VkoyvUQreojTqIohl6Ri/o1Xgy3ox342PZWjKKmRP0B8bnD+WxnYE=</latexit>

x
(0)
1

<latexit sha1_base64="ZkDmhO56pze7LJSSSOh0YHQukkM=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWom5JIQZcFNy4r2Ae0NUwmk3boTBJmbqQh5Cvcu9VfcCdu/QL/wM9w2mahrQcuHM65l3vv8WLOFNj2l1Ha2Nza3invVvb2Dw6PzONqV0WJJLRDIh7JvocV5SykHWDAaT+WFAuP0543vZn7vUcqFYvCe0hjOhJ4HLKAEQxacs3qEOgMvCCb5Q9Z3b7IXcc1a3bDXsBaJ05BaqhA2zW/h35EEkFDIBwrNXDsGEYZlsAIp3llmCgaYzLFYzrQNMSCqlG2uD23zrXiW0EkdYVgLdTfExkWSqXC050Cw0StenPxX0+BwDKV/sp+CK5HGQvjBGhIluuDhFsQWfN4LJ9JSoCnmmAimf7AIhMsMQEdYkVH46wGsU66lw3Hbjh3zVqrWYRURqfoDNWRg65QC92iNuoggmboGb2gV+PJeDPejY9la8koZk7QHxifP+dLnYI=</latexit><latexit sha1_base64="ZkDmhO56pze7LJSSSOh0YHQukkM=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWom5JIQZcFNy4r2Ae0NUwmk3boTBJmbqQh5Cvcu9VfcCdu/QL/wM9w2mahrQcuHM65l3vv8WLOFNj2l1Ha2Nza3invVvb2Dw6PzONqV0WJJLRDIh7JvocV5SykHWDAaT+WFAuP0543vZn7vUcqFYvCe0hjOhJ4HLKAEQxacs3qEOgMvCCb5Q9Z3b7IXcc1a3bDXsBaJ05BaqhA2zW/h35EEkFDIBwrNXDsGEYZlsAIp3llmCgaYzLFYzrQNMSCqlG2uD23zrXiW0EkdYVgLdTfExkWSqXC050Cw0StenPxX0+BwDKV/sp+CK5HGQvjBGhIluuDhFsQWfN4LJ9JSoCnmmAimf7AIhMsMQEdYkVH46wGsU66lw3Hbjh3zVqrWYRURqfoDNWRg65QC92iNuoggmboGb2gV+PJeDPejY9la8koZk7QHxifP+dLnYI=</latexit><latexit sha1_base64="ZkDmhO56pze7LJSSSOh0YHQukkM=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWom5JIQZcFNy4r2Ae0NUwmk3boTBJmbqQh5Cvcu9VfcCdu/QL/wM9w2mahrQcuHM65l3vv8WLOFNj2l1Ha2Nza3invVvb2Dw6PzONqV0WJJLRDIh7JvocV5SykHWDAaT+WFAuP0543vZn7vUcqFYvCe0hjOhJ4HLKAEQxacs3qEOgMvCCb5Q9Z3b7IXcc1a3bDXsBaJ05BaqhA2zW/h35EEkFDIBwrNXDsGEYZlsAIp3llmCgaYzLFYzrQNMSCqlG2uD23zrXiW0EkdYVgLdTfExkWSqXC050Cw0StenPxX0+BwDKV/sp+CK5HGQvjBGhIluuDhFsQWfN4LJ9JSoCnmmAimf7AIhMsMQEdYkVH46wGsU66lw3Hbjh3zVqrWYRURqfoDNWRg65QC92iNuoggmboGb2gV+PJeDPejY9la8koZk7QHxifP+dLnYI=</latexit><latexit sha1_base64="ZkDmhO56pze7LJSSSOh0YHQukkM=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWom5JIQZcFNy4r2Ae0NUwmk3boTBJmbqQh5Cvcu9VfcCdu/QL/wM9w2mahrQcuHM65l3vv8WLOFNj2l1Ha2Nza3invVvb2Dw6PzONqV0WJJLRDIh7JvocV5SykHWDAaT+WFAuP0543vZn7vUcqFYvCe0hjOhJ4HLKAEQxacs3qEOgMvCCb5Q9Z3b7IXcc1a3bDXsBaJ05BaqhA2zW/h35EEkFDIBwrNXDsGEYZlsAIp3llmCgaYzLFYzrQNMSCqlG2uD23zrXiW0EkdYVgLdTfExkWSqXC050Cw0StenPxX0+BwDKV/sp+CK5HGQvjBGhIluuDhFsQWfN4LJ9JSoCnmmAimf7AIhMsMQEdYkVH46wGsU66lw3Hbjh3zVqrWYRURqfoDNWRg65QC92iNuoggmboGb2gV+PJeDPejY9la8koZk7QHxifP+dLnYI=</latexit>

x
(0)
3

<latexit sha1_base64="NUDjfej4DmVHpLKBFlJugwmcyVA=">AAACEXicbVDJSgNBEK1xjXEbI568NAYhXsKMCnoMePEYwSyQxNDT6Uma9Cx010jCkK8QPHrVXxAv4tUv8A/8DDvLQRMfFDzeq6KqnhdLodFxvqyl5ZXVtfXMRnZza3tn197LVXWUKMYrLJKRqntUcylCXkGBktdjxWngSV7z+ldjv3bPlRZReIvDmLcC2g2FLxhFI7XtXBP5AD0/HYzu0oJzMmqfte28U3QmIIvEnZF86eDtkQBAuW1/NzsRSwIeIpNU64brxNhKqULBJB9lm4nmMWV92uUNQ0MacN1KJ7ePyLFROsSPlKkQyUT9PZHSQOth4JnOgGJPz3tj8V9PY0DVUHXm9qN/2UpFGCfIQzZd7yeSYETG8ZCOUJyhHBpCmRLmA8J6VFGGJsSsicadD2KRVE+LrlN0b9x86RymyMAhHEEBXLiAElxDGSrAYABP8Awv1oP1ar1bH9PWJWs2sw9/YH3+AHYbn0c=</latexit><latexit sha1_base64="tbHQmME0f3JYbkWslzqRPkpvgIo=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuimJCrosuHFZwT6grWEymbRDJw9mbqQh5CsEl271F8SNuO3KpX/gZzh9LLT1wIXDOfdy7z1OxJkE0/zSckvLK6tr+fXCxubW9o6+W2zIMBaE1knIQ9FysKScBbQODDhtRYJi3+G06Qyuxn7zngrJwuAWkoh2fdwLmMcIBiXZerEDdAiOlw6zu7RsnmT2ma2XzIo5gbFIrBkpVfffHsujz6OarX933JDEPg2AcCxl2zIj6KZYACOcZoVOLGmEyQD3aFvRAPtUdtPJ7ZlxrBTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKsaCiseaDWCSN04plVqwbq1Q9R1Pk0QE6RGVkoQtURdeohuqIoCF6Qs/oRXvQXrV37WPamtNmM3voD7TRD/9QoQ8=</latexit><latexit sha1_base64="tbHQmME0f3JYbkWslzqRPkpvgIo=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuimJCrosuHFZwT6grWEymbRDJw9mbqQh5CsEl271F8SNuO3KpX/gZzh9LLT1wIXDOfdy7z1OxJkE0/zSckvLK6tr+fXCxubW9o6+W2zIMBaE1knIQ9FysKScBbQODDhtRYJi3+G06Qyuxn7zngrJwuAWkoh2fdwLmMcIBiXZerEDdAiOlw6zu7RsnmT2ma2XzIo5gbFIrBkpVfffHsujz6OarX933JDEPg2AcCxl2zIj6KZYACOcZoVOLGmEyQD3aFvRAPtUdtPJ7ZlxrBTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKsaCiseaDWCSN04plVqwbq1Q9R1Pk0QE6RGVkoQtURdeohuqIoCF6Qs/oRXvQXrV37WPamtNmM3voD7TRD/9QoQ8=</latexit><latexit sha1_base64="mIXbusuhyF7RqXYqalF8n0JnJJY=">AAACEXicbVDLSsNAFJ3UV62vWJduBotQNyVRQZcFNy4r2Ae0MUwmk3bo5MHMjTSEfoV7t/oL7sStX+Af+BlO2yy09cCFwzn3cu89XiK4Asv6Mkpr6xubW+Xtys7u3v6BeVjtqDiVlLVpLGLZ84higkesDRwE6yWSkdATrOuNb2Z+95FJxePoHrKEOSEZRjzglICWXLM6ADYBL8gn04e8bp1N3QvXrFkNaw68SuyC1FCBlmt+D/yYpiGLgAqiVN+2EnByIoFTwaaVQapYQuiYDFlf04iETDn5/PYpPtWKj4NY6ooAz9XfEzkJlcpCT3eGBEZq2ZuJ/3oKQiIz6S/th+DayXmUpMAiulgfpAJDjGfxYJ9LRkFkmhAquf4A0xGRhIIOsaKjsZeDWCWd84ZtNew7u9a8LEIqo2N0gurIRleoiW5RC7URRRP0jF7Qq/FkvBnvxseitWQUM0foD4zPH+mPnYE=</latexit>

x
(1)
0

<latexit sha1_base64="/JWU+4wErRpmTByGZBXYBfyVU9Y=">AAACEXicbVDJSgNBEK2JW4zbGPHkpTEI8RJmRNBjwIvHCGaBJIaeTk/SpGehu0YShnyF4NGr/oJ4Ea9+gX/gZ9hZDpr4oODxXhVV9bxYCo2O82VlVlbX1jeym7mt7Z3dPXs/X9NRohivskhGquFRzaUIeRUFSt6IFaeBJ3ndG1xN/Po9V1pE4S2OYt4OaC8UvmAUjdSx8y3kQ/T8dDi+S4vu6bjjdOyCU3KmIMvEnZNC+fDtkQBApWN/t7oRSwIeIpNU66brxNhOqULBJB/nWonmMWUD2uNNQ0MacN1Op7ePyYlRusSPlKkQyVT9PZHSQOtR4JnOgGJfL3oT8V9PY0DVSHUX9qN/2U5FGCfIQzZb7yeSYEQm8ZCuUJyhHBlCmRLmA8L6VFGGJsScicZdDGKZ1M5KrlNyb9xC+RxmyMIRHEMRXLiAMlxDBarAYAhP8Awv1oP1ar1bH7PWjDWfOYA/sD5/AHLrn0U=</latexit><latexit sha1_base64="3rttvzBPCvT0ylkoIrMOUa1PjdU=">AAACEXicbVDLSsNAFJ34rPUVK67cBKtQNyURQZcFNy4r2Ae0MUwmk3bo5MHMjTSEfIXg0q3+grgRt1259A/8DKePhbYeuHA4517uvceNOZNgml/a0vLK6tp6YaO4ubW9s6vvlZoySgShDRLxSLRdLClnIW0AA07bsaA4cDltuYOrsd+6p0KyKLyFNKZ2gHsh8xnBoCRHL3WBDsH1s2F+l1Ws09wxHb1sVs0JjEVizUi5dvD2WBl9Htcd/bvrRSQJaAiEYyk7lhmDnWEBjHCaF7uJpDEmA9yjHUVDHFBpZ5Pbc+NEKZ7hR0JVCMZE/T2R4UDKNHBVZ4ChL+e9sfivJyHAIhXe3H7wL+2MhXECNCTT9X7CDYiMcTyGxwQlwFNFMBFMfWCQPhaYgAqxqKKx5oNYJM2zqmVWrRurXDtHUxTQITpCFWShC1RD16iOGoigIXpCz+hFe9BetXftY9q6pM1m9tEfaKMf/CChDQ==</latexit><latexit sha1_base64="3rttvzBPCvT0ylkoIrMOUa1PjdU=">AAACEXicbVDLSsNAFJ34rPUVK67cBKtQNyURQZcFNy4r2Ae0MUwmk3bo5MHMjTSEfIXg0q3+grgRt1259A/8DKePhbYeuHA4517uvceNOZNgml/a0vLK6tp6YaO4ubW9s6vvlZoySgShDRLxSLRdLClnIW0AA07bsaA4cDltuYOrsd+6p0KyKLyFNKZ2gHsh8xnBoCRHL3WBDsH1s2F+l1Ws09wxHb1sVs0JjEVizUi5dvD2WBl9Htcd/bvrRSQJaAiEYyk7lhmDnWEBjHCaF7uJpDEmA9yjHUVDHFBpZ5Pbc+NEKZ7hR0JVCMZE/T2R4UDKNHBVZ4ChL+e9sfivJyHAIhXe3H7wL+2MhXECNCTT9X7CDYiMcTyGxwQlwFNFMBFMfWCQPhaYgAqxqKKx5oNYJM2zqmVWrRurXDtHUxTQITpCFWShC1RD16iOGoigIXpCz+hFe9BetXftY9q6pM1m9tEfaKMf/CChDQ==</latexit><latexit sha1_base64="r0JqNGpgIiXPltTo5pMqqzzHtnc=">AAACEXicbVDLSsNAFJ34rPUV69JNsAh1UxIRdFlw47KCfUAbw2QyaYfOJGHmRhpCvsK9W/0Fd+LWL/AP/AynbRbaeuDC4Zx7ufceP+FMgW1/GWvrG5tb25Wd6u7e/sGheVTrqjiVhHZIzGPZ97GinEW0Aww47SeSYuFz2vMnNzO/90ilYnF0D1lCXYFHEQsZwaAlz6wNgU7BD/Np8ZA3nPPCsz2zbjftOaxV4pSkjkq0PfN7GMQkFTQCwrFSA8dOwM2xBEY4LarDVNEEkwke0YGmERZUufn89sI600pghbHUFYE1V39P5FgolQlfdwoMY7XszcR/PQUCy0wGS/shvHZzFiUp0Igs1ocptyC2ZvFYAZOUAM80wUQy/YFFxlhiAjrEqo7GWQ5ilXQvmo7ddO6ceuuyDKmCTtApaiAHXaEWukVt1EEETdEzekGvxpPxZrwbH4vWNaOcOUZ/YHz+AOZfnX8=</latexit>

x
(1)
2<latexit sha1_base64="uJ9DwsLJQe7aCzWIi26NYbXnJHU=">AAACEXicbVDJSgNBEK1xjXEbI568NAYhXsJMEPQY8OIxglkgiaGn05M06VnorpGEIV8hePSqvyBexKtf4B/4GXaWgyY+KHi8V0VVPS+WQqPjfFkrq2vrG5uZrez2zu7evn2Qq+koUYxXWSQj1fCo5lKEvIoCJW/EitPAk7zuDa4mfv2eKy2i8BZHMW8HtBcKXzCKRurYuRbyIXp+OhzfpQX3bNwpdey8U3SmIMvEnZN8+ejtkQBApWN/t7oRSwIeIpNU66brxNhOqULBJB9nW4nmMWUD2uNNQ0MacN1Op7ePyalRusSPlKkQyVT9PZHSQOtR4JnOgGJfL3oT8V9PY0DVSHUX9qN/2U5FGCfIQzZb7yeSYEQm8ZCuUJyhHBlCmRLmA8L6VFGGJsSsicZdDGKZ1EpF1ym6N26+fA4zZOAYTqAALlxAGa6hAlVgMIQneIYX68F6td6tj1nrijWfOYQ/sD5/AHYfn0c=</latexit><latexit sha1_base64="NVFN/vm8pAr+tKUuPYhKy658ri0=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuilJEXRZcOOygn1AW8NkMmmHTh7M3EhDyFcILt3qL4gbcduVS//Az3D6WGjrgQuHc+7l3nuciDMJpvml5VZW19Y38puFre2d3T19v9iUYSwIbZCQh6LtYEk5C2gDGHDajgTFvsNpyxleTfzWPRWShcEtJBHt+bgfMI8RDEqy9WIX6AgcLx1ld2nZOsvsqq2XzIo5hbFMrDkp1Q7fHsvjz5O6rX933ZDEPg2AcCxlxzIj6KVYACOcZoVuLGmEyRD3aUfRAPtU9tLp7ZlxqhTX8EKhKgBjqv6eSLEvZeI7qtPHMJCL3kT815PgY5EId2E/eJe9lAVRDDQgs/VezA0IjUk8hssEJcATRTARTH1gkAEWmIAKsaCisRaDWCbNasUyK9aNVaqdoxny6AgdozKy0AWqoWtURw1E0Ag9oWf0oj1or9q79jFrzWnzmQP0B9r4B/9UoQ8=</latexit><latexit sha1_base64="NVFN/vm8pAr+tKUuPYhKy658ri0=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuilJEXRZcOOygn1AW8NkMmmHTh7M3EhDyFcILt3qL4gbcduVS//Az3D6WGjrgQuHc+7l3nuciDMJpvml5VZW19Y38puFre2d3T19v9iUYSwIbZCQh6LtYEk5C2gDGHDajgTFvsNpyxleTfzWPRWShcEtJBHt+bgfMI8RDEqy9WIX6AgcLx1ld2nZOsvsqq2XzIo5hbFMrDkp1Q7fHsvjz5O6rX933ZDEPg2AcCxlxzIj6KVYACOcZoVuLGmEyRD3aUfRAPtU9tLp7ZlxqhTX8EKhKgBjqv6eSLEvZeI7qtPHMJCL3kT815PgY5EId2E/eJe9lAVRDDQgs/VezA0IjUk8hssEJcATRTARTH1gkAEWmIAKsaCisRaDWCbNasUyK9aNVaqdoxny6AgdozKy0AWqoWtURw1E0Ag9oWf0oj1or9q79jFrzWnzmQP0B9r4B/9UoQ8=</latexit><latexit sha1_base64="XPjqhnwp2DyVFqDbGHTmPR0xS7s=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWom5IUQZcFNy4r2Ae0MUwmk3boTBJmbqQh9Cvcu9VfcCdu/QL/wM9w2mahrQcuHM65l3vv8RPOFNj2l1Ha2Nza3invVvb2Dw6PzONqV8WpJLRDYh7Lvo8V5SyiHWDAaT+RFAuf054/uZn7vUcqFYuje8gS6go8iljICAYteWZ1CHQKfphPZw953bmYeU3PrNkNewFrnTgFqaECbc/8HgYxSQWNgHCs1MCxE3BzLIERTmeVYapogskEj+hA0wgLqtx8cfvMOtdKYIWx1BWBtVB/T+RYKJUJX3cKDGO16s3Ffz0FAstMBiv7Ibx2cxYlKdCILNeHKbcgtubxWAGTlADPNMFEMv2BRcZYYgI6xIqOxlkNYp10mw3Hbjh3Tq11WYRURqfoDNWRg65QC92iNuoggqboGb2gV+PJeDPejY9la8koZk7QHxifP+mTnYE=</latexit>

x
(1)
3

<latexit sha1_base64="z7qgnPb7AU05b6pW337tKiz+m20=">AAACEXicbVDJSgNBEK1xjXEbI568NAYhXsKMCnoMePEYwSyQxNDT6Uma9Cx010jCkK8QPHrVXxAv4tUv8A/8DDvLQRMfFDzeq6KqnhdLodFxvqyl5ZXVtfXMRnZza3tn197LVXWUKMYrLJKRqntUcylCXkGBktdjxWngSV7z+ldjv3bPlRZReIvDmLcC2g2FLxhFI7XtXBP5AD0/HYzu0oJ7Mmqfte28U3QmIIvEnZF86eDtkQBAuW1/NzsRSwIeIpNU64brxNhKqULBJB9lm4nmMWV92uUNQ0MacN1KJ7ePyLFROsSPlKkQyUT9PZHSQOth4JnOgGJPz3tj8V9PY0DVUHXm9qN/2UpFGCfIQzZd7yeSYETG8ZCOUJyhHBpCmRLmA8J6VFGGJsSsicadD2KRVE+LrlN0b9x86RymyMAhHEEBXLiAElxDGSrAYABP8Awv1oP1ar1bH9PWJWs2sw9/YH3+AHe5n0g=</latexit><latexit sha1_base64="Z+zCjUyV/oQq/3xjMLVI2qISjOg=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuimJCrosuHFZwT6grWEymbRDJw9mbqQh5CsEl271F8SNuO3KpX/gZzh9LLT1wIXDOfdy7z1OxJkE0/zSckvLK6tr+fXCxubW9o6+W2zIMBaE1knIQ9FysKScBbQODDhtRYJi3+G06Qyuxn7zngrJwuAWkoh2fdwLmMcIBiXZerEDdAiOlw6zu7RsnWT2ma2XzIo5gbFIrBkpVfffHsujz6OarX933JDEPg2AcCxl2zIj6KZYACOcZoVOLGmEyQD3aFvRAPtUdtPJ7ZlxrBTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKsaCiseaDWCSN04plVqwbq1Q9R1Pk0QE6RGVkoQtURdeohuqIoCF6Qs/oRXvQXrV37WPamtNmM3voD7TRDwD9oRA=</latexit><latexit sha1_base64="Z+zCjUyV/oQq/3xjMLVI2qISjOg=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuimJCrosuHFZwT6grWEymbRDJw9mbqQh5CsEl271F8SNuO3KpX/gZzh9LLT1wIXDOfdy7z1OxJkE0/zSckvLK6tr+fXCxubW9o6+W2zIMBaE1knIQ9FysKScBbQODDhtRYJi3+G06Qyuxn7zngrJwuAWkoh2fdwLmMcIBiXZerEDdAiOlw6zu7RsnWT2ma2XzIo5gbFIrBkpVfffHsujz6OarX933JDEPg2AcCxl2zIj6KZYACOcZoVOLGmEyQD3aFvRAPtUdtPJ7ZlxrBTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKsaCiseaDWCSN04plVqwbq1Q9R1Pk0QE6RGVkoQtURdeohuqIoCF6Qs/oRXvQXrV37WPamtNmM3voD7TRDwD9oRA=</latexit><latexit sha1_base64="j6mNJhg2cDeddYZxR3N66z+i7ao=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWom5JRQZcFNy4r2Ae0MUwmk3bo5MHMjTSEfoV7t/oL7sStX+Af+BlO2yy09cCFwzn3cu89XiK4Atv+Mkpr6xubW+Xtys7u3v6BeVjtqDiVlLVpLGLZ84higkesDRwE6yWSkdATrOuNb2Z+95FJxePoHrKEOSEZRjzglICWXLM6ADYBL8gn04e8js+m7oVr1uyGPYe1SnBBaqhAyzW/B35M05BFQAVRqo/tBJycSOBUsGllkCqWEDomQ9bXNCIhU04+v31qnWrFt4JY6orAmqu/J3ISKpWFnu4MCYzUsjcT//UUhERm0l/aD8G1k/MoSYFFdLE+SIUFsTWLx/K5ZBREpgmhkusPLDoiklDQIVZ0NHg5iFXSOW9gu4HvcK15WYRURsfoBNURRleoiW5RC7URRRP0jF7Qq/FkvBnvxseitWQUM0foD4zPH+stnYI=</latexit>

x
(2)
1<latexit sha1_base64="PLRlfMYINAnsxhsby4WpjRR9n48=">AAACEXicbVDJSgNBEK1xjXEbI568NAYhXsJMEPQY8OIxglkgiaGn05M06VnorpGEIV8hePSqvyBexKtf4B/4GXaWgyY+KHi8V0VVPS+WQqPjfFkrq2vrG5uZrez2zu7evn2Qq+koUYxXWSQj1fCo5lKEvIoCJW/EitPAk7zuDa4mfv2eKy2i8BZHMW8HtBcKXzCKRurYuRbyIXp+OhzfpYXS2bjjduy8U3SmIMvEnZN8+ejtkQBApWN/t7oRSwIeIpNU66brxNhOqULBJB9nW4nmMWUD2uNNQ0MacN1Op7ePyalRusSPlKkQyVT9PZHSQOtR4JnOgGJfL3oT8V9PY0DVSHUX9qN/2U5FGCfIQzZb7yeSYEQm8ZCuUJyhHBlCmRLmA8L6VFGGJsSsicZdDGKZ1EpF1ym6N26+fA4zZOAYTqAALlxAGa6hAlVgMIQneIYX68F6td6tj1nrijWfOYQ/sD5/AHYjn0c=</latexit><latexit sha1_base64="NdumWmurGwKl0Oq/Mbb1hP2ZgFY=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuilJEXRZcOOygn1AW8NkMmmHTh7M3EhDyFcILt3qL4gbcduVS//Az3D6WGjrgQuHc+7l3nuciDMJpvml5VZW19Y38puFre2d3T19v9iUYSwIbZCQh6LtYEk5C2gDGHDajgTFvsNpyxleTfzWPRWShcEtJBHt+bgfMI8RDEqy9WIX6AgcLx1ld2m5epbZlq2XzIo5hbFMrDkp1Q7fHsvjz5O6rX933ZDEPg2AcCxlxzIj6KVYACOcZoVuLGmEyRD3aUfRAPtU9tLp7ZlxqhTX8EKhKgBjqv6eSLEvZeI7qtPHMJCL3kT815PgY5EId2E/eJe9lAVRDDQgs/VezA0IjUk8hssEJcATRTARTH1gkAEWmIAKsaCisRaDWCbNasUyK9aNVaqdoxny6AgdozKy0AWqoWtURw1E0Ag9oWf0oj1or9q79jFrzWnzmQP0B9r4B/9YoQ8=</latexit><latexit sha1_base64="NdumWmurGwKl0Oq/Mbb1hP2ZgFY=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuilJEXRZcOOygn1AW8NkMmmHTh7M3EhDyFcILt3qL4gbcduVS//Az3D6WGjrgQuHc+7l3nuciDMJpvml5VZW19Y38puFre2d3T19v9iUYSwIbZCQh6LtYEk5C2gDGHDajgTFvsNpyxleTfzWPRWShcEtJBHt+bgfMI8RDEqy9WIX6AgcLx1ld2m5epbZlq2XzIo5hbFMrDkp1Q7fHsvjz5O6rX933ZDEPg2AcCxlxzIj6KVYACOcZoVuLGmEyRD3aUfRAPtU9tLp7ZlxqhTX8EKhKgBjqv6eSLEvZeI7qtPHMJCL3kT815PgY5EId2E/eJe9lAVRDDQgs/VezA0IjUk8hssEJcATRTARTH1gkAEWmIAKsaCisRaDWCbNasUyK9aNVaqdoxny6AgdozKy0AWqoWtURw1E0Ag9oWf0oj1or9q79jFrzWnzmQP0B9r4B/9YoQ8=</latexit><latexit sha1_base64="p3noEG//BvC6deZdG8WSVWk5IWI=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWom5IUQZcFNy4r2Ae0MUwmk3boTBJmbqQh9Cvcu9VfcCdu/QL/wM9w2mahrQcuHM65l3vv8RPOFNj2l1Ha2Nza3invVvb2Dw6PzONqV8WpJLRDYh7Lvo8V5SyiHWDAaT+RFAuf054/uZn7vUcqFYuje8gS6go8iljICAYteWZ1CHQKfphPZw95vXkx8xzPrNkNewFrnTgFqaECbc/8HgYxSQWNgHCs1MCxE3BzLIERTmeVYapogskEj+hA0wgLqtx8cfvMOtdKYIWx1BWBtVB/T+RYKJUJX3cKDGO16s3Ffz0FAstMBiv7Ibx2cxYlKdCILNeHKbcgtubxWAGTlADPNMFEMv2BRcZYYgI6xIqOxlkNYp10mw3Hbjh3Tq11WYRURqfoDNWRg65QC92iNuoggqboGb2gV+PJeDPejY9la8koZk7QHxifP+mXnYE=</latexit>

x
(2)
2<latexit sha1_base64="x05fIj6EZE3WYu2VPnK13X57q3c=">AAACEXicbVDJSgNBEK1xjXEbI568NAYhXsJMEPQY8OIxglkgiaGn05M06VnorpGEIV8hePSqvyBexKtf4B/4GXaWgyY+KHi8V0VVPS+WQqPjfFkrq2vrG5uZrez2zu7evn2Qq+koUYxXWSQj1fCo5lKEvIoCJW/EitPAk7zuDa4mfv2eKy2i8BZHMW8HtBcKXzCKRurYuRbyIXp+OhzfpYXS2bhT6th5p+hMQZaJOyf58tHbIwGASsf+bnUjlgQ8RCap1k3XibGdUoWCST7OthLNY8oGtMebhoY04LqdTm8fk1OjdIkfKVMhkqn6eyKlgdajwDOdAcW+XvQm4r+exoCqkeou7Ef/sp2KME6Qh2y23k8kwYhM4iFdoThDOTKEMiXMB4T1qaIMTYhZE427GMQyqZWKrlN0b9x8+RxmyMAxnEABXLiAMlxDBarAYAhP8Awv1oP1ar1bH7PWFWs+cwh/YH3+AHe9n0g=</latexit><latexit sha1_base64="wlWEKFMheGitEyUvJYwN/bqvCfs=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuilJEXRZcOOygn1AW8NkMmmHTh7M3EhDyFcILt3qL4gbcduVS//Az3D6WGjrgQuHc+7l3nuciDMJpvml5VZW19Y38puFre2d3T19v9iUYSwIbZCQh6LtYEk5C2gDGHDajgTFvsNpyxleTfzWPRWShcEtJBHt+bgfMI8RDEqy9WIX6AgcLx1ld2m5epbZVVsvmRVzCmOZWHNSqh2+PZbHnyd1W//uuiGJfRoA4VjKjmVG0EuxAEY4zQrdWNIIkyHu046iAfap7KXT2zPjVCmu4YVCVQDGVP09kWJfysR3VKePYSAXvYn4ryfBxyIR7sJ+8C57KQuiGGhAZuu9mBsQGpN4DJcJSoAnimAimPrAIAMsMAEVYkFFYy0GsUya1YplVqwbq1Q7RzPk0RE6RmVkoQtUQ9eojhqIoBF6Qs/oRXvQXrV37WPWmtPmMwfoD7TxDwEBoRA=</latexit><latexit sha1_base64="wlWEKFMheGitEyUvJYwN/bqvCfs=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuilJEXRZcOOygn1AW8NkMmmHTh7M3EhDyFcILt3qL4gbcduVS//Az3D6WGjrgQuHc+7l3nuciDMJpvml5VZW19Y38puFre2d3T19v9iUYSwIbZCQh6LtYEk5C2gDGHDajgTFvsNpyxleTfzWPRWShcEtJBHt+bgfMI8RDEqy9WIX6AgcLx1ld2m5epbZVVsvmRVzCmOZWHNSqh2+PZbHnyd1W//uuiGJfRoA4VjKjmVG0EuxAEY4zQrdWNIIkyHu046iAfap7KXT2zPjVCmu4YVCVQDGVP09kWJfysR3VKePYSAXvYn4ryfBxyIR7sJ+8C57KQuiGGhAZuu9mBsQGpN4DJcJSoAnimAimPrAIAMsMAEVYkFFYy0GsUya1YplVqwbq1Q7RzPk0RE6RmVkoQtUQ9eojhqIoBF6Qs/oRXvQXrV37WPWmtPmMwfoD7TxDwEBoRA=</latexit><latexit sha1_base64="MrEWs7uVul/lKkiNzmYfT6N/+XI=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWom5IUQZcFNy4r2Ae0NUwmk3boTBJmbqQh5Cvcu9VfcCdu/QL/wM9w2mahrQcuHM65l3vv8WLOFNj2l1Ha2Nza3invVvb2Dw6PzONqV0WJJLRDIh7JvocV5SykHWDAaT+WFAuP0543vZn7vUcqFYvCe0hjOhJ4HLKAEQxacs3qEOgMvCCb5Q9ZvXmRu03XrNkNewFrnTgFqaECbdf8HvoRSQQNgXCs1MCxYxhlWAIjnOaVYaJojMkUj+lA0xALqkbZ4vbcOteKbwWR1BWCtVB/T2RYKJUKT3cKDBO16s3Ffz0FAstU+iv7IbgeZSyME6AhWa4PEm5BZM3jsXwmKQGeaoKJZPoDi0ywxAR0iBUdjbMaxDrpNhuO3XDunFrrsgipjE7RGaojB12hFrpFbdRBBM3QM3pBr8aT8Wa8Gx/L1pJRzJygPzA+fwDrMZ2C</latexit>

x
(2)
3

<latexit sha1_base64="DgxnltAfLKfc9AOYU1uaZwzd0Q4=">AAACEXicbVDJSgNBEK2JW4xbjHjy0hiEeAkzUdBjwIvHCGaBJIaeTk/SpGehu0YShnyF4NGr/oJ4Ea9+gX/gZ9hZDpr4oODxXhVV9dxICo22/WWlVlbX1jfSm5mt7Z3dvex+rqbDWDFeZaEMVcOlmksR8CoKlLwRKU59V/K6O7ia+PV7rrQIg1scRbzt014gPMEoGqmTzbWQD9H1kuH4LimUTseds042bxftKcgyceYkXz58eyQAUOlkv1vdkMU+D5BJqnXTsSNsJ1ShYJKPM61Y84iyAe3xpqEB9bluJ9Pbx+TEKF3ihcpUgGSq/p5IqK/1yHdNp0+xrxe9ifivp9GnaqS6C/vRu2wnIohi5AGbrfdiSTAkk3hIVyjOUI4MoUwJ8wFhfaooQxNixkTjLAaxTGqlomMXnRsnXz6HGdJwBMdQAAcuoAzXUIEqMBjCEzzDi/VgvVrv1sesNWXNZw7gD6zPH3lXn0k=</latexit><latexit sha1_base64="bQFRcZIYLxwvjvi0qi6PRODJMEo=">AAACEXicbVDLSsNAFJ34rPUVK67cBKtQNyWpgi4LblxWsA9oa5hMJu3QyYOZG2kI+QrBpVv9BXEjbrty6R/4GU4fC209cOFwzr3ce48TcSbBNL+0peWV1bX13EZ+c2t7Z1ffKzRkGAtC6yTkoWg5WFLOAloHBpy2IkGx73DadAZXY795T4VkYXALSUS7Pu4FzGMEg5JsvdABOgTHS4fZXVqqnGb2ma0XzbI5gbFIrBkpVg/eHkujz+OarX933JDEPg2AcCxl2zIj6KZYACOcZvlOLGmEyQD3aFvRAPtUdtPJ7ZlxohTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKMa+iseaDWCSNStkyy9aNVayeoyly6BAdoRKy0AWqomtUQ3VE0BA9oWf0oj1or9q79jFtXdJmM/voD7TRDwKboRE=</latexit><latexit sha1_base64="bQFRcZIYLxwvjvi0qi6PRODJMEo=">AAACEXicbVDLSsNAFJ34rPUVK67cBKtQNyWpgi4LblxWsA9oa5hMJu3QyYOZG2kI+QrBpVv9BXEjbrty6R/4GU4fC209cOFwzr3ce48TcSbBNL+0peWV1bX13EZ+c2t7Z1ffKzRkGAtC6yTkoWg5WFLOAloHBpy2IkGx73DadAZXY795T4VkYXALSUS7Pu4FzGMEg5JsvdABOgTHS4fZXVqqnGb2ma0XzbI5gbFIrBkpVg/eHkujz+OarX933JDEPg2AcCxl2zIj6KZYACOcZvlOLGmEyQD3aFvRAPtUdtPJ7ZlxohTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKMa+iseaDWCSNStkyy9aNVayeoyly6BAdoRKy0AWqomtUQ3VE0BA9oWf0oj1or9q79jFtXdJmM/voD7TRDwKboRE=</latexit><latexit sha1_base64="dxtmUkGByE8M7Jy0O3ubNyW0lI8=">AAACEXicbVDLSsNAFJ34rPUV69JNsAh1U5Iq6LLgxmUF+4A2hslk0g6dScLMjTSEfoV7t/oL7sStX+Af+BlO2yy09cCFwzn3cu89fsKZAtv+MtbWNza3tks75d29/YND86jSUXEqCW2TmMey52NFOYtoGxhw2kskxcLntOuPb2Z+95FKxeLoHrKEugIPIxYygkFLnlkZAJ2AH+aT6UNea5xPvQvPrNp1ew5rlTgFqaICLc/8HgQxSQWNgHCsVN+xE3BzLIERTqflQapogskYD2lf0wgLqtx8fvvUOtNKYIWx1BWBNVd/T+RYKJUJX3cKDCO17M3Efz0FAstMBkv7Ibx2cxYlKdCILNaHKbcgtmbxWAGTlADPNMFEMv2BRUZYYgI6xLKOxlkOYpV0GnXHrjt3TrV5WYRUQifoFNWQg65QE92iFmojgiboGb2gV+PJeDPejY9F65pRzByjPzA+fwDsy52D</latexit>

x
(3)
0

<latexit sha1_base64="oVcpfhnVe1DnJbiSWlJIhehr8ow=">AAACEXicbVDJSgNBEK1xjXEbI568NAYhXsKMCnoMePEYwSyQxNDT6Uma9Cx010jCkK8QPHrVXxAv4tUv8A/8DDvLQRMfFDzeq6KqnhdLodFxvqyl5ZXVtfXMRnZza3tn197LVXWUKMYrLJKRqntUcylCXkGBktdjxWngSV7z+ldjv3bPlRZReIvDmLcC2g2FLxhFI7XtXBP5AD0/HYzu0sLZyajttO28U3QmIIvEnZF86eDtkQBAuW1/NzsRSwIeIpNU64brxNhKqULBJB9lm4nmMWV92uUNQ0MacN1KJ7ePyLFROsSPlKkQyUT9PZHSQOth4JnOgGJPz3tj8V9PY0DVUHXm9qN/2UpFGCfIQzZd7yeSYETG8ZCOUJyhHBpCmRLmA8J6VFGGJsSsicadD2KRVE+LrlN0b9x86RymyMAhHEEBXLiAElxDGSrAYABP8Awv1oP1ar1bH9PWJWs2sw9/YH3+AHYnn0c=</latexit><latexit sha1_base64="csZG3kJwOewLfsaRA2iPD0Vd9ag=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuimJCrosuHFZwT6grWEymbRDJw9mbqQh5CsEl271F8SNuO3KpX/gZzh9LLT1wIXDOfdy7z1OxJkE0/zSckvLK6tr+fXCxubW9o6+W2zIMBaE1knIQ9FysKScBbQODDhtRYJi3+G06Qyuxn7zngrJwuAWkoh2fdwLmMcIBiXZerEDdAiOlw6zu7R8dpLZpq2XzIo5gbFIrBkpVfffHsujz6OarX933JDEPg2AcCxl2zIj6KZYACOcZoVOLGmEyQD3aFvRAPtUdtPJ7ZlxrBTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKsaCiseaDWCSN04plVqwbq1Q9R1Pk0QE6RGVkoQtURdeohuqIoCF6Qs/oRXvQXrV37WPamtNmM3voD7TRD/9coQ8=</latexit><latexit sha1_base64="csZG3kJwOewLfsaRA2iPD0Vd9ag=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuimJCrosuHFZwT6grWEymbRDJw9mbqQh5CsEl271F8SNuO3KpX/gZzh9LLT1wIXDOfdy7z1OxJkE0/zSckvLK6tr+fXCxubW9o6+W2zIMBaE1knIQ9FysKScBbQODDhtRYJi3+G06Qyuxn7zngrJwuAWkoh2fdwLmMcIBiXZerEDdAiOlw6zu7R8dpLZpq2XzIo5gbFIrBkpVfffHsujz6OarX933JDEPg2AcCxl2zIj6KZYACOcZoVOLGmEyQD3aFvRAPtUdtPJ7ZlxrBTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKsaCiseaDWCSN04plVqwbq1Q9R1Pk0QE6RGVkoQtURdeohuqIoCF6Qs/oRXvQXrV37WPamtNmM3voD7TRD/9coQ8=</latexit><latexit sha1_base64="R9jYZibmjSukyFIQKndwrSxpty4=">AAACEXicbVDLSsNAFJ3UV62vWJduBotQNyVRQZcFNy4r2Ae0MUwmk3bo5MHMjTSEfoV7t/oL7sStX+Af+BlO2yy09cCFwzn3cu89XiK4Asv6Mkpr6xubW+Xtys7u3v6BeVjtqDiVlLVpLGLZ84higkesDRwE6yWSkdATrOuNb2Z+95FJxePoHrKEOSEZRjzglICWXLM6ADYBL8gn04e8fnE2dS3XrFkNaw68SuyC1FCBlmt+D/yYpiGLgAqiVN+2EnByIoFTwaaVQapYQuiYDFlf04iETDn5/PYpPtWKj4NY6ooAz9XfEzkJlcpCT3eGBEZq2ZuJ/3oKQiIz6S/th+DayXmUpMAiulgfpAJDjGfxYJ9LRkFkmhAquf4A0xGRhIIOsaKjsZeDWCWd84ZtNew7u9a8LEIqo2N0gurIRleoiW5RC7URRRP0jF7Qq/FkvBnvxseitWQUM0foD4zPH+mbnYE=</latexit>

x
(3)
1<latexit sha1_base64="bBENUEwisfvXZf9UMemewVju8NI=">AAACEXicbVDJSgNBEK1xjXEbI568NAYhXsKMCnoMePEYwSyQxNDT6Uma9Cx010jCkK8QPHrVXxAv4tUv8A/8DDvLQRMfFDzeq6KqnhdLodFxvqyl5ZXVtfXMRnZza3tn197LVXWUKMYrLJKRqntUcylCXkGBktdjxWngSV7z+ldjv3bPlRZReIvDmLcC2g2FLxhFI7XtXBP5AD0/HYzu0sLZyajttu28U3QmIIvEnZF86eDtkQBAuW1/NzsRSwIeIpNU64brxNhKqULBJB9lm4nmMWV92uUNQ0MacN1KJ7ePyLFROsSPlKkQyUT9PZHSQOth4JnOgGJPz3tj8V9PY0DVUHXm9qN/2UpFGCfIQzZd7yeSYETG8ZCOUJyhHBpCmRLmA8J6VFGGJsSsicadD2KRVE+LrlN0b9x86RymyMAhHEEBXLiAElxDGSrAYABP8Awv1oP1ar1bH9PWJWs2sw9/YH3+AHfBn0g=</latexit><latexit sha1_base64="rKkxUHhTWnnf3tGOwKH/aBdbJ3I=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuimJCrosuHFZwT6grWEymbRDJw9mbqQh5CsEl271F8SNuO3KpX/gZzh9LLT1wIXDOfdy7z1OxJkE0/zSckvLK6tr+fXCxubW9o6+W2zIMBaE1knIQ9FysKScBbQODDhtRYJi3+G06Qyuxn7zngrJwuAWkoh2fdwLmMcIBiXZerEDdAiOlw6zu7R8dpLZlq2XzIo5gbFIrBkpVfffHsujz6OarX933JDEPg2AcCxl2zIj6KZYACOcZoVOLGmEyQD3aFvRAPtUdtPJ7ZlxrBTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKsaCiseaDWCSN04plVqwbq1Q9R1Pk0QE6RGVkoQtURdeohuqIoCF6Qs/oRXvQXrV37WPamtNmM3voD7TRDwEFoRA=</latexit><latexit sha1_base64="rKkxUHhTWnnf3tGOwKH/aBdbJ3I=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuimJCrosuHFZwT6grWEymbRDJw9mbqQh5CsEl271F8SNuO3KpX/gZzh9LLT1wIXDOfdy7z1OxJkE0/zSckvLK6tr+fXCxubW9o6+W2zIMBaE1knIQ9FysKScBbQODDhtRYJi3+G06Qyuxn7zngrJwuAWkoh2fdwLmMcIBiXZerEDdAiOlw6zu7R8dpLZlq2XzIo5gbFIrBkpVfffHsujz6OarX933JDEPg2AcCxl2zIj6KZYACOcZoVOLGmEyQD3aFvRAPtUdtPJ7ZlxrBTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKsaCiseaDWCSN04plVqwbq1Q9R1Pk0QE6RGVkoQtURdeohuqIoCF6Qs/oRXvQXrV37WPamtNmM3voD7TRDwEFoRA=</latexit><latexit sha1_base64="Vx1midxfaMjuyTtqP9XisZniYtI=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWom5JRQZcFNy4r2Ae0MUwmk3bo5MHMjTSEfoV7t/oL7sStX+Af+BlO2yy09cCFwzn3cu89XiK4Atv+Mkpr6xubW+Xtys7u3v6BeVjtqDiVlLVpLGLZ84higkesDRwE6yWSkdATrOuNb2Z+95FJxePoHrKEOSEZRjzglICWXLM6ADYBL8gn04e8fnE2dbFr1uyGPYe1SnBBaqhAyzW/B35M05BFQAVRqo/tBJycSOBUsGllkCqWEDomQ9bXNCIhU04+v31qnWrFt4JY6orAmqu/J3ISKpWFnu4MCYzUsjcT//UUhERm0l/aD8G1k/MoSYFFdLE+SIUFsTWLx/K5ZBREpgmhkusPLDoiklDQIVZ0NHg5iFXSOW9gu4HvcK15WYRURsfoBNURRleoiW5RC7URRRP0jF7Qq/FkvBnvxseitWQUM0foD4zPH+s1nYI=</latexit>

x
(3)
2<latexit sha1_base64="5wZgsmms0IrqeF7p/ttlKuKkuhk=">AAACEXicbVDJSgNBEK2JW4xbjHjy0hiEeAkzUdBjwIvHCGaBJIaeTk/SpGehu0YShnyF4NGr/oJ4Ea9+gX/gZ9hZDpr4oODxXhVV9dxICo22/WWlVlbX1jfSm5mt7Z3dvex+rqbDWDFeZaEMVcOlmksR8CoKlLwRKU59V/K6O7ia+PV7rrQIg1scRbzt014gPMEoGqmTzbWQD9H1kuH4LimcnY47pU42bxftKcgyceYkXz58eyQAUOlkv1vdkMU+D5BJqnXTsSNsJ1ShYJKPM61Y84iyAe3xpqEB9bluJ9Pbx+TEKF3ihcpUgGSq/p5IqK/1yHdNp0+xrxe9ifivp9GnaqS6C/vRu2wnIohi5AGbrfdiSTAkk3hIVyjOUI4MoUwJ8wFhfaooQxNixkTjLAaxTGqlomMXnRsnXz6HGdJwBMdQAAcuoAzXUIEqMBjCEzzDi/VgvVrv1sesNWXNZw7gD6zPH3lbn0k=</latexit><latexit sha1_base64="CMVNJCqhqWwK/mVEzYo4A3Gk5PM=">AAACEXicbVDLSsNAFJ34rPUVK67cBKtQNyWpgi4LblxWsA9oa5hMJu3QyYOZG2kI+QrBpVv9BXEjbrty6R/4GU4fC209cOFwzr3ce48TcSbBNL+0peWV1bX13EZ+c2t7Z1ffKzRkGAtC6yTkoWg5WFLOAloHBpy2IkGx73DadAZXY795T4VkYXALSUS7Pu4FzGMEg5JsvdABOgTHS4fZXVo6O83siq0XzbI5gbFIrBkpVg/eHkujz+OarX933JDEPg2AcCxl2zIj6KZYACOcZvlOLGmEyQD3aFvRAPtUdtPJ7ZlxohTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKMa+iseaDWCSNStkyy9aNVayeoyly6BAdoRKy0AWqomtUQ3VE0BA9oWf0oj1or9q79jFtXdJmM/voD7TRDwKfoRE=</latexit><latexit sha1_base64="CMVNJCqhqWwK/mVEzYo4A3Gk5PM=">AAACEXicbVDLSsNAFJ34rPUVK67cBKtQNyWpgi4LblxWsA9oa5hMJu3QyYOZG2kI+QrBpVv9BXEjbrty6R/4GU4fC209cOFwzr3ce48TcSbBNL+0peWV1bX13EZ+c2t7Z1ffKzRkGAtC6yTkoWg5WFLOAloHBpy2IkGx73DadAZXY795T4VkYXALSUS7Pu4FzGMEg5JsvdABOgTHS4fZXVo6O83siq0XzbI5gbFIrBkpVg/eHkujz+OarX933JDEPg2AcCxl2zIj6KZYACOcZvlOLGmEyQD3aFvRAPtUdtPJ7ZlxohTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKMa+iseaDWCSNStkyy9aNVayeoyly6BAdoRKy0AWqomtUQ3VE0BA9oWf0oj1or9q79jFtXdJmM/voD7TRDwKfoRE=</latexit><latexit sha1_base64="HeNQQ9UHqjOdHJ4rhWfmIZmAMfc=">AAACEXicbVDLSsNAFJ34rPUV69JNsAh1U5Iq6LLgxmUF+4A2hslk0g6dScLMjTSEfoV7t/oL7sStX+Af+BlO2yy09cCFwzn3cu89fsKZAtv+MtbWNza3tks75d29/YND86jSUXEqCW2TmMey52NFOYtoGxhw2kskxcLntOuPb2Z+95FKxeLoHrKEugIPIxYygkFLnlkZAJ2AH+aT6UNeuzifeg3PrNp1ew5rlTgFqaICLc/8HgQxSQWNgHCsVN+xE3BzLIERTqflQapogskYD2lf0wgLqtx8fvvUOtNKYIWx1BWBNVd/T+RYKJUJX3cKDCO17M3Efz0FAstMBkv7Ibx2cxYlKdCILNaHKbcgtmbxWAGTlADPNMFEMv2BRUZYYgI6xLKOxlkOYpV0GnXHrjt3TrV5WYRUQifoFNWQg65QE92iFmojgiboGb2gV+PJeDPejY9F65pRzByjPzA+fwDsz52D</latexit>

Hash value = 10 01 00 11 = 2 1 0 3
<latexit sha1_base64="rX3lAIqj3FW75pdH3fyHC1DhEg8="></latexit><latexit sha1_base64="oJiwvABy2us77/7Qqnx5O/KPFXI="></latexit><latexit sha1_base64="oJiwvABy2us77/7Qqnx5O/KPFXI="></latexit><latexit sha1_base64="MvnB+pXhzX3x5QSDaTnRrgMuDJ8="></latexit>

Figure 2: M-FORS signatures.

node is signed by the signing key in the parent node, and the signing key in
the leaf node signs the actual message hash. An F-SPHINCS+ signature then
contains a list of h+ 1 signatures, where h is the height of the hyper-tree. The
benefit of M-FORS over XMSS that is used in the original SPHINCS+ scheme
is the lower verification cost. To verify a message hash that is k blocks of d-bit
string, the cost is d · k + k − 1 hash operations. This is much less than the
(2d − 1) · k hashes for verifying a WOTS+ signature. On the other hand, the
signing time is more than that of WOTS+. However, this is a lesser concern
because in our case signing will be done in the clear (while verification needs to
be done with zero knowledge). M-FORS consists of the algorithms below.

• keyGen(seed, n, d, k, aux): it takes as input a random seed seed, a security
parameter n, two positive integers d and k, and aux that is either an empty
string or some optional data. If seed is an empty string, an n-bit random
string will be chosen and assigned to it. Then a pseudorandom function
prf is used to expand seed into k lists (x(0), · · · ,x(k−1)), where each x(i)

contains 2d distinct n-bit pseudorandom strings. Then k + 1 Merkle trees
T = (mt0, · · · , mtk) are built. In particular, each of mt0, · · · , mtk−1 has 2d

leaf nodes. The jth leaf node in mti is the hash of x
(i)
j . The leaf nodes of

mtk are r0, · · · , rk−1 that are the roots of (mt0, · · · , mtk−1). keyGen outputs
(pk, sk, param), such that the public key pk = rk where rk is the root of mtk,
the private key sk = seed, and the public parameters mp = (n, d, k, aux).

• sign(sk,MD,mp): to sign a message hash MD ∈ {0, 1}k·d, parse it into k
blocks, each block is interpreted as a d-bit unsigned integers (p0, · · · , pk−1).
Then for the i-th block pi, x

(i) and mti (obtained by expanding sk) are used
to generate authpath(i), which is the authentication path of the pi-th leaf

node in the i-th Merkle tree. Then (x
(i)
pi , authpath

(i)) is put into the signa-

ture. The signature is a list of k pairs σ = {(x(0)
p0 , authpath

(0)), · · · , (x(k−1)
pk−1 ,

authpath(k−1))}.
• recoverPK(σ,MD,mp): This algorithm outputs the public key recovered from
a signature σ and the message hash MD. First MD is parsed into k blocks
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(p′0, · · · , p′k−1). Then for 0 ≤ i ≤ k − 1, σi = (xi, authpath
(i)) and p′i are

used to re-generate a Merkle tree root and get the value r′i (p′i is used to
determine the order of the siblings at each layer). Finally, r′0, · · · , r′k−1 are
used to compute mt′k and its root r′k is returned.

• verify(σ, pk,MD,mp): to verify a signature, call recoverPK(σ,MD,mp). If
the recovered public key is the same as pk, accept the signature, otherwise
reject.

2.3.2 F-SPHINCS+

The hyper-tree nodes in F-SPHINCS+ are addressed by a pair (a, b) where a
is its layer and b is its index within the layer. The root node is at layer 0, and
the layer number of all other nodes is the layer number of its parent plus 1. All
nodes within a layer are viewed as an ordered list, and index each node in the
list from left to right, starting from 0. F-SPHINCS+ consists of the following
algorithms:

• keyGen(n, q, h): This algorithm outputs (sk, pk, fp). It takes as input a se-
curity parameter n, the degree of non-leaf nodes in the hyper-tree q, and
the height of the hyper-tree h. Then it chooses d, k that are the parame-
ters for the underlying M-FORS signature scheme. The public parameters
are fp = (n, q, h, d, k). It also chooses an n-bit random string as the pri-
vate key sk. It generates the M-FORS key pair for the root node by calling
genNode((0, 0), sk, fp), and set the public key pk to be the M-FORS public
key pk0,0.

• genNode(nodeAdr, sk, fp): This algorithm generates a node in the hyper-
tree given the address nodeAdr = (a, b). With the private key sk used as
a seed, the algorithm first generates a subseed with a pseudorandom func-
tion seeda,b = prf(seed, a||b), then it calls M-FORS key generation algorithm
M-FORS.keyGen (seeda,b, n, d, k, a||b). The output (pka,b, ska,b,mpa,b) is the
content of the node at (a, b).

• mHash(msg, gr):This algorithm produces message hash and the leaf node
index used in generating the F-SPHINCS+ signature. The input msg is
the message to be signed, gr is a random string. The algorithm produces
MD||idx← H3(msg||gr), where H3 : {0, 1}∗ → {0, 1}d·k+(log2 q)·h is a public
hash function, MD is d · k bit long and idx is interpreted as an (log2 q) ·h bit
long unsigned integer.

• sign(msg, sk, fp): This algorithm produces the F-SPHINCS+ signature as
a chain of M-FORS signature along the path from a leaf node to the root
node of the hyper-tree. It chooses an n-bit random string gr. Then obtain
MD||idx ← mHash(msg, gr). A leaf node at (h, idx) is then generated by
calling genNode((h, idx), sk, fp). The M-FORS signing key skh,idx is used to
sign MD and generate σ0. The parent node of (h, idx) is then generated by
calling genNode((h− 1, b), sk, fp) where (h− 1, b) is the address of the parent
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node. Then the parent secret key skh−1,b is used to sign the child public key
pkh,idx, and the signature is σ1. Repeat the signing process until obtaining
σh that is signed by sk0,0 on pk1,b′ for some b′. The F-SPHINCS+ signature
is then (gr,S = (σ0, · · · , σh)).

• verify(msg, gr,S, pk, fp): This algorithm verifies every M-FORS signature
that is chained up in S. Given S = (σ0, · · · , σh), first compute MD||idx←
H3(msg||gr). Then obtain pk0← recoverPK(σ0,MD,mp0), pk1← recoverPK(
σ1, pk0,mp1), repeat until pkh ← recoverPK(σh, pkh−1,mph). If pk = pkh,
accept the signature, otherwise reject.

Remark 1 In M-FORS algorithms, we use two tweakable hash functions [4]
H1 : {0, 1}∗ → {0, 1}n and H2 : {0, 1}∗ → {0, 1}d·k. Almost all hash operations
are done using H1. H2 is only used to map the k-th Merkle tree to the k · d-bit
M-FORS public key, so that when used in F-SPHINCS+ the public key is of
the right size to be signed by the parent node. If M-FORS is to be used as a
stand-alone signature scheme, these two hash functions can be the same.
Remark 2 The tweakable hash functions follow Construction 7 for tweakable
hash functions in [4]. Namely, the hash of an input M is produced by calling a
hash function with additional input as H(P||ADD||M), where P is a public hash
key and ADD acts as the tweak. The tweak is the address where the hash opera-
tion takes place within the hyper-tree, and it is a five part string a1||b1||v||a2||b2:

• (a1, b1), where 0 ≤ a1 ≤ h, 0 ≤ b1 ≤ 2a1 − 1, is the address of an hyper-tree
node. Within the node, an M-FORS key pair that is based on k + 1 Merkle
trees are stored.

• 0 ≤ v ≤ k is the index of a Merkle tree in the M-FORS key pair stored in the
hyper-tree node (a1, b1). When 0 ≤ v ≤ k − 1, the Merkle tree (of height d)
is used to sign the v-th block of the message; when v = k, the Merkle tree (of
height ⌈log2 k⌉) is used to accumulated the roots of all the previous Merkle
trees into the public key.

• (a2, b2) is the address of an Merkle tree node. When 0 ≤ v ≤ k−1, 0 ≤ a2 ≤ d
and 0 ≤ b2 ≤ 2a2−1; When v = k, 0 ≤ a2 ≤ ⌈log2 k⌉−1 and 0 ≤ b2 ≤ 2a2−1.

The security analysis of F-SPHINCS+ is given in Appendix A.

2.3.3 M-FORS partial proof

The challenge for implementing a NIZKP of F-SPHINCS+ signature with MPCitH
comes from the cost of h+1 M-FORS signature verifications. Following the de-
scription of M-FORS, to verify a single M-FORS signature, k ·(d+1)+(k−1) =
kd+ 2k − 1 hashes are needed, which is in the order of 100 for a practical set-
ting (with an extra factor of 2 if implementing with MPC F, as a part of our
EPID scheme, which will be described in Section 3). The h + 1 factor means
that if implemented naively, the MPC would need to call thousands of times
the sub-procedure that implements the hash function, and the size of the circuit
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for the whole MPC can go easily above a million-gates. Even worse, to reduce
the soundness error, the same circuit needs to be executed tens to hundreds
of times in an MPCitH proof. Thus, a naive implementation of a NIZKP of
F-SPHINCS+ signature will result in a very large signature size and a high
computational cost.

r1
<latexit sha1_base64="BgPyCB3rqTyCLCt8QqVXWZCAxKI=">AAAB6nicbZDLSgMxFIbP1FsdrVZdugmWgqsyqQu7LAjisqK9QDuUTJppQzOZIckIZegjuHGhiFvxQXwEd76N6WWhrT8EPv7/HHLOCRLBtfG8bye3sbm1vZPfdff2CweHxaPjlo5TRVmTxiJWnYBoJrhkTcONYJ1EMRIFgrWD8dUsbz8wpXks780kYX5EhpKHnBJjrTvVx/1iyat4c6F1wEso1Qufafna/Wj0i1+9QUzTiElDBdG6i73E+BlRhlPBpm4v1SwhdEyGrGtRkohpP5uPOkVl6wxQGCv7pEFz93dHRiKtJ1FgKyNiRno1m5n/Zd3UhDU/4zJJDZN08VGYCmRiNNsbDbhi1IiJBUIVt7MiOiKKUGOv49oj4NWV16FVreCLSvUWl+o1WCgPp3AG54DhEupwAw1oAoUhPMIzvDjCeXJenbdFac5Z9pzAHznvP4aRkDA=</latexit>

r0
<latexit sha1_base64="EtLv32w4J3umdQkSj/6IzauQygY=">AAAB6nicbZDLSgMxFIbP1FsdrVZdugmWgqsyUxd2WRDEZUV7gXYomTTThiaZIckIZegjuHGhiFvxQXwEd76N6WWhrT8EPv7/HHLOCRPOtPG8bye3sbm1vZPfdff2CweHxaPjlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+GqWtx+o0iyW92aS0EDgoWQRI9hY6071vX6x5FW8udA6+Eso1Qufafna/Wj0i1+9QUxSQaUhHGvd9b3EBBlWhhFOp24v1TTBZIyHtGtRYkF1kM1HnaKydQYoipV90qC5+7sjw0LriQhtpcBmpFezmflf1k1NVAsyJpPUUEkWH0UpRyZGs73RgClKDJ9YwEQxOysiI6wwMfY6rj2Cv7ryOrSqFf+iUr31S/UaLJSHUziDc/DhEupwAw1oAoEhPMIzvDjceXJenbdFac5Z9pzAHznvP4UNkC8=</latexit>

r2
<latexit sha1_base64="YUD/PoyICcag4wMxI7+JxWcthg0=">AAAB6nicbZC7SgNBFIbPxltcjUYtbQZDwCrsxsKUAUEsI5oLJEuYncwmQ2Znl7kIYckj2FgoYis+iI9g59s4uRSa+MPAx/+fw5xzwpQzpT3v28ltbG5t7+R33b39wsFh8ei4pRIjCW2ShCeyE2JFORO0qZnmtJNKiuOQ03Y4vprl7QcqFUvEvZ6kNIjxULCIEaytdSf71X6x5FW8udA6+Eso1QufpnztfjT6xa/eICEmpkITjpXq+l6qgwxLzQinU7dnFE0xGeMh7VoUOKYqyOajTlHZOgMUJdI+odHc/d2R4VipSRzayhjrkVrNZuZ/WdfoqBZkTKRGU0EWH0WGI52g2d5owCQlmk8sYCKZnRWREZaYaHsd1x7BX115HVrVin9Rqd76pXoNFsrDKZzBOfhwCXW4gQY0gcAQHuEZXhzuPDmvztuiNOcse07gj5z3H4gVkDE=</latexit>

r3
<latexit sha1_base64="GjAo/8j9gj4s64K2xWxFvAtwckg=">AAAB6nicbZC7SgNBFIbPxltcjUYtbQZDwCrsJoUpA4JYRjQXSJYwO5lNhszOLnMRwpJHsLFQxFZ8EB/BzrdxcinU+MPAx/+fw5xzwpQzpT3vy8ltbG5t7+R33b39wsFh8ei4rRIjCW2RhCeyG2JFORO0pZnmtJtKiuOQ0044uZznnXsqFUvEnZ6mNIjxSLCIEaytdSsHtUGx5FW8hdA6+CsoNQofpnzlvjcHxc/+MCEmpkITjpXq+V6qgwxLzQinM7dvFE0xmeAR7VkUOKYqyBajzlDZOkMUJdI+odHC/dmR4VipaRzayhjrsfqbzc3/sp7RUT3ImEiNpoIsP4oMRzpB873RkElKNJ9awEQyOysiYywx0fY6rj2C/3fldWhXK36tUr3xS406LJWHUziDc/DhAhpwDU1oAYERPMATPDvceXRenNdlac5Z9ZzALzlv34mZkDI=</latexit>

r4
<latexit sha1_base64="1s84YNff6vGBvktusdma51K0iJM=">AAAB6nicbZDLSsNAFIZPvNZoterSzWApuCpJFeyyIIjLivYCbSiT6aQdOpmEuQgl9BHcuFDErfggPoI738bpZaGtPwx8/P85zDknTDlT2vO+nbX1jc2t7dyOu7uX3z8oHB41VWIkoQ2S8ES2Q6woZ4I2NNOctlNJcRxy2gpHV9O89UClYom41+OUBjEeCBYxgrW17mTvolcoemVvJrQK/gKKtfynKV27H/Ve4avbT4iJqdCEY6U6vpfqIMNSM8LpxO0aRVNMRnhAOxYFjqkKstmoE1SyTh9FibRPaDRzf3dkOFZqHIe2MsZ6qJazqflf1jE6qgYZE6nRVJD5R5HhSCdoujfqM0mJ5mMLmEhmZ0VkiCUm2l7HtUfwl1dehWal7J+XK7d+sVaFuXJwAqdwBj5cQg1uoA4NIDCAR3iGF4c7T86r8zYvXXMWPcfwR877D4sdkDM=</latexit>

mt0
<latexit sha1_base64="vV2hjN8Q0KpIgFzj9KmKcs1yEuc=">AAAB9HicbVDLSgNBEJyNrxiNRj16GQwBT2E3HswxIIjHCOYByRJmJ7PJkJnZdaY3GJZ8hxcPiujRj/ATvPk3Th4HTSxoKKq66e4KYsENuO63k9nY3Nreye7m9vbzB4eFo+OmiRJNWYNGItLtgBgmuGIN4CBYO9aMyECwVjC6mvmtMdOGR+oOJjHzJRkoHnJKwEp+F9gDAKQSpj23Vyi6ZXcOvE68JSnW8p9J6Tr3Xu8Vvrr9iCaSKaCCGNPx3Bj8lGjgVLBprpsYFhM6IgPWsVQRyYyfzo+e4pJV+jiMtC0FeK7+nkiJNGYiA9spCQzNqjcT//M6CYRVP+UqToApulgUJgJDhGcJ4D7XjIKYWEKo5vZWTIdEEwo2p5wNwVt9eZ00K2Xvoly59Yq1Klogi07RGTpHHrpENXSD6qiBKLpHj+gZvThj58l5dd4WrRlnOXOC/sD5+AHRNpUD</latexit>

mt1
<latexit sha1_base64="Tq5h+87TPYC4bRslXjyRtx0bktE=">AAAB9HicbVDLSgNBEJyNrxiNRj16GQwBT2E3HswxIIjHCOYByRJmJ7PJkJnZdaY3GJZ8hxcPiujRj/ATvPk3Th4HTSxoKKq66e4KYsENuO63k9nY3Nreye7m9vbzB4eFo+OmiRJNWYNGItLtgBgmuGIN4CBYO9aMyECwVjC6mvmtMdOGR+oOJjHzJRkoHnJKwEp+F9gDAKQSpj2vVyi6ZXcOvE68JSnW8p9J6Tr3Xu8Vvrr9iCaSKaCCGNPx3Bj8lGjgVLBprpsYFhM6IgPWsVQRyYyfzo+e4pJV+jiMtC0FeK7+nkiJNGYiA9spCQzNqjcT//M6CYRVP+UqToApulgUJgJDhGcJ4D7XjIKYWEKo5vZWTIdEEwo2p5wNwVt9eZ00K2Xvoly59Yq1Klogi07RGTpHHrpENXSD6qiBKLpHj+gZvThj58l5dd4WrRlnOXOC/sD5+AHSupUE</latexit>

mt2
<latexit sha1_base64="swrFIL5+SVyH5doLGPxHJvrD3kM=">AAAB9HicbVDLSgNBEJyNrxiNRj16GQwBT2E3HswxIIjHCOYByRJmJ7PJkJnZdaY3GJZ8hxcPiujRj/ATvPk3Th4HTSxoKKq66e4KYsENuO63k9nY3Nreye7m9vbzB4eFo+OmiRJNWYNGItLtgBgmuGIN4CBYO9aMyECwVjC6mvmtMdOGR+oOJjHzJRkoHnJKwEp+F9gDAKQSpr1Kr1B0y+4ceJ14S1Ks5T+T0nXuvd4rfHX7EU0kU0AFMabjuTH4KdHAqWDTXDcxLCZ0RAasY6kikhk/nR89xSWr9HEYaVsK8Fz9PZESacxEBrZTEhiaVW8m/ud1EgirfspVnABTdLEoTASGCM8SwH2uGQUxsYRQze2tmA6JJhRsTjkbgrf68jppVsreRbly6xVrVbRAFp2iM3SOPHSJaugG1VEDUXSPHtEzenHGzpPz6rwtWjPOcuYE/YHz8QPUPpUF</latexit>

mt3
<latexit sha1_base64="pZrlYg/UySvgK76kpXm8dLapZf0=">AAAB9HicbVDLSgNBEJz1GVejUY9eBkPAU9hNDuYYEMRjBPOAZAmzk0kyZGZ2nekNhiXf4cWDInr0I/wEb/6Nk8dBEwsaiqpuurvCWHADnvftbGxube/sZvbc/YPs4VHu+KRhokRTVqeRiHQrJIYJrlgdOAjWijUjMhSsGY6uZn5zzLThkbqDScwCSQaK9zklYKWgA+wBAFIJ0265m8t7RW8OvE78JclXs59J4dp9r3VzX51eRBPJFFBBjGn7XgxBSjRwKtjU7SSGxYSOyIC1LVVEMhOk86OnuGCVHu5H2pYCPFd/T6REGjORoe2UBIZm1ZuJ/3ntBPqVIOUqToApuljUTwSGCM8SwD2uGQUxsYRQze2tmA6JJhRsTq4NwV99eZ00SkW/XCzd+vlqBS2QQWfoHF0gH12iKrpBNVRHFN2jR/SMXpyx8+S8Om+L1g1nOXOK/sD5+AHVwpUG</latexit>

mt4
<latexit sha1_base64="jwHFvQP0vgnl33MUiiWjXhnvAWs=">AAAB9HicbVDLSgNBEJz1GVejUY9eBkPAU9iNgjkGBPEYwTwgWcLsZJIMmZldZ3qDYcl3ePGgiB79CD/Bm3/j5HHQxIKGoqqb7q4wFtyA5307a+sbm1vbmR13dy+7f5A7PKqbKNGU1WgkIt0MiWGCK1YDDoI1Y82IDAVrhMOrqd8YMW14pO5gHLNAkr7iPU4JWCloA3sAgFTCpHPRyeW9ojcDXiX+guQr2c+kcO2+Vzu5r3Y3oolkCqggxrR8L4YgJRo4FWzithPDYkKHpM9alioimQnS2dETXLBKF/cibUsBnqm/J1IijRnL0HZKAgOz7E3F/7xWAr1ykHIVJ8AUnS/qJQJDhKcJ4C7XjIIYW0Ko5vZWTAdEEwo2J9eG4C+/vErqpaJ/Xizd+vlKGc2RQSfoFJ0hH12iCrpBVVRDFN2jR/SMXpyR8+S8Om/z1jVnMXOM/sD5+AHXRpUH</latexit>

pk =
<latexit sha1_base64="L+yzNO/FKsTHQ3nqtc+rVuXrwc4=">AAAB6nicbZC7SgNBFIbPeo3xFk1pMxgCVmE3FqYRAjaWEc0FkiXMTmaTITOzy8ysEJZ0tjYWitj6LD6AnT6AT+ADOLkUmvjDwMf/n8Occ4KYM21c98NZWV1b39jMbGW3d3b39nMHhw0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HFJG/eUqVZJG/MKKa+wH3JQkawsdZ1PDzv5gpuyZ0KLYM3h0I1X7z7fvv6rHVz751eRBJBpSEca9323Nj4KVaGEU7H2U6iaYzJEPdp26LEgmo/nY46RkXr9FAYKfukQVP3d0eKhdYjEdhKgc1AL2YT87+snZiw4qdMxomhksw+ChOOTIQme6MeU5QYPrKAiWJ2VkQGWGFi7HWy9gje4srL0CiXvNNS+corVCswUwaO4BhOwIMzqMIl1KAOBPpwD4/w5HDnwXl2XmalK868Jw9/5Lz+AB0Zkh0=</latexit>

x
(0)
2<latexit sha1_base64="cKI5FuNtwdByphB//uKeH0CKFmc=">AAAB+3icbVDJSgNBEK2JW4xbjHjy0hiEeAkzQdBjwIvHCGaBJIaeTk/SpGehu0YShvkNj148KOLVk3/hzb+xsxw08UHB470qquq5kRQabfvbyqytb2xuZbdzO7t7+wf5w0JDh7FivM5CGaqWSzWXIuB1FCh5K1Kc+q7kTXd0PfWbD1xpEQZ3OIl416eDQHiCUTRSL1/oIB+j6yXj9D4p2edpr9LLF+2yPQNZJc6CFKvHn48EAGq9/FenH7LY5wEySbVuO3aE3YQqFEzyNNeJNY8oG9EBbxsaUJ/rbjK7PSVnRukTL1SmAiQz9fdEQn2tJ75rOn2KQ73sTcX/vHaM3lU3EUEUIw/YfJEXS4IhmQZB+kJxhnJiCGVKmFsJG1JFGZq4ciYEZ/nlVdKolB277Nw6xeoFzJGFEziFEjhwCVW4gRrUgcEYnuAFXq3UerberPd5a8ZazBzBH1gfP/isldU=</latexit><latexit sha1_base64="lMwwjCvmYflBBqqImgQ3gEc+XyY=">AAAB+3icbVDLSsNAFJ34rPUVK67cBKtQNyUpgi4LblxWsA9oY5hMJ+3QySTM3EhLyG+4dONCEbeu/ARXuvNvnD4W2nrgwuGce7n3Hj/mTIFtfxtLyyura+u5jfzm1vbOrrlXaKgokYTWScQj2fKxopwJWgcGnLZiSXHoc9r0B5djv3lHpWKRuIFRTN0Q9wQLGMGgJc8sdIAOwQ/SYXabluzTzKt4ZtEu2xNYi8SZkWL14P2+9PF5XPPMr043IklIBRCOlWo7dgxuiiUwwmmW7ySKxpgMcI+2NRU4pMpNJ7dn1olWulYQSV0CrIn6eyLFoVKj0NedIYa+mvfG4n9eO4Hgwk2ZiBOggkwXBQm3ILLGQVhdJikBPtIEE8n0rRbpY4kJ6LjyOgRn/uVF0qiUHbvsXDvF6hmaIocO0REqIQedoyq6QjVURwQN0QN6Qs9GZjwaL8brtHXJmM3soz8w3n4AWsCXnQ==</latexit><latexit sha1_base64="lMwwjCvmYflBBqqImgQ3gEc+XyY=">AAAB+3icbVDLSsNAFJ34rPUVK67cBKtQNyUpgi4LblxWsA9oY5hMJ+3QySTM3EhLyG+4dONCEbeu/ARXuvNvnD4W2nrgwuGce7n3Hj/mTIFtfxtLyyura+u5jfzm1vbOrrlXaKgokYTWScQj2fKxopwJWgcGnLZiSXHoc9r0B5djv3lHpWKRuIFRTN0Q9wQLGMGgJc8sdIAOwQ/SYXabluzTzKt4ZtEu2xNYi8SZkWL14P2+9PF5XPPMr043IklIBRCOlWo7dgxuiiUwwmmW7ySKxpgMcI+2NRU4pMpNJ7dn1olWulYQSV0CrIn6eyLFoVKj0NedIYa+mvfG4n9eO4Hgwk2ZiBOggkwXBQm3ILLGQVhdJikBPtIEE8n0rRbpY4kJ6LjyOgRn/uVF0qiUHbvsXDvF6hmaIocO0REqIQedoyq6QjVURwQN0QN6Qs9GZjwaL8brtHXJmM3soz8w3n4AWsCXnQ==</latexit><latexit sha1_base64="5rJ8RWURo6ijevKjxk8kbx038b8=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5IUQY8FLx4r2A9oY9hsN+3SzSbsTqQl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tjY2t7Z3dkt75f2Dw6Nj+6TS0XGqKGvTWMSqFxDNBJesDRwE6yWKkSgQrBtMbud+94kpzWP5ALOEeREZSR5ySsBIvl0ZAJtCEGbT/DGrOZe53/DtqlN3FsDrxC1IFRVo+fbXYBjTNGISqCBa910nAS8jCjgVLC8PUs0SQidkxPqGShIx7WWL23N8YZQhDmNlSgJeqL8nMhJpPYsC0xkRGOtVby7+5/VTCG+8jMskBSbpclGYCgwxngeBh1wxCmJmCKGKm1sxHRNFKJi4yiYEd/XlddJp1F2n7t671eZVEUcJnaFzVEMuukZNdIdaqI0omqJn9IrerNx6sd6tj2XrhlXMnKI/sD5/AJMzlA8=</latexit>

x
(1)
1<latexit sha1_base64="mPChz/hwTfdv7QaTJWwc8RuXEOI=">AAAB+3icbVA9SwNBEJ3zM8avGLGyWQyCNuFWBC0DNpYRTCIk57G32dPFvQ925yThuL9haWOhiK2V/8LOf+MmsdDEBwOP92aYmRekShp03S9nbn5hcWm5tFJeXVvf2KxsVdsmyTQXLZ6oRF8FzAglY9FCiUpcpVqwKFCiE9ydjfzOvdBGJvElDlPhRewmlqHkDK3kV6o9FAMMwnxQXOcH9LDwqV+puXV3DDJL6A+pNXY+HggANP3KZ6+f8CwSMXLFjOlSN0UvZxolV6Io9zIjUsbv2I3oWhqzSBgvH99ekH2r9EmYaFsxkrH6eyJnkTHDKLCdEcNbM+2NxP+8bobhqZfLOM1QxHyyKMwUwYSMgiB9qQVHNbSEcS3trYTfMs042rjKNgQ6/fIsaR/VqVunF7TWOIYJSrALe3AAFE6gAefQhBZwGMAjPMOLUzhPzqvzNmmdc35mtuEPnPdv+LCV1Q==</latexit><latexit sha1_base64="IkxzoYLn+FFDxevUbseNOWwdsyQ=">AAAB+3icbVC7SgNBFJ2Nrxhfa8TKZjEKsQk7ImgZsLGMYB6QrMvsZDYZMvtg5q4kLPsbljYWitha+QlW2vk3Th6FJh64cDjnXu69x4sFV2Db30ZuaXlldS2/XtjY3NreMXeLDRUlkrI6jUQkWx5RTPCQ1YGDYK1YMhJ4gjW9weXYb94xqXgU3sAoZk5AeiH3OSWgJdcsdoANwfPTYXablvFJ5mLXLNkVewJrkeAZKVX33+/LH59HNdf86nQjmgQsBCqIUm1sx+CkRAKngmWFTqJYTOiA9Fhb05AETDnp5PbMOtZK1/IjqSsEa6L+nkhJoNQo8HRnQKCv5r2x+J/XTsC/cFIexgmwkE4X+YmwILLGQVhdLhkFMdKEUMn1rRbtE0ko6LgKOgQ8//IiaZxWsF3B17hUPUNT5NEBOkRlhNE5qqIrVEN1RNEQPaAn9GxkxqPxYrxOW3PGbGYP/YHx9gNaxJed</latexit><latexit sha1_base64="IkxzoYLn+FFDxevUbseNOWwdsyQ=">AAAB+3icbVC7SgNBFJ2Nrxhfa8TKZjEKsQk7ImgZsLGMYB6QrMvsZDYZMvtg5q4kLPsbljYWitha+QlW2vk3Th6FJh64cDjnXu69x4sFV2Db30ZuaXlldS2/XtjY3NreMXeLDRUlkrI6jUQkWx5RTPCQ1YGDYK1YMhJ4gjW9weXYb94xqXgU3sAoZk5AeiH3OSWgJdcsdoANwfPTYXablvFJ5mLXLNkVewJrkeAZKVX33+/LH59HNdf86nQjmgQsBCqIUm1sx+CkRAKngmWFTqJYTOiA9Fhb05AETDnp5PbMOtZK1/IjqSsEa6L+nkhJoNQo8HRnQKCv5r2x+J/XTsC/cFIexgmwkE4X+YmwILLGQVhdLhkFMdKEUMn1rRbtE0ko6LgKOgQ8//IiaZxWsF3B17hUPUNT5NEBOkRlhNE5qqIrVEN1RNEQPaAn9GxkxqPxYrxOW3PGbGYP/YHx9gNaxJed</latexit><latexit sha1_base64="obje1toLolgD81rJUjZLA0BAim4=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQxCvIQdEfQY8OIxgnlAsi6zk9lkyOyDmV5JWPZXvHhQxKs/4s2/cZLsQRMLGoqqbrq7/EQKDY7zbZU2Nre2d8q7lb39g8Mj+7ja0XGqGG+zWMaq51PNpYh4GwRI3ksUp6Evedef3M797hNXWsTRA8wS7oZ0FIlAMApG8uzqAPgU/CCb5o9ZnVzkHvHsmtNwFsDrhBSkhgq0PPtrMIxZGvIImKRa94mTgJtRBYJJnlcGqeYJZRM64n1DIxpy7WaL23N8bpQhDmJlKgK8UH9PZDTUehb6pjOkMNar3lz8z+unENy4mYiSFHjElouCVGKI8TwIPBSKM5AzQyhTwtyK2ZgqysDEVTEhkNWX10nnskGcBrknteZVEUcZnaIzVEcEXaMmukMt1EYMTdEzekVvVm69WO/Wx7K1ZBUzJ+gPrM8fkzeUDw==</latexit>

x
(2)
0

<latexit sha1_base64="wDxZ+DAtOluwcg9BPLsdbOM5F/E=">AAAB+3icbVDJSgNBEK2JW4xbjHjy0hiEeAkzQdBjwIvHCGaBJIaeTk/SpGehu0YShvkNj148KOLVk3/hzb+xsxw08UHB470qquq5kRQabfvbyqytb2xuZbdzO7t7+wf5w0JDh7FivM5CGaqWSzWXIuB1FCh5K1Kc+q7kTXd0PfWbD1xpEQZ3OIl416eDQHiCUTRSL1/oIB+j6yXj9D4pVc7Tnt3LF+2yPQNZJc6CFKvHn48EAGq9/FenH7LY5wEySbVuO3aE3YQqFEzyNNeJNY8oG9EBbxsaUJ/rbjK7PSVnRukTL1SmAiQz9fdEQn2tJ75rOn2KQ73sTcX/vHaM3lU3EUEUIw/YfJEXS4IhmQZB+kJxhnJiCGVKmFsJG1JFGZq4ciYEZ/nlVdKolB277Nw6xeoFzJGFEziFEjhwCVW4gRrUgcEYnuAFXq3UerberPd5a8ZazBzBH1gfP/i0ldU=</latexit><latexit sha1_base64="mR+ylhANtdASwzMdHYh8jET1rZU=">AAAB+3icbVDLSsNAFJ34rPUVK67cBKtQNyUpgi4LblxWsA9oY5hMJ+3QySTM3EhLyG+4dONCEbeu/ARXuvNvnD4W2nrgwuGce7n3Hj/mTIFtfxtLyyura+u5jfzm1vbOrrlXaKgokYTWScQj2fKxopwJWgcGnLZiSXHoc9r0B5djv3lHpWKRuIFRTN0Q9wQLGMGgJc8sdIAOwQ/SYXabliqnmWd7ZtEu2xNYi8SZkWL14P2+9PF5XPPMr043IklIBRCOlWo7dgxuiiUwwmmW7ySKxpgMcI+2NRU4pMpNJ7dn1olWulYQSV0CrIn6eyLFoVKj0NedIYa+mvfG4n9eO4Hgwk2ZiBOggkwXBQm3ILLGQVhdJikBPtIEE8n0rRbpY4kJ6LjyOgRn/uVF0qiUHbvsXDvF6hmaIocO0REqIQedoyq6QjVURwQN0QN6Qs9GZjwaL8brtHXJmM3soz8w3n4AWsiXnQ==</latexit><latexit sha1_base64="mR+ylhANtdASwzMdHYh8jET1rZU=">AAAB+3icbVDLSsNAFJ34rPUVK67cBKtQNyUpgi4LblxWsA9oY5hMJ+3QySTM3EhLyG+4dONCEbeu/ARXuvNvnD4W2nrgwuGce7n3Hj/mTIFtfxtLyyura+u5jfzm1vbOrrlXaKgokYTWScQj2fKxopwJWgcGnLZiSXHoc9r0B5djv3lHpWKRuIFRTN0Q9wQLGMGgJc8sdIAOwQ/SYXabliqnmWd7ZtEu2xNYi8SZkWL14P2+9PF5XPPMr043IklIBRCOlWo7dgxuiiUwwmmW7ySKxpgMcI+2NRU4pMpNJ7dn1olWulYQSV0CrIn6eyLFoVKj0NedIYa+mvfG4n9eO4Hgwk2ZiBOggkwXBQm3ILLGQVhdJikBPtIEE8n0rRbpY4kJ6LjyOgRn/uVF0qiUHbvsXDvF6hmaIocO0REqIQedoyq6QjVURwQN0QN6Qs9GZjwaL8brtHXJmM3soz8w3n4AWsiXnQ==</latexit><latexit sha1_base64="aTIIkGc+QNbvzRV2zRi7CmcDMBg=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5IUQY8FLx4r2A9oY9hsN+3SzSbsTqQl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tjY2t7Z3dkt75f2Dw6Nj+6TS0XGqKGvTWMSqFxDNBJesDRwE6yWKkSgQrBtMbud+94kpzWP5ALOEeREZSR5ySsBIvl0ZAJtCEGbT/DGrNS5z3/HtqlN3FsDrxC1IFRVo+fbXYBjTNGISqCBa910nAS8jCjgVLC8PUs0SQidkxPqGShIx7WWL23N8YZQhDmNlSgJeqL8nMhJpPYsC0xkRGOtVby7+5/VTCG+8jMskBSbpclGYCgwxngeBh1wxCmJmCKGKm1sxHRNFKJi4yiYEd/XlddJp1F2n7t671eZVEUcJnaFzVEMuukZNdIdaqI0omqJn9IrerNx6sd6tj2XrhlXMnKI/sD5/AJM7lA8=</latexit>

x
(3)
3

<latexit sha1_base64="r4q88mX8nrtnwMyC8YvnbfUJDiY=">AAAB+3icbVDJSgNBEK1xjXGLEU9eGoMQL2HGCHoMePEYwSyQxNDT6Uma9Cx010jCML/h0YsHRbx68i+8+Td2loMmPih4vFdFVT03kkKjbX9bK6tr6xubma3s9s7u3n7uIF/XYawYr7FQhqrpUs2lCHgNBUrejBSnvit5wx1eT/zGA1dahMEdjiPe8Wk/EJ5gFI3UzeXbyEfoeskovU+K5bO0W+7mCnbJnoIsE2dOCpWjz0cCANVu7qvdC1ns8wCZpFq3HDvCTkIVCiZ5mm3HmkeUDWmftwwNqM91J5nenpJTo/SIFypTAZKp+nsiob7WY981nT7FgV70JuJ/XitG76qTiCCKkQdstsiLJcGQTIIgPaE4Qzk2hDIlzK2EDaiiDE1cWROCs/jyMqmflxy75Nw6hcoFzJCBYziBIjhwCRW4gSrUgMEInuAFXq3UerberPdZ64o1nzmEP7A+fgD+yJXZ</latexit><latexit sha1_base64="mIvh//xaD0xe2YH5LULvfl+u/UE=">AAAB+3icbVDLSsNAFJ3UV62vWHHlJliFuimJFXRZcOOygn1AW8NkOmmHTiZh5kZaQn7DpRsXirh15Se40p1/4/Sx0NYDFw7n3Mu993gRZwps+9vILC2vrK5l13Mbm1vbO+Zuvq7CWBJaIyEPZdPDinImaA0YcNqMJMWBx2nDG1yO/cYdlYqF4gZGEe0EuCeYzwgGLblmvg10CJ6fDNPbpFg+Sd2yaxbskj2BtUicGSlU9t/vix+fR1XX/Gp3QxIHVADhWKmWY0fQSbAERjhNc+1Y0QiTAe7RlqYCB1R1ksntqXWsla7lh1KXAGui/p5IcKDUKPB0Z4Chr+a9sfif14rBv+gkTEQxUEGmi/yYWxBa4yCsLpOUAB9pgolk+laL9LHEBHRcOR2CM//yIqmflhy75Fw7hcoZmiKLDtAhKiIHnaMKukJVVEMEDdEDekLPRmo8Gi/G67Q1Y8xm9tAfGG8/YNyXoQ==</latexit><latexit sha1_base64="mIvh//xaD0xe2YH5LULvfl+u/UE=">AAAB+3icbVDLSsNAFJ3UV62vWHHlJliFuimJFXRZcOOygn1AW8NkOmmHTiZh5kZaQn7DpRsXirh15Se40p1/4/Sx0NYDFw7n3Mu993gRZwps+9vILC2vrK5l13Mbm1vbO+Zuvq7CWBJaIyEPZdPDinImaA0YcNqMJMWBx2nDG1yO/cYdlYqF4gZGEe0EuCeYzwgGLblmvg10CJ6fDNPbpFg+Sd2yaxbskj2BtUicGSlU9t/vix+fR1XX/Gp3QxIHVADhWKmWY0fQSbAERjhNc+1Y0QiTAe7RlqYCB1R1ksntqXWsla7lh1KXAGui/p5IcKDUKPB0Z4Chr+a9sfif14rBv+gkTEQxUEGmi/yYWxBa4yCsLpOUAB9pgolk+laL9LHEBHRcOR2CM//yIqmflhy75Fw7hcoZmiKLDtAhKiIHnaMKukJVVEMEDdEDekLPRmo8Gi/G67Q1Y8xm9tAfGG8/YNyXoQ==</latexit><latexit sha1_base64="Xe5NIHAr0UFvmPvrEiq2ptfO4QM=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCvZTECnosePFYwX5AG8tmu2mXbjZhdyItIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM82PBNTjOt1XY2Nza3inulvb2Dw6P7ONyW0eJoqxFIxGprk80E1yyFnAQrBsrRkJfsI4/uZ37nSemNI/kA8xi5oVkJHnAKQEjDexyH9gU/CCdZo9ptX6RDeoDu+LUnAXwOnFzUkE5mgP7qz+MaBIyCVQQrXuuE4OXEgWcCpaV+olmMaETMmI9QyUJmfbSxe0ZPjfKEAeRMiUBL9TfEykJtZ6FvukMCYz1qjcX//N6CQQ3XsplnACTdLkoSASGCM+DwEOuGAUxM4RQxc2tmI6JIhRMXCUTgrv68jppX9Zcp+beu5XGVR5HEZ2iM1RFLrpGDXSHmqiFKJqiZ/SK3qzMerHerY9la8HKZ07QH1ifP5lPlBM=</latexit>

prf(sk, ·) :
<latexit sha1_base64="Kp4uCFHCigFWMH3ZdtpofrGGQQ4=">AAACAHicbVDJSgNBEK2JW4zbqAcFL4NBiCBhxovBU8CLxwhmgUwIPZ2epEnPQneNGIe5+CtePCji1c/wJvgxdpaDJj4oeLxXRVU9LxZcoW1/Gbml5ZXVtfx6YWNza3vH3N1rqCiRlNVpJCLZ8ohigoesjhwFa8WSkcATrOkNr8Z+845JxaPwFkcx6wSkH3KfU4Ja6poHLrJ7VH4aSz8rqeGZS3sRnl52zaJdtiewFokzI8Xq4cM3aNS65qfbi2gSsBCpIEq1HTvGTkokcipYVnATxWJCh6TP2pqGJGCqk04eyKwTrfQsP5K6QrQm6u+JlARKjQJPdwYEB2reG4v/ee0E/Uon5WGcIAvpdJGfCAsja5yG1eOSURQjTQiVXN9q0QGRhKLOrKBDcOZfXiSN87Jjl50bp1itwBR5OIJjKIEDF1CFa6hBHShk8AQv8Go8Gs/Gm/E+bc0Zs5l9+APj4wfjKJgH</latexit><latexit sha1_base64="aRF2T8S+tA/T2MtWO5RfMUy8WWs=">AAACAHicbVDLSsNAFJ3UV1tfURcKboJFqCAlcWNxVXTjsoJ9QBPKZDJph04ezNyINQTEX3HjQhFd+hnuBD/G6WOhrQcuHM65l3vvcWPOJJjml5ZbWFxaXskXiqtr6xub+tZ2U0aJILRBIh6Jtosl5SykDWDAaTsWFAcupy13cDHyWzdUSBaF1zCMqRPgXsh8RjAoqavv2kBvQfppLPysLAfHNvEiODrr6iWzYo5hzBNrSkq1vbvvwv37eb2rf9peRJKAhkA4lrJjmTE4KRbACKdZ0U4kjTEZ4B7tKBrigEonHT+QGYdK8Qw/EqpCMMbq74kUB1IOA1d1Bhj6ctYbif95nQT8qpOyME6AhmSyyE+4AZExSsPwmKAE+FARTARTtxqkjwUmoDIrqhCs2ZfnSfOkYpkV68oq1apogjzaRweojCx0imroEtVRAxGUoUf0jF60B+1Je9XeJq05bTqzg/5A+/gB4JSZhA==</latexit><latexit sha1_base64="aRF2T8S+tA/T2MtWO5RfMUy8WWs=">AAACAHicbVDLSsNAFJ3UV1tfURcKboJFqCAlcWNxVXTjsoJ9QBPKZDJph04ezNyINQTEX3HjQhFd+hnuBD/G6WOhrQcuHM65l3vvcWPOJJjml5ZbWFxaXskXiqtr6xub+tZ2U0aJILRBIh6Jtosl5SykDWDAaTsWFAcupy13cDHyWzdUSBaF1zCMqRPgXsh8RjAoqavv2kBvQfppLPysLAfHNvEiODrr6iWzYo5hzBNrSkq1vbvvwv37eb2rf9peRJKAhkA4lrJjmTE4KRbACKdZ0U4kjTEZ4B7tKBrigEonHT+QGYdK8Qw/EqpCMMbq74kUB1IOA1d1Bhj6ctYbif95nQT8qpOyME6AhmSyyE+4AZExSsPwmKAE+FARTARTtxqkjwUmoDIrqhCs2ZfnSfOkYpkV68oq1apogjzaRweojCx0imroEtVRAxGUoUf0jF60B+1Je9XeJq05bTqzg/5A+/gB4JSZhA==</latexit><latexit sha1_base64="z3JOQoNM6FtFgrjSIXyyWgtYsiw=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiReLp4IXjxVsLTShbDabdulmE3YnYgm9+Fe8eFDEqz/Dm//GbZuDtj4YeLw3w8y8IBVcg+N8W6WV1bX1jfJmZWt7Z3fP3j/o6CRTlLVpIhLVDYhmgkvWBg6CdVPFSBwIdh+Mrqf+/QNTmifyDsYp82MykDzilICR+vaRB+wRdJSnKprU9Ojco2ECZ1d9u+rUnRnwMnELUkUFWn37ywsTmsVMAhVE657rpODnRAGngk0qXqZZSuiIDFjPUElipv189sAEnxolxFGiTEnAM/X3RE5ircdxYDpjAkO96E3F/7xeBlHDz7lMM2CSzhdFmcCQ4GkaOOSKURBjQwhV3NyK6ZAoQsFkVjEhuIsvL5PORd116u6tW202ijjK6BidoBpy0SVqohvUQm1E0QQ9o1f0Zj1ZL9a79TFvLVnFzCH6A+vzB54illk=</latexit>

x
(0)
0

<latexit sha1_base64="BHZKWCdsZoKcn3t99VU9sOqHcDg=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWomzKRgi4LblxWsA9oa5hMJu3QyYOZG2kI+Qr3bvUX3Ilbv8A/8DOctllo64ELh3Pu5d573FhwBRh/GaWNza3tnfJuZW//4PDIPK52VZRIyjo0EpHsu0QxwUPWAQ6C9WPJSOAK1nOnN3O/98ik4lF4D2nMRgEZh9znlICWHLM6BDYD189m+UNWxxe5gx2zhht4AWud2AWpoQJtx/weehFNAhYCFUSpgY1jGGVEAqeC5ZVholhM6JSM2UDTkARMjbLF7bl1rhXP8iOpKwRrof6eyEigVBq4ujMgMFGr3lz811MQEJlKb2U/+NejjIdxAiyky/V+IiyIrHk8lscloyBSTQiVXH9g0QmRhIIOsaKjsVeDWCfdy4aNG/Zds9ZqFiGV0Sk6Q3VkoyvUQreojTqIohl6Ri/o1Xgy3ox342PZWjKKmRP0B8bnD+WxnYE=</latexit><latexit sha1_base64="BHZKWCdsZoKcn3t99VU9sOqHcDg=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWomzKRgi4LblxWsA9oa5hMJu3QyYOZG2kI+Qr3bvUX3Ilbv8A/8DOctllo64ELh3Pu5d573FhwBRh/GaWNza3tnfJuZW//4PDIPK52VZRIyjo0EpHsu0QxwUPWAQ6C9WPJSOAK1nOnN3O/98ik4lF4D2nMRgEZh9znlICWHLM6BDYD189m+UNWxxe5gx2zhht4AWud2AWpoQJtx/weehFNAhYCFUSpgY1jGGVEAqeC5ZVholhM6JSM2UDTkARMjbLF7bl1rhXP8iOpKwRrof6eyEigVBq4ujMgMFGr3lz811MQEJlKb2U/+NejjIdxAiyky/V+IiyIrHk8lscloyBSTQiVXH9g0QmRhIIOsaKjsVeDWCfdy4aNG/Zds9ZqFiGV0Sk6Q3VkoyvUQreojTqIohl6Ri/o1Xgy3ox342PZWjKKmRP0B8bnD+WxnYE=</latexit><latexit sha1_base64="BHZKWCdsZoKcn3t99VU9sOqHcDg=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWomzKRgi4LblxWsA9oa5hMJu3QyYOZG2kI+Qr3bvUX3Ilbv8A/8DOctllo64ELh3Pu5d573FhwBRh/GaWNza3tnfJuZW//4PDIPK52VZRIyjo0EpHsu0QxwUPWAQ6C9WPJSOAK1nOnN3O/98ik4lF4D2nMRgEZh9znlICWHLM6BDYD189m+UNWxxe5gx2zhht4AWud2AWpoQJtx/weehFNAhYCFUSpgY1jGGVEAqeC5ZVholhM6JSM2UDTkARMjbLF7bl1rhXP8iOpKwRrof6eyEigVBq4ujMgMFGr3lz811MQEJlKb2U/+NejjIdxAiyky/V+IiyIrHk8lscloyBSTQiVXH9g0QmRhIIOsaKjsVeDWCfdy4aNG/Zds9ZqFiGV0Sk6Q3VkoyvUQreojTqIohl6Ri/o1Xgy3ox342PZWjKKmRP0B8bnD+WxnYE=</latexit><latexit sha1_base64="BHZKWCdsZoKcn3t99VU9sOqHcDg=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWomzKRgi4LblxWsA9oa5hMJu3QyYOZG2kI+Qr3bvUX3Ilbv8A/8DOctllo64ELh3Pu5d573FhwBRh/GaWNza3tnfJuZW//4PDIPK52VZRIyjo0EpHsu0QxwUPWAQ6C9WPJSOAK1nOnN3O/98ik4lF4D2nMRgEZh9znlICWHLM6BDYD189m+UNWxxe5gx2zhht4AWud2AWpoQJtx/weehFNAhYCFUSpgY1jGGVEAqeC5ZVholhM6JSM2UDTkARMjbLF7bl1rhXP8iOpKwRrof6eyEigVBq4ujMgMFGr3lz811MQEJlKb2U/+NejjIdxAiyky/V+IiyIrHk8lscloyBSTQiVXH9g0QmRhIIOsaKjsVeDWCfdy4aNG/Zds9ZqFiGV0Sk6Q3VkoyvUQreojTqIohl6Ri/o1Xgy3ox342PZWjKKmRP0B8bnD+WxnYE=</latexit>

x
(0)
1

<latexit sha1_base64="ZkDmhO56pze7LJSSSOh0YHQukkM=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWom5JIQZcFNy4r2Ae0NUwmk3boTBJmbqQh5Cvcu9VfcCdu/QL/wM9w2mahrQcuHM65l3vv8WLOFNj2l1Ha2Nza3invVvb2Dw6PzONqV0WJJLRDIh7JvocV5SykHWDAaT+WFAuP0543vZn7vUcqFYvCe0hjOhJ4HLKAEQxacs3qEOgMvCCb5Q9Z3b7IXcc1a3bDXsBaJ05BaqhA2zW/h35EEkFDIBwrNXDsGEYZlsAIp3llmCgaYzLFYzrQNMSCqlG2uD23zrXiW0EkdYVgLdTfExkWSqXC050Cw0StenPxX0+BwDKV/sp+CK5HGQvjBGhIluuDhFsQWfN4LJ9JSoCnmmAimf7AIhMsMQEdYkVH46wGsU66lw3Hbjh3zVqrWYRURqfoDNWRg65QC92iNuoggmboGb2gV+PJeDPejY9la8koZk7QHxifP+dLnYI=</latexit><latexit sha1_base64="ZkDmhO56pze7LJSSSOh0YHQukkM=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWom5JIQZcFNy4r2Ae0NUwmk3boTBJmbqQh5Cvcu9VfcCdu/QL/wM9w2mahrQcuHM65l3vv8WLOFNj2l1Ha2Nza3invVvb2Dw6PzONqV0WJJLRDIh7JvocV5SykHWDAaT+WFAuP0543vZn7vUcqFYvCe0hjOhJ4HLKAEQxacs3qEOgMvCCb5Q9Z3b7IXcc1a3bDXsBaJ05BaqhA2zW/h35EEkFDIBwrNXDsGEYZlsAIp3llmCgaYzLFYzrQNMSCqlG2uD23zrXiW0EkdYVgLdTfExkWSqXC050Cw0StenPxX0+BwDKV/sp+CK5HGQvjBGhIluuDhFsQWfN4LJ9JSoCnmmAimf7AIhMsMQEdYkVH46wGsU66lw3Hbjh3zVqrWYRURqfoDNWRg65QC92iNuoggmboGb2gV+PJeDPejY9la8koZk7QHxifP+dLnYI=</latexit><latexit sha1_base64="ZkDmhO56pze7LJSSSOh0YHQukkM=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWom5JIQZcFNy4r2Ae0NUwmk3boTBJmbqQh5Cvcu9VfcCdu/QL/wM9w2mahrQcuHM65l3vv8WLOFNj2l1Ha2Nza3invVvb2Dw6PzONqV0WJJLRDIh7JvocV5SykHWDAaT+WFAuP0543vZn7vUcqFYvCe0hjOhJ4HLKAEQxacs3qEOgMvCCb5Q9Z3b7IXcc1a3bDXsBaJ05BaqhA2zW/h35EEkFDIBwrNXDsGEYZlsAIp3llmCgaYzLFYzrQNMSCqlG2uD23zrXiW0EkdYVgLdTfExkWSqXC050Cw0StenPxX0+BwDKV/sp+CK5HGQvjBGhIluuDhFsQWfN4LJ9JSoCnmmAimf7AIhMsMQEdYkVH46wGsU66lw3Hbjh3zVqrWYRURqfoDNWRg65QC92iNuoggmboGb2gV+PJeDPejY9la8koZk7QHxifP+dLnYI=</latexit><latexit sha1_base64="ZkDmhO56pze7LJSSSOh0YHQukkM=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWom5JIQZcFNy4r2Ae0NUwmk3boTBJmbqQh5Cvcu9VfcCdu/QL/wM9w2mahrQcuHM65l3vv8WLOFNj2l1Ha2Nza3invVvb2Dw6PzONqV0WJJLRDIh7JvocV5SykHWDAaT+WFAuP0543vZn7vUcqFYvCe0hjOhJ4HLKAEQxacs3qEOgMvCCb5Q9Z3b7IXcc1a3bDXsBaJ05BaqhA2zW/h35EEkFDIBwrNXDsGEYZlsAIp3llmCgaYzLFYzrQNMSCqlG2uD23zrXiW0EkdYVgLdTfExkWSqXC050Cw0StenPxX0+BwDKV/sp+CK5HGQvjBGhIluuDhFsQWfN4LJ9JSoCnmmAimf7AIhMsMQEdYkVH46wGsU66lw3Hbjh3zVqrWYRURqfoDNWRg65QC92iNuoggmboGb2gV+PJeDPejY9la8koZk7QHxifP+dLnYI=</latexit>

x
(0)
3

<latexit sha1_base64="NUDjfej4DmVHpLKBFlJugwmcyVA=">AAACEXicbVDJSgNBEK1xjXEbI568NAYhXsKMCnoMePEYwSyQxNDT6Uma9Cx010jCkK8QPHrVXxAv4tUv8A/8DDvLQRMfFDzeq6KqnhdLodFxvqyl5ZXVtfXMRnZza3tn197LVXWUKMYrLJKRqntUcylCXkGBktdjxWngSV7z+ldjv3bPlRZReIvDmLcC2g2FLxhFI7XtXBP5AD0/HYzu0oJzMmqfte28U3QmIIvEnZF86eDtkQBAuW1/NzsRSwIeIpNU64brxNhKqULBJB9lm4nmMWV92uUNQ0MacN1KJ7ePyLFROsSPlKkQyUT9PZHSQOth4JnOgGJPz3tj8V9PY0DVUHXm9qN/2UpFGCfIQzZd7yeSYETG8ZCOUJyhHBpCmRLmA8J6VFGGJsSsicadD2KRVE+LrlN0b9x86RymyMAhHEEBXLiAElxDGSrAYABP8Awv1oP1ar1bH9PWJWs2sw9/YH3+AHYbn0c=</latexit><latexit sha1_base64="tbHQmME0f3JYbkWslzqRPkpvgIo=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuimJCrosuHFZwT6grWEymbRDJw9mbqQh5CsEl271F8SNuO3KpX/gZzh9LLT1wIXDOfdy7z1OxJkE0/zSckvLK6tr+fXCxubW9o6+W2zIMBaE1knIQ9FysKScBbQODDhtRYJi3+G06Qyuxn7zngrJwuAWkoh2fdwLmMcIBiXZerEDdAiOlw6zu7RsnmT2ma2XzIo5gbFIrBkpVfffHsujz6OarX933JDEPg2AcCxl2zIj6KZYACOcZoVOLGmEyQD3aFvRAPtUdtPJ7ZlxrBTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKsaCiseaDWCSN04plVqwbq1Q9R1Pk0QE6RGVkoQtURdeohuqIoCF6Qs/oRXvQXrV37WPamtNmM3voD7TRD/9QoQ8=</latexit><latexit sha1_base64="tbHQmME0f3JYbkWslzqRPkpvgIo=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuimJCrosuHFZwT6grWEymbRDJw9mbqQh5CsEl271F8SNuO3KpX/gZzh9LLT1wIXDOfdy7z1OxJkE0/zSckvLK6tr+fXCxubW9o6+W2zIMBaE1knIQ9FysKScBbQODDhtRYJi3+G06Qyuxn7zngrJwuAWkoh2fdwLmMcIBiXZerEDdAiOlw6zu7RsnmT2ma2XzIo5gbFIrBkpVfffHsujz6OarX933JDEPg2AcCxl2zIj6KZYACOcZoVOLGmEyQD3aFvRAPtUdtPJ7ZlxrBTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKsaCiseaDWCSN04plVqwbq1Q9R1Pk0QE6RGVkoQtURdeohuqIoCF6Qs/oRXvQXrV37WPamtNmM3voD7TRD/9QoQ8=</latexit><latexit sha1_base64="mIXbusuhyF7RqXYqalF8n0JnJJY=">AAACEXicbVDLSsNAFJ3UV62vWJduBotQNyVRQZcFNy4r2Ae0MUwmk3bo5MHMjTSEfoV7t/oL7sStX+Af+BlO2yy09cCFwzn3cu89XiK4Asv6Mkpr6xubW+Xtys7u3v6BeVjtqDiVlLVpLGLZ84higkesDRwE6yWSkdATrOuNb2Z+95FJxePoHrKEOSEZRjzglICWXLM6ADYBL8gn04e8bp1N3QvXrFkNaw68SuyC1FCBlmt+D/yYpiGLgAqiVN+2EnByIoFTwaaVQapYQuiYDFlf04iETDn5/PYpPtWKj4NY6ooAz9XfEzkJlcpCT3eGBEZq2ZuJ/3oKQiIz6S/th+DayXmUpMAiulgfpAJDjGfxYJ9LRkFkmhAquf4A0xGRhIIOsaKjsZeDWCWd84ZtNew7u9a8LEIqo2N0gurIRleoiW5RC7URRRP0jF7Qq/FkvBnvxseitWQUM0foD4zPH+mPnYE=</latexit>

x
(1)
0

<latexit sha1_base64="/JWU+4wErRpmTByGZBXYBfyVU9Y=">AAACEXicbVDJSgNBEK2JW4zbGPHkpTEI8RJmRNBjwIvHCGaBJIaeTk/SpGehu0YShnyF4NGr/oJ4Ea9+gX/gZ9hZDpr4oODxXhVV9bxYCo2O82VlVlbX1jeym7mt7Z3dPXs/X9NRohivskhGquFRzaUIeRUFSt6IFaeBJ3ndG1xN/Po9V1pE4S2OYt4OaC8UvmAUjdSx8y3kQ/T8dDi+S4vu6bjjdOyCU3KmIMvEnZNC+fDtkQBApWN/t7oRSwIeIpNU66brxNhOqULBJB/nWonmMWUD2uNNQ0MacN1Op7ePyYlRusSPlKkQyVT9PZHSQOtR4JnOgGJfL3oT8V9PY0DVSHUX9qN/2U5FGCfIQzZb7yeSYEQm8ZCuUJyhHBlCmRLmA8L6VFGGJsScicZdDGKZ1M5KrlNyb9xC+RxmyMIRHEMRXLiAMlxDBarAYAhP8Awv1oP1ar1bH7PWjDWfOYA/sD5/AHLrn0U=</latexit><latexit sha1_base64="3rttvzBPCvT0ylkoIrMOUa1PjdU=">AAACEXicbVDLSsNAFJ34rPUVK67cBKtQNyURQZcFNy4r2Ae0MUwmk3bo5MHMjTSEfIXg0q3+grgRt1259A/8DKePhbYeuHA4517uvceNOZNgml/a0vLK6tp6YaO4ubW9s6vvlZoySgShDRLxSLRdLClnIW0AA07bsaA4cDltuYOrsd+6p0KyKLyFNKZ2gHsh8xnBoCRHL3WBDsH1s2F+l1Ws09wxHb1sVs0JjEVizUi5dvD2WBl9Htcd/bvrRSQJaAiEYyk7lhmDnWEBjHCaF7uJpDEmA9yjHUVDHFBpZ5Pbc+NEKZ7hR0JVCMZE/T2R4UDKNHBVZ4ChL+e9sfivJyHAIhXe3H7wL+2MhXECNCTT9X7CDYiMcTyGxwQlwFNFMBFMfWCQPhaYgAqxqKKx5oNYJM2zqmVWrRurXDtHUxTQITpCFWShC1RD16iOGoigIXpCz+hFe9BetXftY9q6pM1m9tEfaKMf/CChDQ==</latexit><latexit sha1_base64="3rttvzBPCvT0ylkoIrMOUa1PjdU=">AAACEXicbVDLSsNAFJ34rPUVK67cBKtQNyURQZcFNy4r2Ae0MUwmk3bo5MHMjTSEfIXg0q3+grgRt1259A/8DKePhbYeuHA4517uvceNOZNgml/a0vLK6tp6YaO4ubW9s6vvlZoySgShDRLxSLRdLClnIW0AA07bsaA4cDltuYOrsd+6p0KyKLyFNKZ2gHsh8xnBoCRHL3WBDsH1s2F+l1Ws09wxHb1sVs0JjEVizUi5dvD2WBl9Htcd/bvrRSQJaAiEYyk7lhmDnWEBjHCaF7uJpDEmA9yjHUVDHFBpZ5Pbc+NEKZ7hR0JVCMZE/T2R4UDKNHBVZ4ChL+e9sfivJyHAIhXe3H7wL+2MhXECNCTT9X7CDYiMcTyGxwQlwFNFMBFMfWCQPhaYgAqxqKKx5oNYJM2zqmVWrRurXDtHUxTQITpCFWShC1RD16iOGoigIXpCz+hFe9BetXftY9q6pM1m9tEfaKMf/CChDQ==</latexit><latexit sha1_base64="r0JqNGpgIiXPltTo5pMqqzzHtnc=">AAACEXicbVDLSsNAFJ34rPUV69JNsAh1UxIRdFlw47KCfUAbw2QyaYfOJGHmRhpCvsK9W/0Fd+LWL/AP/AynbRbaeuDC4Zx7ufceP+FMgW1/GWvrG5tb25Wd6u7e/sGheVTrqjiVhHZIzGPZ97GinEW0Aww47SeSYuFz2vMnNzO/90ilYnF0D1lCXYFHEQsZwaAlz6wNgU7BD/Np8ZA3nPPCsz2zbjftOaxV4pSkjkq0PfN7GMQkFTQCwrFSA8dOwM2xBEY4LarDVNEEkwke0YGmERZUufn89sI600pghbHUFYE1V39P5FgolQlfdwoMY7XszcR/PQUCy0wGS/shvHZzFiUp0Igs1ocptyC2ZvFYAZOUAM80wUQy/YFFxlhiAjrEqo7GWQ5ilXQvmo7ddO6ceuuyDKmCTtApaiAHXaEWukVt1EEETdEzekGvxpPxZrwbH4vWNaOcOUZ/YHz+AOZfnX8=</latexit>

x
(1)
2<latexit sha1_base64="uJ9DwsLJQe7aCzWIi26NYbXnJHU=">AAACEXicbVDJSgNBEK1xjXEbI568NAYhXsJMEPQY8OIxglkgiaGn05M06VnorpGEIV8hePSqvyBexKtf4B/4GXaWgyY+KHi8V0VVPS+WQqPjfFkrq2vrG5uZrez2zu7evn2Qq+koUYxXWSQj1fCo5lKEvIoCJW/EitPAk7zuDa4mfv2eKy2i8BZHMW8HtBcKXzCKRurYuRbyIXp+OhzfpQX3bNwpdey8U3SmIMvEnZN8+ejtkQBApWN/t7oRSwIeIpNU66brxNhOqULBJB9nW4nmMWUD2uNNQ0MacN1Op7ePyalRusSPlKkQyVT9PZHSQOtR4JnOgGJfL3oT8V9PY0DVSHUX9qN/2U5FGCfIQzZb7yeSYEQm8ZCuUJyhHBlCmRLmA8L6VFGGJsSsicZdDGKZ1EpF1ym6N26+fA4zZOAYTqAALlxAGa6hAlVgMIQneIYX68F6td6tj1nrijWfOYQ/sD5/AHYfn0c=</latexit><latexit sha1_base64="NVFN/vm8pAr+tKUuPYhKy658ri0=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuilJEXRZcOOygn1AW8NkMmmHTh7M3EhDyFcILt3qL4gbcduVS//Az3D6WGjrgQuHc+7l3nuciDMJpvml5VZW19Y38puFre2d3T19v9iUYSwIbZCQh6LtYEk5C2gDGHDajgTFvsNpyxleTfzWPRWShcEtJBHt+bgfMI8RDEqy9WIX6AgcLx1ld2nZOsvsqq2XzIo5hbFMrDkp1Q7fHsvjz5O6rX933ZDEPg2AcCxlxzIj6KVYACOcZoVuLGmEyRD3aUfRAPtU9tLp7ZlxqhTX8EKhKgBjqv6eSLEvZeI7qtPHMJCL3kT815PgY5EId2E/eJe9lAVRDDQgs/VezA0IjUk8hssEJcATRTARTH1gkAEWmIAKsaCisRaDWCbNasUyK9aNVaqdoxny6AgdozKy0AWqoWtURw1E0Ag9oWf0oj1or9q79jFrzWnzmQP0B9r4B/9UoQ8=</latexit><latexit sha1_base64="NVFN/vm8pAr+tKUuPYhKy658ri0=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuilJEXRZcOOygn1AW8NkMmmHTh7M3EhDyFcILt3qL4gbcduVS//Az3D6WGjrgQuHc+7l3nuciDMJpvml5VZW19Y38puFre2d3T19v9iUYSwIbZCQh6LtYEk5C2gDGHDajgTFvsNpyxleTfzWPRWShcEtJBHt+bgfMI8RDEqy9WIX6AgcLx1ld2nZOsvsqq2XzIo5hbFMrDkp1Q7fHsvjz5O6rX933ZDEPg2AcCxlxzIj6KVYACOcZoVuLGmEyRD3aUfRAPtU9tLp7ZlxqhTX8EKhKgBjqv6eSLEvZeI7qtPHMJCL3kT815PgY5EId2E/eJe9lAVRDDQgs/VezA0IjUk8hssEJcATRTARTH1gkAEWmIAKsaCisRaDWCbNasUyK9aNVaqdoxny6AgdozKy0AWqoWtURw1E0Ag9oWf0oj1or9q79jFrzWnzmQP0B9r4B/9UoQ8=</latexit><latexit sha1_base64="XPjqhnwp2DyVFqDbGHTmPR0xS7s=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWom5IUQZcFNy4r2Ae0MUwmk3boTBJmbqQh9Cvcu9VfcCdu/QL/wM9w2mahrQcuHM65l3vv8RPOFNj2l1Ha2Nza3invVvb2Dw6PzONqV8WpJLRDYh7Lvo8V5SyiHWDAaT+RFAuf054/uZn7vUcqFYuje8gS6go8iljICAYteWZ1CHQKfphPZw953bmYeU3PrNkNewFrnTgFqaECbc/8HgYxSQWNgHCs1MCxE3BzLIERTmeVYapogskEj+hA0wgLqtx8cfvMOtdKYIWx1BWBtVB/T+RYKJUJX3cKDGO16s3Ffz0FAstMBiv7Ibx2cxYlKdCILNeHKbcgtubxWAGTlADPNMFEMv2BRcZYYgI6xIqOxlkNYp10mw3Hbjh3Tq11WYRURqfoDNWRg65QC92iNuoggqboGb2gV+PJeDPejY9la8koZk7QHxifP+mTnYE=</latexit>

x
(1)
3

<latexit sha1_base64="z7qgnPb7AU05b6pW337tKiz+m20=">AAACEXicbVDJSgNBEK1xjXEbI568NAYhXsKMCnoMePEYwSyQxNDT6Uma9Cx010jCkK8QPHrVXxAv4tUv8A/8DDvLQRMfFDzeq6KqnhdLodFxvqyl5ZXVtfXMRnZza3tn197LVXWUKMYrLJKRqntUcylCXkGBktdjxWngSV7z+ldjv3bPlRZReIvDmLcC2g2FLxhFI7XtXBP5AD0/HYzu0oJ7Mmqfte28U3QmIIvEnZF86eDtkQBAuW1/NzsRSwIeIpNU64brxNhKqULBJB9lm4nmMWV92uUNQ0MacN1KJ7ePyLFROsSPlKkQyUT9PZHSQOth4JnOgGJPz3tj8V9PY0DVUHXm9qN/2UpFGCfIQzZd7yeSYETG8ZCOUJyhHBpCmRLmA8J6VFGGJsSsicadD2KRVE+LrlN0b9x86RymyMAhHEEBXLiAElxDGSrAYABP8Awv1oP1ar1bH9PWJWs2sw9/YH3+AHe5n0g=</latexit><latexit sha1_base64="Z+zCjUyV/oQq/3xjMLVI2qISjOg=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuimJCrosuHFZwT6grWEymbRDJw9mbqQh5CsEl271F8SNuO3KpX/gZzh9LLT1wIXDOfdy7z1OxJkE0/zSckvLK6tr+fXCxubW9o6+W2zIMBaE1knIQ9FysKScBbQODDhtRYJi3+G06Qyuxn7zngrJwuAWkoh2fdwLmMcIBiXZerEDdAiOlw6zu7RsnWT2ma2XzIo5gbFIrBkpVfffHsujz6OarX933JDEPg2AcCxl2zIj6KZYACOcZoVOLGmEyQD3aFvRAPtUdtPJ7ZlxrBTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKsaCiseaDWCSN04plVqwbq1Q9R1Pk0QE6RGVkoQtURdeohuqIoCF6Qs/oRXvQXrV37WPamtNmM3voD7TRDwD9oRA=</latexit><latexit sha1_base64="Z+zCjUyV/oQq/3xjMLVI2qISjOg=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuimJCrosuHFZwT6grWEymbRDJw9mbqQh5CsEl271F8SNuO3KpX/gZzh9LLT1wIXDOfdy7z1OxJkE0/zSckvLK6tr+fXCxubW9o6+W2zIMBaE1knIQ9FysKScBbQODDhtRYJi3+G06Qyuxn7zngrJwuAWkoh2fdwLmMcIBiXZerEDdAiOlw6zu7RsnWT2ma2XzIo5gbFIrBkpVfffHsujz6OarX933JDEPg2AcCxl2zIj6KZYACOcZoVOLGmEyQD3aFvRAPtUdtPJ7ZlxrBTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKsaCiseaDWCSN04plVqwbq1Q9R1Pk0QE6RGVkoQtURdeohuqIoCF6Qs/oRXvQXrV37WPamtNmM3voD7TRDwD9oRA=</latexit><latexit sha1_base64="j6mNJhg2cDeddYZxR3N66z+i7ao=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWom5JRQZcFNy4r2Ae0MUwmk3bo5MHMjTSEfoV7t/oL7sStX+Af+BlO2yy09cCFwzn3cu89XiK4Atv+Mkpr6xubW+Xtys7u3v6BeVjtqDiVlLVpLGLZ84higkesDRwE6yWSkdATrOuNb2Z+95FJxePoHrKEOSEZRjzglICWXLM6ADYBL8gn04e8js+m7oVr1uyGPYe1SnBBaqhAyzW/B35M05BFQAVRqo/tBJycSOBUsGllkCqWEDomQ9bXNCIhU04+v31qnWrFt4JY6orAmqu/J3ISKpWFnu4MCYzUsjcT//UUhERm0l/aD8G1k/MoSYFFdLE+SIUFsTWLx/K5ZBREpgmhkusPLDoiklDQIVZ0NHg5iFXSOW9gu4HvcK15WYRURsfoBNURRleoiW5RC7URRRP0jF7Qq/FkvBnvxseitWQUM0foD4zPH+stnYI=</latexit>

x
(2)
1<latexit sha1_base64="PLRlfMYINAnsxhsby4WpjRR9n48=">AAACEXicbVDJSgNBEK1xjXEbI568NAYhXsJMEPQY8OIxglkgiaGn05M06VnorpGEIV8hePSqvyBexKtf4B/4GXaWgyY+KHi8V0VVPS+WQqPjfFkrq2vrG5uZrez2zu7evn2Qq+koUYxXWSQj1fCo5lKEvIoCJW/EitPAk7zuDa4mfv2eKy2i8BZHMW8HtBcKXzCKRurYuRbyIXp+OhzfpYXS2bjjduy8U3SmIMvEnZN8+ejtkQBApWN/t7oRSwIeIpNU66brxNhOqULBJB9nW4nmMWUD2uNNQ0MacN1Op7ePyalRusSPlKkQyVT9PZHSQOtR4JnOgGJfL3oT8V9PY0DVSHUX9qN/2U5FGCfIQzZb7yeSYEQm8ZCuUJyhHBlCmRLmA8L6VFGGJsSsicZdDGKZ1EpF1ym6N26+fA4zZOAYTqAALlxAGa6hAlVgMIQneIYX68F6td6tj1nrijWfOYQ/sD5/AHYjn0c=</latexit><latexit sha1_base64="NdumWmurGwKl0Oq/Mbb1hP2ZgFY=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuilJEXRZcOOygn1AW8NkMmmHTh7M3EhDyFcILt3qL4gbcduVS//Az3D6WGjrgQuHc+7l3nuciDMJpvml5VZW19Y38puFre2d3T19v9iUYSwIbZCQh6LtYEk5C2gDGHDajgTFvsNpyxleTfzWPRWShcEtJBHt+bgfMI8RDEqy9WIX6AgcLx1ld2m5epbZlq2XzIo5hbFMrDkp1Q7fHsvjz5O6rX933ZDEPg2AcCxlxzIj6KVYACOcZoVuLGmEyRD3aUfRAPtU9tLp7ZlxqhTX8EKhKgBjqv6eSLEvZeI7qtPHMJCL3kT815PgY5EId2E/eJe9lAVRDDQgs/VezA0IjUk8hssEJcATRTARTH1gkAEWmIAKsaCisRaDWCbNasUyK9aNVaqdoxny6AgdozKy0AWqoWtURw1E0Ag9oWf0oj1or9q79jFrzWnzmQP0B9r4B/9YoQ8=</latexit><latexit sha1_base64="NdumWmurGwKl0Oq/Mbb1hP2ZgFY=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuilJEXRZcOOygn1AW8NkMmmHTh7M3EhDyFcILt3qL4gbcduVS//Az3D6WGjrgQuHc+7l3nuciDMJpvml5VZW19Y38puFre2d3T19v9iUYSwIbZCQh6LtYEk5C2gDGHDajgTFvsNpyxleTfzWPRWShcEtJBHt+bgfMI8RDEqy9WIX6AgcLx1ld2m5epbZlq2XzIo5hbFMrDkp1Q7fHsvjz5O6rX933ZDEPg2AcCxlxzIj6KVYACOcZoVuLGmEyRD3aUfRAPtU9tLp7ZlxqhTX8EKhKgBjqv6eSLEvZeI7qtPHMJCL3kT815PgY5EId2E/eJe9lAVRDDQgs/VezA0IjUk8hssEJcATRTARTH1gkAEWmIAKsaCisRaDWCbNasUyK9aNVaqdoxny6AgdozKy0AWqoWtURw1E0Ag9oWf0oj1or9q79jFrzWnzmQP0B9r4B/9YoQ8=</latexit><latexit sha1_base64="p3noEG//BvC6deZdG8WSVWk5IWI=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWom5IUQZcFNy4r2Ae0MUwmk3boTBJmbqQh9Cvcu9VfcCdu/QL/wM9w2mahrQcuHM65l3vv8RPOFNj2l1Ha2Nza3invVvb2Dw6PzONqV8WpJLRDYh7Lvo8V5SyiHWDAaT+RFAuf054/uZn7vUcqFYuje8gS6go8iljICAYteWZ1CHQKfphPZw95vXkx8xzPrNkNewFrnTgFqaECbc/8HgYxSQWNgHCs1MCxE3BzLIERTmeVYapogskEj+hA0wgLqtx8cfvMOtdKYIWx1BWBtVB/T+RYKJUJX3cKDGO16s3Ffz0FAstMBiv7Ibx2cxYlKdCILNeHKbcgtubxWAGTlADPNMFEMv2BRcZYYgI6xIqOxlkNYp10mw3Hbjh3Tq11WYRURqfoDNWRg65QC92iNuoggqboGb2gV+PJeDPejY9la8koZk7QHxifP+mXnYE=</latexit>

x
(2)
2<latexit sha1_base64="x05fIj6EZE3WYu2VPnK13X57q3c=">AAACEXicbVDJSgNBEK1xjXEbI568NAYhXsJMEPQY8OIxglkgiaGn05M06VnorpGEIV8hePSqvyBexKtf4B/4GXaWgyY+KHi8V0VVPS+WQqPjfFkrq2vrG5uZrez2zu7evn2Qq+koUYxXWSQj1fCo5lKEvIoCJW/EitPAk7zuDa4mfv2eKy2i8BZHMW8HtBcKXzCKRurYuRbyIXp+OhzfpYXS2bhT6th5p+hMQZaJOyf58tHbIwGASsf+bnUjlgQ8RCap1k3XibGdUoWCST7OthLNY8oGtMebhoY04LqdTm8fk1OjdIkfKVMhkqn6eyKlgdajwDOdAcW+XvQm4r+exoCqkeou7Ef/sp2KME6Qh2y23k8kwYhM4iFdoThDOTKEMiXMB4T1qaIMTYhZE427GMQyqZWKrlN0b9x8+RxmyMAxnEABXLiAMlxDBarAYAhP8Awv1oP1ar1bH7PWFWs+cwh/YH3+AHe9n0g=</latexit><latexit sha1_base64="wlWEKFMheGitEyUvJYwN/bqvCfs=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuilJEXRZcOOygn1AW8NkMmmHTh7M3EhDyFcILt3qL4gbcduVS//Az3D6WGjrgQuHc+7l3nuciDMJpvml5VZW19Y38puFre2d3T19v9iUYSwIbZCQh6LtYEk5C2gDGHDajgTFvsNpyxleTfzWPRWShcEtJBHt+bgfMI8RDEqy9WIX6AgcLx1ld2m5epbZVVsvmRVzCmOZWHNSqh2+PZbHnyd1W//uuiGJfRoA4VjKjmVG0EuxAEY4zQrdWNIIkyHu046iAfap7KXT2zPjVCmu4YVCVQDGVP09kWJfysR3VKePYSAXvYn4ryfBxyIR7sJ+8C57KQuiGGhAZuu9mBsQGpN4DJcJSoAnimAimPrAIAMsMAEVYkFFYy0GsUya1YplVqwbq1Q7RzPk0RE6RmVkoQtUQ9eojhqIoBF6Qs/oRXvQXrV37WPWmtPmMwfoD7TxDwEBoRA=</latexit><latexit sha1_base64="wlWEKFMheGitEyUvJYwN/bqvCfs=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuilJEXRZcOOygn1AW8NkMmmHTh7M3EhDyFcILt3qL4gbcduVS//Az3D6WGjrgQuHc+7l3nuciDMJpvml5VZW19Y38puFre2d3T19v9iUYSwIbZCQh6LtYEk5C2gDGHDajgTFvsNpyxleTfzWPRWShcEtJBHt+bgfMI8RDEqy9WIX6AgcLx1ld2m5epbZVVsvmRVzCmOZWHNSqh2+PZbHnyd1W//uuiGJfRoA4VjKjmVG0EuxAEY4zQrdWNIIkyHu046iAfap7KXT2zPjVCmu4YVCVQDGVP09kWJfysR3VKePYSAXvYn4ryfBxyIR7sJ+8C57KQuiGGhAZuu9mBsQGpN4DJcJSoAnimAimPrAIAMsMAEVYkFFYy0GsUya1YplVqwbq1Q7RzPk0RE6RmVkoQtUQ9eojhqIoBF6Qs/oRXvQXrV37WPWmtPmMwfoD7TxDwEBoRA=</latexit><latexit sha1_base64="MrEWs7uVul/lKkiNzmYfT6N/+XI=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWom5IUQZcFNy4r2Ae0NUwmk3boTBJmbqQh5Cvcu9VfcCdu/QL/wM9w2mahrQcuHM65l3vv8WLOFNj2l1Ha2Nza3invVvb2Dw6PzONqV0WJJLRDIh7JvocV5SykHWDAaT+WFAuP0543vZn7vUcqFYvCe0hjOhJ4HLKAEQxacs3qEOgMvCCb5Q9ZvXmRu03XrNkNewFrnTgFqaECbdf8HvoRSQQNgXCs1MCxYxhlWAIjnOaVYaJojMkUj+lA0xALqkbZ4vbcOteKbwWR1BWCtVB/T2RYKJUKT3cKDBO16s3Ffz0FAstU+iv7IbgeZSyME6AhWa4PEm5BZM3jsXwmKQGeaoKJZPoDi0ywxAR0iBUdjbMaxDrpNhuO3XDunFrrsgipjE7RGaojB12hFrpFbdRBBM3QM3pBr8aT8Wa8Gx/L1pJRzJygPzA+fwDrMZ2C</latexit>

x
(2)
3

<latexit sha1_base64="DgxnltAfLKfc9AOYU1uaZwzd0Q4=">AAACEXicbVDJSgNBEK2JW4xbjHjy0hiEeAkzUdBjwIvHCGaBJIaeTk/SpGehu0YShnyF4NGr/oJ4Ea9+gX/gZ9hZDpr4oODxXhVV9dxICo22/WWlVlbX1jfSm5mt7Z3dvex+rqbDWDFeZaEMVcOlmksR8CoKlLwRKU59V/K6O7ia+PV7rrQIg1scRbzt014gPMEoGqmTzbWQD9H1kuH4LimUTseds042bxftKcgyceYkXz58eyQAUOlkv1vdkMU+D5BJqnXTsSNsJ1ShYJKPM61Y84iyAe3xpqEB9bluJ9Pbx+TEKF3ihcpUgGSq/p5IqK/1yHdNp0+xrxe9ifivp9GnaqS6C/vRu2wnIohi5AGbrfdiSTAkk3hIVyjOUI4MoUwJ8wFhfaooQxNixkTjLAaxTGqlomMXnRsnXz6HGdJwBMdQAAcuoAzXUIEqMBjCEzzDi/VgvVrv1sesNWXNZw7gD6zPH3lXn0k=</latexit><latexit sha1_base64="bQFRcZIYLxwvjvi0qi6PRODJMEo=">AAACEXicbVDLSsNAFJ34rPUVK67cBKtQNyWpgi4LblxWsA9oa5hMJu3QyYOZG2kI+QrBpVv9BXEjbrty6R/4GU4fC209cOFwzr3ce48TcSbBNL+0peWV1bX13EZ+c2t7Z1ffKzRkGAtC6yTkoWg5WFLOAloHBpy2IkGx73DadAZXY795T4VkYXALSUS7Pu4FzGMEg5JsvdABOgTHS4fZXVqqnGb2ma0XzbI5gbFIrBkpVg/eHkujz+OarX933JDEPg2AcCxl2zIj6KZYACOcZvlOLGmEyQD3aFvRAPtUdtPJ7ZlxohTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKMa+iseaDWCSNStkyy9aNVayeoyly6BAdoRKy0AWqomtUQ3VE0BA9oWf0oj1or9q79jFtXdJmM/voD7TRDwKboRE=</latexit><latexit sha1_base64="bQFRcZIYLxwvjvi0qi6PRODJMEo=">AAACEXicbVDLSsNAFJ34rPUVK67cBKtQNyWpgi4LblxWsA9oa5hMJu3QyYOZG2kI+QrBpVv9BXEjbrty6R/4GU4fC209cOFwzr3ce48TcSbBNL+0peWV1bX13EZ+c2t7Z1ffKzRkGAtC6yTkoWg5WFLOAloHBpy2IkGx73DadAZXY795T4VkYXALSUS7Pu4FzGMEg5JsvdABOgTHS4fZXVqqnGb2ma0XzbI5gbFIrBkpVg/eHkujz+OarX933JDEPg2AcCxl2zIj6KZYACOcZvlOLGmEyQD3aFvRAPtUdtPJ7ZlxohTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKMa+iseaDWCSNStkyy9aNVayeoyly6BAdoRKy0AWqomtUQ3VE0BA9oWf0oj1or9q79jFtXdJmM/voD7TRDwKboRE=</latexit><latexit sha1_base64="dxtmUkGByE8M7Jy0O3ubNyW0lI8=">AAACEXicbVDLSsNAFJ34rPUV69JNsAh1U5Iq6LLgxmUF+4A2hslk0g6dScLMjTSEfoV7t/oL7sStX+Af+BlO2yy09cCFwzn3cu89fsKZAtv+MtbWNza3tks75d29/YND86jSUXEqCW2TmMey52NFOYtoGxhw2kskxcLntOuPb2Z+95FKxeLoHrKEugIPIxYygkFLnlkZAJ2AH+aT6UNea5xPvQvPrNp1ew5rlTgFqaICLc/8HgQxSQWNgHCsVN+xE3BzLIERTqflQapogskYD2lf0wgLqtx8fvvUOtNKYIWx1BWBNVd/T+RYKJUJX3cKDCO17M3Efz0FAstMBkv7Ibx2cxYlKdCILNaHKbcgtmbxWAGTlADPNMFEMv2BRUZYYgI6xLKOxlkOYpV0GnXHrjt3TrV5WYRUQifoFNWQg65QE92iFmojgiboGb2gV+PJeDPejY9F65pRzByjPzA+fwDsy52D</latexit>
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0
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x
(3)
1<latexit sha1_base64="bBENUEwisfvXZf9UMemewVju8NI=">AAACEXicbVDJSgNBEK1xjXEbI568NAYhXsKMCnoMePEYwSyQxNDT6Uma9Cx010jCkK8QPHrVXxAv4tUv8A/8DDvLQRMfFDzeq6KqnhdLodFxvqyl5ZXVtfXMRnZza3tn197LVXWUKMYrLJKRqntUcylCXkGBktdjxWngSV7z+ldjv3bPlRZReIvDmLcC2g2FLxhFI7XtXBP5AD0/HYzu0sLZyajttu28U3QmIIvEnZF86eDtkQBAuW1/NzsRSwIeIpNU64brxNhKqULBJB9lm4nmMWV92uUNQ0MacN1KJ7ePyLFROsSPlKkQyUT9PZHSQOth4JnOgGJPz3tj8V9PY0DVUHXm9qN/2UpFGCfIQzZd7yeSYETG8ZCOUJyhHBpCmRLmA8J6VFGGJsSsicadD2KRVE+LrlN0b9x86RymyMAhHEEBXLiAElxDGSrAYABP8Awv1oP1ar1bH9PWJWs2sw9/YH3+AHfBn0g=</latexit><latexit sha1_base64="rKkxUHhTWnnf3tGOwKH/aBdbJ3I=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuimJCrosuHFZwT6grWEymbRDJw9mbqQh5CsEl271F8SNuO3KpX/gZzh9LLT1wIXDOfdy7z1OxJkE0/zSckvLK6tr+fXCxubW9o6+W2zIMBaE1knIQ9FysKScBbQODDhtRYJi3+G06Qyuxn7zngrJwuAWkoh2fdwLmMcIBiXZerEDdAiOlw6zu7R8dpLZlq2XzIo5gbFIrBkpVfffHsujz6OarX933JDEPg2AcCxl2zIj6KZYACOcZoVOLGmEyQD3aFvRAPtUdtPJ7ZlxrBTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKsaCiseaDWCSN04plVqwbq1Q9R1Pk0QE6RGVkoQtURdeohuqIoCF6Qs/oRXvQXrV37WPamtNmM3voD7TRDwEFoRA=</latexit><latexit sha1_base64="rKkxUHhTWnnf3tGOwKH/aBdbJ3I=">AAACEXicbVDLSsNAFJ3UV62vWHHlJliFuimJCrosuHFZwT6grWEymbRDJw9mbqQh5CsEl271F8SNuO3KpX/gZzh9LLT1wIXDOfdy7z1OxJkE0/zSckvLK6tr+fXCxubW9o6+W2zIMBaE1knIQ9FysKScBbQODDhtRYJi3+G06Qyuxn7zngrJwuAWkoh2fdwLmMcIBiXZerEDdAiOlw6zu7R8dpLZlq2XzIo5gbFIrBkpVfffHsujz6OarX933JDEPg2AcCxl2zIj6KZYACOcZoVOLGmEyQD3aFvRAPtUdtPJ7ZlxrBTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKsaCiseaDWCSN04plVqwbq1Q9R1Pk0QE6RGVkoQtURdeohuqIoCF6Qs/oRXvQXrV37WPamtNmM3voD7TRDwEFoRA=</latexit><latexit sha1_base64="Vx1midxfaMjuyTtqP9XisZniYtI=">AAACEXicbVDLSsNAFJ3UV62vWJdugkWom5JRQZcFNy4r2Ae0MUwmk3bo5MHMjTSEfoV7t/oL7sStX+Af+BlO2yy09cCFwzn3cu89XiK4Atv+Mkpr6xubW+Xtys7u3v6BeVjtqDiVlLVpLGLZ84higkesDRwE6yWSkdATrOuNb2Z+95FJxePoHrKEOSEZRjzglICWXLM6ADYBL8gn04e8fnE2dbFr1uyGPYe1SnBBaqhAyzW/B35M05BFQAVRqo/tBJycSOBUsGllkCqWEDomQ9bXNCIhU04+v31qnWrFt4JY6orAmqu/J3ISKpWFnu4MCYzUsjcT//UUhERm0l/aD8G1k/MoSYFFdLE+SIUFsTWLx/K5ZBREpgmhkusPLDoiklDQIVZ0NHg5iFXSOW9gu4HvcK15WYRURsfoBNURRleoiW5RC7URRRP0jF7Qq/FkvBnvxseitWQUM0foD4zPH+s1nYI=</latexit>

x
(3)
2<latexit sha1_base64="5wZgsmms0IrqeF7p/ttlKuKkuhk=">AAACEXicbVDJSgNBEK2JW4xbjHjy0hiEeAkzUdBjwIvHCGaBJIaeTk/SpGehu0YShnyF4NGr/oJ4Ea9+gX/gZ9hZDpr4oODxXhVV9dxICo22/WWlVlbX1jfSm5mt7Z3dvex+rqbDWDFeZaEMVcOlmksR8CoKlLwRKU59V/K6O7ia+PV7rrQIg1scRbzt014gPMEoGqmTzbWQD9H1kuH4LimcnY47pU42bxftKcgyceYkXz58eyQAUOlkv1vdkMU+D5BJqnXTsSNsJ1ShYJKPM61Y84iyAe3xpqEB9bluJ9Pbx+TEKF3ihcpUgGSq/p5IqK/1yHdNp0+xrxe9ifivp9GnaqS6C/vRu2wnIohi5AGbrfdiSTAkk3hIVyjOUI4MoUwJ8wFhfaooQxNixkTjLAaxTGqlomMXnRsnXz6HGdJwBMdQAAcuoAzXUIEqMBjCEzzDi/VgvVrv1sesNWXNZw7gD6zPH3lbn0k=</latexit><latexit sha1_base64="CMVNJCqhqWwK/mVEzYo4A3Gk5PM=">AAACEXicbVDLSsNAFJ34rPUVK67cBKtQNyWpgi4LblxWsA9oa5hMJu3QyYOZG2kI+QrBpVv9BXEjbrty6R/4GU4fC209cOFwzr3ce48TcSbBNL+0peWV1bX13EZ+c2t7Z1ffKzRkGAtC6yTkoWg5WFLOAloHBpy2IkGx73DadAZXY795T4VkYXALSUS7Pu4FzGMEg5JsvdABOgTHS4fZXVo6O83siq0XzbI5gbFIrBkpVg/eHkujz+OarX933JDEPg2AcCxl2zIj6KZYACOcZvlOLGmEyQD3aFvRAPtUdtPJ7ZlxohTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKMa+iseaDWCSNStkyy9aNVayeoyly6BAdoRKy0AWqomtUQ3VE0BA9oWf0oj1or9q79jFtXdJmM/voD7TRDwKfoRE=</latexit><latexit sha1_base64="CMVNJCqhqWwK/mVEzYo4A3Gk5PM=">AAACEXicbVDLSsNAFJ34rPUVK67cBKtQNyWpgi4LblxWsA9oa5hMJu3QyYOZG2kI+QrBpVv9BXEjbrty6R/4GU4fC209cOFwzr3ce48TcSbBNL+0peWV1bX13EZ+c2t7Z1ffKzRkGAtC6yTkoWg5WFLOAloHBpy2IkGx73DadAZXY795T4VkYXALSUS7Pu4FzGMEg5JsvdABOgTHS4fZXVo6O83siq0XzbI5gbFIrBkpVg/eHkujz+OarX933JDEPg2AcCxl2zIj6KZYACOcZvlOLGmEyQD3aFvRAPtUdtPJ7ZlxohTX8EKhKgBjov6eSLEvZeI7qtPH0Jfz3lj815PgY5EId24/eJfdlAVRDDQg0/VezA0IjXE8hssEJcATRTARTH1gkD4WmIAKMa+iseaDWCSNStkyy9aNVayeoyly6BAdoRKy0AWqomtUQ3VE0BA9oWf0oj1or9q79jFtXdJmM/voD7TRDwKfoRE=</latexit><latexit sha1_base64="HeNQQ9UHqjOdHJ4rhWfmIZmAMfc=">AAACEXicbVDLSsNAFJ34rPUV69JNsAh1U5Iq6LLgxmUF+4A2hslk0g6dScLMjTSEfoV7t/oL7sStX+Af+BlO2yy09cCFwzn3cu89fsKZAtv+MtbWNza3tks75d29/YND86jSUXEqCW2TmMey52NFOYtoGxhw2kskxcLntOuPb2Z+95FKxeLoHrKEugIPIxYygkFLnlkZAJ2AH+aT6UNeuzifeg3PrNp1ew5rlTgFqaICLc/8HgQxSQWNgHCsVN+xE3BzLIERTqflQapogskYD2lf0wgLqtx8fvvUOtNKYIWx1BWBNVd/T+RYKJUJX3cKDCO17M3Efz0FAstMBkv7Ibx2cxYlKdCILNaHKbcgtmbxWAGTlADPNMFEMv2BRUZYYgI6xLKOxlkOYpV0GnXHrjt3TrV5WYRUQifoFNWQg65QE92iFmojgiboGb2gV+PJeDPejY9F65pRzByjPzA+fwDsz52D</latexit>

Hash value = 10 01 00 11 = 2 1 0 3
<latexit sha1_base64="rX3lAIqj3FW75pdH3fyHC1DhEg8="></latexit><latexit sha1_base64="oJiwvABy2us77/7Qqnx5O/KPFXI="></latexit><latexit sha1_base64="oJiwvABy2us77/7Qqnx5O/KPFXI="></latexit><latexit sha1_base64="MvnB+pXhzX3x5QSDaTnRrgMuDJ8="></latexit>

Figure 3: M-FORS Patial Verification.

As suggested in [21, 22], in an efficient MPCitH proof, rather than repeating
t times an MPC procedure in which the M-FORS signatures are fully verified,
we run t′ ≥ k MPC procedures in which the M-FORS signatures are partially
verified, one block in each run (see the example of partial verification in Figure
3). More precisely, we extend the M-FORS with the following algorithms:

• partialSig(σ,MD, i,mp): to extract a partial signature of the i-th block ofMD

from σ = {(x0,authpath
(0)), · · · , (xk−1,authpath

(k−1))}. The Merkle tree

mtk can be recomputed from σ. The partial signature is ∂σ,i = (xi,authpath
(i),

authpath(k,i)) where (xi,authpath
(i)) is a copy of the i-th pair in σ, and

authpath(k,i) is the authentication path of ri (the root of the i-th Merkle
tree) in mtk.

• partialRec(∂σ,i, pi, i,mp): This algorithm recovers the public key from ∂σ,i
and pi. Given ∂σ,i = (x,authpath,authpath′), first compute the Merkle
tree root ri from (x,authpath, pi), then compute the Merkle tree root pk
from (ri,authpath

′, i). Output pk.

With partial-rec, only one path is used to recover the M-FORS public key instead
of k paths. Why does this approach make sense? In an MPCitH proof, the
same procedure is run multiple times. Each run has a soundness ϵ that a
cheating prover can get away without being detected. Thus t runs are needed
so that ϵt is negligibly small. In our case, the main cost of the MPC procedure
comes from verifying all the M-FORS signatures. The full verification requires
every block of the message digest or the child public key to be verified. Our
observation is that if a prover has to cheat, then it has to cheat in more than
1 blocks with a high probability. If the prover has to cheat in n out of k
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blocks, then using partial verification with t′, such that t′ · n/k ≥ t, ensures
that the prover has to cheat in more than t runs, and hence with a negligible
success probability. As we analysed, an implementation with full signature
verification requires t · (h+1) · (k · d+2k− 1) calls to the MPC hash procedure.
The partial verification based implementation, on the other hand, requires only
t′ · (h + 1) · (d + 1 + ⌈log k⌉) MPC hash calls. The improvement is roughly tk

t′

times.

3 The Proposed EPID Scheme

3.1 Syntax

Players. The EPID scheme involves the following players:

• An issuer owns a group public and private key pair and manages the group
membership, decides who can be a group member, and issues a group mem-
bership credential to each group member. Each group has one issuer and the
issuer is also called the group manager.

• A group member generates a public and private key pair, receives a mem-
bership credential from the issuer for this key pair, and uses the key and cre-
dential to create EPID signatures. A group member is also called an EPID
signer. Each group has many members.

• A verifier verifies EPID signatures by using the issuer’s group public key.
Each group can have an arbitrary number of verifiers.

• A revocation authority decides whether a group member should be re-
moved from the group and maintains signature and key revocation lists. Each
group should have at least one revocation authority.

Revocation lists. There are two types of revocation lists:

• A key revocation list denoted by KRL lists revealed private signing keys.

• A signature revocation list denoted by SRL lists signatures created by
revoked signers.

Each verifier uses one KRL and one SRL, from their chosen revocation authority.
Note that key revocation provides the ability to revoke an existing signature
with an updated key revocation list. However, as for any EPID scheme, signa-
ture revocation does not provide such ability because a signature can only prove
that the signing key is not associated with any key in the SRL that is available
during signing. This proof cannot be extended to cover any items added into
the SRL later.

Algorithms/protocols. Our EPID scheme consists of the following algorithm-
s/protocols:
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• Init(n): In the initialization algorithm, the issuer takes a security parameter
n as the input, and outputs a master (group) key pair (mpk, msk). The
master public key mpk is made public and the master secret key msk is
stored privately by the issuer. In all other algorithms and protocols, we will
assume mpk along with the security parameter n as an implicit input for all
parties.

• Join(msk): the joining protocol is an interactive protocol between the issuer
and a user u who wants to join the group. The issuer has a private input
msk and the user does not have input. At the end of the protocol, the issuer
outputs a decision: accept or reject. If reject, then stop. If accept, the
user obtains its group signing key gsku = (sku, credu) where sku is a secret
key, and credu is a group membership credential. sku is chosen and held by
the user, and credu is generated by the issuer and given to the user. Now,
the user becomes a group member, who is a legitimate signer.

• Sign(gsku, msg, SRL): the signing algorithm allows a signer to produce an
EPID signature Σ on a message msg ∈ {0, 1}∗ using its signing key gsku. The
signature includes proof of whether gsku was used to generate any signatures
in the signature revocation list SRL.

• Verify(msg,Σ, KRL, SRL): the verification algorithm allows a verifier to verify
whether a signature Σ is a valid signature of msg, whether the corresponding
signing key has been listed on a rogue key list KRL, and whether it has been
used to generate any signatures on the signature revocation list SRL.

• Revocation(KRL,SRL): The revocation algorithm allows a revocation authority
to add a revealed signing key in KRL and to add a signature generated by a
revoked signer in SRL.

3.2 Details of algorithms and protocols

Initialization Init(n) : Given a security parameter n, the issuer does the fol-
lowing to create a group master public and secret key pair to be used for the
F-SPHINCS+ signature scheme.

1. The issuer first chooses the hyper-tree node degree q and the tree height
h, the values (d, k) for the underlying M-FORS scheme, a pseudorandom
function prf, three hash functions H1 : {0, 1}∗ → {0, 1}n, H2 : {0, 1}∗ →
{0, 1}d·k, H3 : {0, 1}∗ → {0, 1}d·k+(log2 q)·h, and a keyed pseudorandom
function F : {0, 1}n × {0, 1}n → {0, 1}n.

2. The issuer then runs (sk, rpk, gp) ← F-SPHINCS+.keyGen(n, q, h), where
(rpk, sk) is the F-SPHINCS+ public and secret key pair, and gp = (n, q, h, d, k)
are the hyper-tree parameters.

3. The issuer then publishes the master public keympk = (gp, rpk, H1, H2, H3,
F, prf) and keeps the master secret key msk = sk private.
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4. To prove the key construction correctness, the issuer provides a Non-
Interactive Zero-Knowledge Proof (NIZKP) πI to demonstrate that the
key pair is generated correctly, meaning that the secret and public keys
are associated with each other. This NIZKP can be achieved by signing its
own public key rpk using F-SPHINCS+.sign, which is similar to the issuer
creating a group membership credential in the joining protocol described
below.

5. In addition, the issuer initializes an empty group list GL.

Each verifier initializes two revocation lists: a key revocation list KRL and a
signature revocation list SRL. All these lists are empty when initialised. Alter-
natively, these two revocation lists can be managed by a centralised authority
and each signer and verifier can then download them for signing or verification.
Joining protocol Join(msk, n) : The joining protocol is run between a user and
the issuer. Note that this protocol involves the authentication of the user by the
issuer. The issuer has an authentic copy of the user’s endorsement key, which
is used to establish a secure and authenticated channel between the user and
the issuer. Our EPID scheme does not restrict which cryptographic mechanism
is used to establish this channel. In the following protocol description, it is
assumed the existence of such a channel. The protocol includes the following
steps:

1. A unique session ID u is assigned to the user. For simplicity, we can think
of the session ID as a monotonically increasing counter, and each invocation
of the joining protocol will increase it by 1. Alternatively, the value u can be
computed from the user’s endorsement key, which is unique to the user.

2. The user chooses a random secret key: sku
R← {0, 1}n as its signing key.

3. The user computes the group identifier gid = H1(rpk).

4. The user generates its entry token etu = F (sku, gid) together with the
NIZKP πu : P{(gp, gid, etu); (sku)|etu = F (sku, gid)}.

5. The user chooses a random string cr
R← {0, 1}n, computes a commitment

ct = H1(etu||cr), then sends (u, ct) to the issuer to request joining the group.

6. Upon receiving (u, ct), the issuer checks whether an entry with the same u is
in GL. If yes, the issuer rejects the user. Otherwise, if the issuer would like to

accept the user, the issuer chooses a random string gru
R← {0, 1}n and sends

it to the user, who responds by sending (etu, cr, πu) back. The issuer verifies
ct = H1(etu||cr) and the NIZKP πu. If both verifications pass, the issuer
computes the group credential (gru,S) ← F-SPHINCS+.sign(etu||gru,msk,
gp) and adds (u, etu, gru,S) to GL; otherwise, the issuer rejects the user.

7. The user, if accepted by the issuer, sets its group signing key gsku = (sku, gru,
S). The user has now become an EPID signer for this group.
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Signature generation Sign(gsku,msg, SRL) : Given a message to be signed
denoted by msg and a signature revocation list SRL, the user u generates an
EPID signature using gsku = (sku, gru, S) by performing the following steps:

1. The user gets the group public key rpk and generates a random data string

str
R← {0, 1}n, then computes sid, sst, gid, etu, mtu, idx as follows:

(a) The user first computes the signature identifier sid = H1(msg||str) and
the signature signing token sst = F (sku, sid).

(b) The user then computes the group identifier gid = H1(rpk), the group
membership entry token etu = F (sku, gid) andmtu||idx = H3(etu||gru).
Here H3(etu||gru) is used as F-SPHINCS+.mHash(etu, gru).

2. To prove that the user has not been revoked, the user generates a random

number r
R← {0, 1}n, then ∀j ∈ {1, . . . , J = |SRL|}, the user retrieves sidj =

H1(msgj ||strj) and sstj = F (skj , sidj) from SRL, and produces two signature
proof tokens Aj = F (F (sku, sidj), r) and Bj = F (sstj , r). Note that if
and only if sku ̸= skj , Aj ̸= Bj . Also note that F (sku, sidj) has been
kept secret, so that (Aj , Bj) will not reveal any sensitive information about
sku. As discussed in Remark 3 below, this novel and efficient privacy-
preserving inequivalence proof may have its interest.

3. To prove the EPID credential, the user generates another random number

s
R← {0, 1}n and computes com = H1(s||pkh|| · · · ||rpk)}, where pkh, · · · , rpk

are the public keys for verifying the signatures in S, from the layer h to layer
0 (the public key at the layer 0 is rpk). The user produces an NIZKP πE
(note that recoverPK was defined in Subsection 2.3.1 for M-FORS):

πE :P{(gp, rpk, gid, sid, sst, com, r, SRL, ∀j∈[1,J] Aj);

(sku, etu, gru, s, S = {σh, · · · , σ0}) | sst = F (sku, sid)

∧ ∀j∈[1,J] Aj = F (F (sku, sidj), r)

∧ etu = F (sku, gid)

∧mtu||idx = H3(etu||gru)
∧ pkh = recoverPK(σh,mtu, (n, d, k, (h, idx)))

∧ pkh−1 = recoverPK(σh−1, pkh, (n, d, k, (h− 1, ⌊ idx
q

⌋))) ∧ · · ·

∧ rpk = recoverPK(σ0, pk1, (n, d, k, (0, 0)))

∧ com = H1(s||pkh|| · · · ||rpk)}

4. The EPID signature is Σ = (str, sst, com, r, ∀j∈[1,J] Aj , πE).

Signature verification Verify(msg, Σ, KRL, SRL) : Given Σ = (str, sst, com,
r, ∀j∈[1,J] Aj , πE) and msg together with two revocation lists KRL and SRL, the
verifier performs the following steps to verify this signature:

1. ∀skj ∈ KRL, the verifier computes sst∗j = F (skj , sid). If any sst∗j = sst,
rejects Σ.
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2. Otherwise, ∀j ∈ [1, J ], the verifier checks if any sidj has been used in Σ
correctly. If not reject Σ. Otherwise, compute Bj = F (sstj , r) and check
if any Aj = Bj holds, if so reject Σ.

3. Otherwise, the verifier recomputes sid = H1(msg||str) and gid = H1(rpk),
then verifies πE. Accept if the verification succeeds, otherwise reject.

Key and signature revocation Revocation(KRL,SRL) : There are two cases to
revoke the group membership of the user u:

1. Given sku, the revocation authority adds it in KRL.

2. Given a signature Σ signed by the user u together with the corresponding
signed message msg, the revocation authority retrieves str and sst from
Σ, computes sid = H1(msg||str), and adds the pair (sid, sst) in SRL.

Remark 3 In the existing EPID scheme [8], an EPID signature under the
signing key ski contains of t = (F (ski, r), r), where r is a random value. To
support signature revocation, for each revoked signature sigj ∈ SRL, a new
EPID signature under the signing key sk∗i includes the NIZKP for tsigj ̸=
(F (sk∗i , rsigj ), rsigj ). However, the paper does not provide a concrete construc-
tion for this inequality proof in zero-knowledge. To build a practical EPID
scheme from symmetric primitives, a concrete proof scheme is necessary. For
the first time, we propose a non-interactive zero-knowledge inequality proof πR:

πR :P{(gp, sid, sst, r, ∀j∈[1,J] : (sidj , sstj) ∈ SRL, Aj); (sku)|
sst = F (sku, sid) ∧ ∀j∈[1,J] Aj = F (F (sku, sidj), r)}

where sku is the user’s long-term key and r is a public nonce, which allows the
verifier to compute Bj = F (sstj , r). If Aj ̸= Bj , the verifier can be convinced
that sigj ∈ SRL was not signed under sku; since otherwise it contradicts the
collision-resistance of the keyed pseudorandom function F . However, if sku =
skj , Aj = Bj must hold. This proof is privacy-preserving for an unrevoked
user since such proof does not reveal any sensitive information of sku. The
proof is reasonably efficient. When SRL has J revoked signatures, it requires the
NIZKP for 2J operations of F . In § 3.5, we will discuss how to separate this
revocation proof from the credential proof to optimise the performance of our
EPID scheme.

3.3 The proof πE

The most important part in the EPID signature Σ = (str, sst, com, r, ∀j∈[1,J] Aj ,
πE) is the proof πE. As Σ is a signature of a message msg, the foremost thing πE
needs to prove is that the signer knows a group signing key gsku = (sku, gru, S)
and it was used to sign msg. Besides that, πE also needs to prove that gsku is
authorized by the issuer. To do that, in πE the following is done:

1. It proves that given a nonce r, ∀j∈[1,J] sidj ∈ SRL, Aj = F (F (sku, sidj), r)
is correctly computed.
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2. It proves that the same signing key sku used in the previous step is also
used to generate two values etu and sst, where etu is bound with the group
root public key rpk (as it is computed from gid = H1(rpk)) and sst is
bound with the message msg and random string str (as it is computed from
sid = H1(msg||str)). sst is revealed in Σ, and etu is hidden.

3. It proves that mtu, which is computed from etu, is signed under a private
key in a leaf node of the hyper-tree generated by the group issuer. This is
done by verifying all the signatures in S such that mtu and σh produce the
leaf public key pkh, which in turn with σh−1 produces pkh−1, and so on until
reaching the root. The last public key produced is rpk which is published
by the group issuer. All public keys recovered in this process match those
committed in the commitment com.

Before showing the MPCitH instance of πE, let us first introduce the notation
used in such an MPCitH algorithm: JxK means that the value x is secret-shared
when using an MPC algorithm, meaning that x is known by the prover but
not the verifier. MPC X means the MPC subroutine implementing the function
X (e.g. MPC F, MPC H1, MPC H2 and MPC H3 implement F , H1, H2 and
H3). This notation will be used throughout the paper. Based on [36], in an
implementation MPC F can be used as a building block for the hash functions
that we need.

Following the method of M-FORS partial verification, as shown in Sub-
section 2.3.3, we now introduce the πE MPC instance for the v-th block in
MPCitH 1. The user uses partial signatures in the MPC. Recall that in the
group signing key gsku, a list S = {σh, · · · , σ0} of h + 1 signatures are stored,
one for each layer in the hyper-tree of F-SPHINCS+. The signer can extract a
partial signature for the v-th block from each signature, i.e. {∂σh,v, · · · , ∂σ0,v}.
In Line 12, an MPC subroutine MPC partialRec that implements partialRec is
used. This subroutine uses the input to compute the corresponding public key
at the l-th layer in the hyper-tree (stored in JMK and also appended to JCOMK).
After the last iteration, JCOMK is hashed and JMK is revealed. The results will
be checked by the verifier to see whether they match com and rpk. If so, the
signer is likely to possess valid partial signatures along the path from the idx-th
leaf node to the root node in the hyper-tree. Note that the algorithm partialRec
was defined in Subsection 2.3.3 for M-FORS partial proofs and the algorithm
Reveal(JxK) is simply unmasking the value x.

3.4 Soundness Analysis of πE

In πE, k instances of MPC are run. In the ith instance, the partial verification
procedure is used to verify every M-FORS signature in S, but only the i-th
block of the hash value being signed. Out of the k blocks, the adversary may
have learned the secret strings correspond to λ1 blocks through queries and has
to cheat in all the remaining k−λ1 blocks. For each MPC instance, the verifier
opens the views of a subset of the MPC parties and a cheat prover can be
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MPCitH 1: πE,v – MPC instance for the v-th block

Public: gp = (n, q, h, d, k),
rpk, gid, sid, sst, com, r, v, ∀j∈[1,J] (sidj , Aj)

Private: JskuK, JetuK, JgruK, JsK, J∂σh, vK, · · · , J∂σ0, vK
Output: pk0, ∀j∈[1,J] A

′
j , com′

Check: pk0 = rpk ∧ com′ = com ∧ ∀j∈[1,J] (A
′
j = Aj)

1 for j = 1; j ≤ |SRL|; j++ do
2 JAK = MPC F(JskuK, sidj);
3 A′

j = MPC F(JAK, r);
4 end
5 sst = MPC F(JskuK, sid);
6 JetuK = MPC F(JskuK, gid);
7 JmtuK||JidxK = MPC H3(JetuK||JgruK);
8 JMK = JmtuK;
9 JCOMK = JsK;

10 for l = h; l ≥ 0; l−− do
11 parse JMK into k blocks Jp0K, · · · , Jpk−1K, each block is d-bits;
12 JMK = MPC partialRec(J∂σl,vK, JpvK, JidxK, gp, l, v) ;
13 JCOMK = MPC H1(JCOMK||JMK);
14 JidxK = J⌊idx/q⌋K;
15 end
16 com′ = Reveal(JCOMK);
17 pk0 = Reveal(JMK);

detected with a probability 1− ϵ. Therefore, if using an MPC protocol without
pre-processing, then the soundness error is;

k∑
i=0

Pr[λ1 = i] · ϵk−i

If using an MPC protocol with pre-processing, then the adversary can also cheat
in the pre-processing phase. If the adversary cheats in λ2 (out of M) copies of
pre-processing data, and not being detected when checking the pre-processing
data (the probability is denoted as Succpre(λ2, k,M)), then it needs to cheat in
k − λ1 − λ2 MPC instances. The soundness error is:

k∑
i=0

Pr[λ1 = i]

(
k−λ1∑
λ2=0

Succpre(λ2, k,M) · ϵk−λ1−λ2

)

As a concrete example, let us consider a case in which we implement πE using
KKW [39]. Then we have:

Pr[λ1 = i] =

(
k

i

)
(1− (1− 2−d)q)i((1− 2−d)q)k−i,
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Succpre(λ2, k,M) =

(
M−λ2

M−k

)(
M

M−k

) , ϵ =
1

N

In the above, d, k, q are the parameters for the M-FORS signature, M is the
number of pre-processing data generated, and N is the number of MPC parties.
When d = 16, k = 70, q = 1024,M = 1120, and N = 16, then the soundness
error is 2−257.769; when d = 16, k = 35, q = 1024,M = 560, and N = 16, then
the soundness error is 2−128.987.

3.5 Splitting revocation and credential proofs

The cost of proving or verifying that a signer is not revoked based on a given
SRL is dependent on the size of SRL, while the cost of proving or verifying that
a signer holds a valid group credential is related to the group size. The previous
specification of πE in Subsection 3.3 includes these two proofs in a single NIZKP.
This may not be the best choice if the costs of these two proofs are not balanced,
so optionally we split the proof πE into two separate NIZKPs, one for revocation
denoted by πR and another for the credential denoted by πC, i.e., πE = (πR, πC).
We specify them in MPCitH 2 and MPCitH 3 respectively. Note that πR does
not use a partial proof but πC does. The connection between these two NIZKPs
is that they share the same sid and sst values, which indicates that these two
NIZKPs are created by the same sku.

MPCitH 2: πR – MPC Instance for Revocation

Public: gp = (n, q, h, d, k), sid, sst, r, ∀j∈[1,J] (sidj , Aj)
Private: JskuK
Output: sst′, ∀j∈[1,J] A

′
j

Check: sst = sst′ ∧ ∀j∈[1,J] A
′
j = Aj

1 sst′ = MPC F(JskuK, sid);
2 for j = 1; j ≤ |SRL|; j++ do
3 JAK = MPC F(JskuK, sidj);
4 A′

j = MPC F(JAK, r);
5 end

4 UC-based EPID Security Model

In this section, we recall the definition of the EPID UC model from [30], which
is a modification of the DAA UC model given by Camenisch et al. in [17]. The
changes include replacing linkability with a revocation interface and adding the
signature revocation check from [16]. The model covers the following security
properties:

Correctness: If a group member has completed the Join procedure and neither
its key nor any of its signatures have been revoked, that group member’s
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MPCitH 3: πC,v – MPC instance for the v-th block

Public: gp = (n, q, h, d, k), rpk, gid, sid, sst, com, v
Private: JskuK, JetuK, JgruK, JsK, J∂σh, vK, · · · , J∂σ0, vK
Output: pk0, com′, sst′

Check: pk0 = rpk ∧ com′ = com ∧ sst′ = sst
1 sst′ = MPC F(JskuK, sid);
2 JetuK = MPC F(JskuK, gid);
3 JmtuK||JidxK = MPC H3(JetuK||JgruK);
4 JMK = JmtuK;
5 JCOMK = JsK;
6 for l = h; l ≥ 0; l−− do
7 parse JMK into k blocks Jp0K, · · · , Jpk−1K, each block is d-bit;
8 JMK = MPC partialRec(J∂σl,vK, JpvK, JidxK, gp, l, v) ;
9 JCOMK = MPC H1(JCOMK||JMK);

10 JidxK = J⌊idx/q⌋K;
11 end
12 com′ = Reveal(JCOMK);
13 pk0 = Reveal(JMK);

signatures should successfully verify.

Anonymity: Given two signatures, no adversary can distinguish whether they
were created by one honest signer or two different honest signers.

Unforgeability: When the issuer is honest, no adversary can create a signature
on behalf of an honest signer.

Non-frameability: Regardless of whether the issuer is honest or not, no ad-
versary can create a signature that, if put in SRL, can revoke any honest
signers’ signatures.

Generally speaking, security in the UC framework follows the simulation-
based paradigm, where a protocol is secure when it is as secure as an ideal
functionality that performs the desired tasks in a way that is secure by design.
In a UC model, an environment E passes inputs and outputs to the protocol
parties. The network is controlled by an adversary A that may communicate
freely with E . In the ideal world, the parties forward their inputs to the ideal
functionality F , which then (internally) performs the defined task and creates
outputs that the parties forward to E . A real-world protocol Π is said to securely
realize a functionality F , if the real world is indistinguishable from the ideal
world, meaning for every adversary performing an attack in the real world,
there is an ideal world adversary (often called simulator) S that performs the
same attack in the ideal world. More precisely, a protocol Π is secure if for
every adversary A, there exists a simulator S such that no environment E can
distinguish executing the real world with Π and A, and executing the ideal world
with F and S.
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The ideal functionality FEPID is formally defined under the assumption of
static corruption, i.e., the adversary decides beforehand which parties are cor-
rupt and informs FEPID about them. FEPID has five interfaces (SETUP, JOIN,
SIGN, VERIFY, REVOKE) described below. Several sessions of the protocol
are allowed to run at the same time and each session will be given a global identi-
fier SID that consists of an issuer I and a unique string SID′, i.e. SID = (I, SID′).
We also define the JOIN and SIGN sub-sessions by JSID and SSID. We also
define the algorithms that will be used inside the functionality as follows:

• Kgen(1λ): A probabilistic algorithm that takes a security parameter λ
and generates keys tsk for honest signers.

• sig(tsk ,msg): A probabilistic algorithm used for honest signers. On input
of a key tsk , it calculates the signature identifier sid = H1(msg, str) for a
random str ← {0, 1}n and outputs a signature Σ.

• ver(Σ,msg, KRL, SRL): A deterministic algorithm that is used in the VER-
IFY interface. On input of a signature Σ, it outputs f = 1 if the signature
is valid, f = 0 otherwise.

• Identify(tsk,Σ, msg): A deterministic algorithm that will be used to en-
sure consistency with the ideal functionality FEPID’s internal records. It
outputs 1 if a key tsk was used to produce a signature Σ on sid, 0 other-
wise.

• Revoke(tsk∗,Σ∗, KRL, SRL): A deterministic algorithm that takes input
tsk∗ or Σ∗, it adds tsk∗ to KRL or Σ∗ to SRL respectively.

The UC framework allows us to focus on the analysis of a single protocol
instance with a globally unique session identifier SID. FEPID uses session identi-
fiers of the form SID = (I, SID′) for some issuer I and a unique string SID′. In
the procedures, functions CheckTtdHonest and CheckTtdCorrupt are used that
return ‘1’ when a key belongs to a honest signer that has produced no signa-
ture, and when a key belongs to a corrupt user such that there is no signature
simultaneously linking back to the inputted key and another one, respectively;
and return ‘0’ otherwise. We label the checks that are done by the ideal func-
tionality in roman numerals.

FEPID SETUP: On input (SETUP, SID) from the issuer I, FEPID verifies that
(I, SID′) = SID and outputs (SETUP, SID) to S. FEPID receives from the simu-
lator S the algorithms Kgen, sig, ver, Identifyand revoke. These algorithms are
responsible for generating keys for honest signers, creating signatures for honest
signers, verifying the validity of signatures, checking whether a signature was
generated by a given key, and updating the revocation lists respectively. FEPID

stores the algorithms, checks that the algorithms ver, Identify and Revoke are
deterministic [Check I], and outputs (SETUPDONE, SID) to I.
FEPID JOIN:
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1. JOIN REQUEST: On input (JOIN, SID, JSID) from a signer Signer, cre-
ate a join session ⟨JSID, Signer, request⟩. Output (JOINSTART, SID, JSID,
Signer) to S.

2. JOIN REQUEST DELIVERY: Proceed upon receiving delivery notifica-
tion from S by updating the session record to ⟨JSID, Signer,delivery⟩.

• If I or Signer is honest and ⟨Signer, ⋆, ⋆⟩ is already in Member List
ML, output ⊥ [Check II].

• Output (JOINPROCEED, SID, JSID, Signer) to I.

3. JOIN PROCEED: Upon receiving an approval from I, FEPID updates the
session record to ⟨JSID, SID, Signer, complete⟩.
Then it outputs (JOINCOMPLETE, SID, JSID) to S.

4. KEY GENERATION: On input (JOINCOMPLETE, SID, JSID, tsk) from
S.

• If the signer is honest, set tsk = ⊥, else verify that the provided tsk
is eligible by performing the following two checks that are described
above:

– CheckTtdHonest(tsk)=1 [Check III].

– CheckTtdCorrupt(tsk)=1 [Check IV].

• Insert ⟨Signer, tsk⟩ into Member List ML, and output JOINED.

FEPID SIGN:

1. SIGN REQUEST: On input a request (SIGN, SID, SSID, Signer,msg) from
the signer, the ideal functionality calculates the signature identifier sid
and aborts if I is honest and no entry ⟨Signer, ⋆⟩ exists in ML [Check
V], else creates a sign session ⟨SSID, Signer,msg, request⟩ and outputs
(SIGNSTART,
SID, SSID, Signer,msg)) to S.

2. SIGN PROCEED: On input (SIGNPROCEED, SID, SSID,msg) from Sig-

ner, FEPID outputs (SIGNCOMPLETE, SID, SSID, KRL, SRL,msg) to S,
where KRL and SRL represent the key and the signature revocation lists
respectively.

3. SIGNATURE GENERATION: On input (SIGNCOMPLETE, SID, SSID,
Σ, KRL, SRL) from S, if Signer is honest then FEPID will:

• Ignore an adversary’s signature Σ, and generate the signature for a
fresh or established tsk .

• Check CheckTtdHonest(tsk)=1 [Check VI], and store ⟨Signer, tsk⟩ in
DomainKeys.

• Generate the signature Σ← sig(tsk ,msg).
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• Check ver(Σ,msg, KRL, SRL)=1 [Check VII], and check Identify(Σ,msg,
tsk) = 1 [Check VIII].

• Check that there is no signer other than Signer with key tsk ′ regis-
tered in ML or DomainKeys such that Identify(Σ,msg, tsk ′)=1 [Check
IX].

• For all (Σ∗,msg∗) ∈ SRL, find all (tsk∗, Signer∗) from ML and Domain-
Keys such that Identify(Σ∗,msg∗, tsk∗) = 1

– Check that no two distinct keys tsk∗ trace back to Σ∗ [Check X].

– Check that no pair (tsk∗, Signer) was found [Check IX].

• If Signer is honest, then store ⟨Σ, Signer, sid⟩ in Signed and output
(SIGNATURE, SID, SSID,Σ,msg, KRL, SRL).

FEPID VERIFY: On input (VERIFY, SID,msg,Σ, KRL, SRL), from a party V to
check whether Σ is a valid signature on sid, KRL and SRL, the ideal functionality
does the following:

• Extract all pairs (tsk ′, Signer′) from the DomainKeys and ML, for which
Identify(tsk ′,Σ,msg)=1. Set b = 0 if any of the following holds:

– More than one key tsk i was found [Check XII].

– I is honest and no pair (tsk , Signer) was found [Check XIII].

– An honest Signer was found, but no entry ⟨⋆, Signer,msg, str⟩ was
found in Signed [Check XIV].

– There is a key tsk∗ ∈ KRL, such that Identify(Σ,msg, tsk∗)=1 and no
pair (tsk , Signer) for an honest Signer was found [Check XV].

– For some matching tsk and (Σ∗,msg∗) ∈ SRL, Identify(tsk ,Σ∗,msg∗) =
1 [Check XVI]

• If b ̸= 0, set b←ver(Σ,msg, SRL, KRL).

• Add ⟨Σ,msg, KRL, SRL, b⟩ to VerResults, and output (VERIFIED, SID, b)
to V.

FEPID REVOKE: On input (tsk∗, KRL), the ideal functionality replaces KRL with
KRL ∪ tsk∗. On input (Σ∗,msg∗, SRL), the ideal functionality replaces SRL with
SRL ∪ Σ∗ after verifying Σ∗.

We emphasize that our model catches all the required EPID security proper-
ties. The Correctness property is achieved since honestly generated signatures
always pass through verification check via the algorithm ver(Σ,msg, KRL, SRL)
[Check VIII]. This, in the real world, means that honestly generated signatures
are always accepted by the verifier and not being revoked. The Anonymity prop-
erty is guaranteed due to the random choice of the key tsk if the key belongs
to an honest signer. In the case of a corrupt signer, the simulator is allowed
to provide a signature that may reveal the signer’s identity, as the signing key
can be extracted from the respective signer key pair. This reflects that the
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anonymity of an EPID signer is guaranteed only when the signer is honest. The
Unforgeability property is due to [Check XIII] and [Check XV] and the Non-
frameability property is due to the [Check IX]. Furthermore, CheckTtdHonest
prevents registering an honest tsk in the Join interface that matches an existing
signature so that conflicts can be avoided and signatures can always be traced
back to the original signer [Check III]. This ensures that honestly generated
signatures are not revoked due to the identified algorithm being deterministic
in our model. CheckTtdCorrupt [Check IV] is done when storing a new tsk
that belongs to a corrupt Signer, it checks that the new tsk does not break the
identifiability of signatures, i.e., it checks that there is no other known Signer
key tsk′, unequal to tsk, such that both keys are identified as the owner of a
signature.

5 UC Security Proof of the EPID Scheme

In this section, we provide a high-level description of the UC-based security
proof of our hash-based EPID scheme, which was described in Section 3. We
present a sequence of games to show that there exists no environment E that
can distinguish the real-world protocol denoted by Π with an adversary A,
from the ideal world F with a simulator S. Each of these games contains
further checks that guarantee a desired security requirement while proving game-
to-game indistinguishability. At the end of the proof, we showcase that our
real protocol guarantees the desired security requirements that the ideal world
provides.

We start with the real-world protocol execution in Game 1. In the next
game, we construct one entity C that runs the real-world protocol for all honest
parties. Then we split C into two pieces, an ideal functionality F and a simula-
tor S that simulates the real-world parties. Initially, we start with an “empty”
functionality F . With each game, we gradually change F and update S accord-
ingly, moving from the real world to the ideal world, and culminating to the
full FEPID being realized as part of the ideal world, thus, proving our proposed
security model presented in § 4. The endmost goal of our proof is to prove the
indistinguishability between Game 1 and Game 14, i.e., between the complete
real world and the fully functional ideal world. This is done by proving that each
game is indistinguishable from the previous one starting from Game 1 to reach
Game 14. As aforementioned, our proof starts with setting up the real-world
games (Game 1 and Game 2), followed by introducing the ideal functionality
in Game 3. At this stage, the ideal functionality F only forwards its inputs to
the simulator which simulates the real world. From Game 4 onward, F starts
executing the setup interface on behalf of the Issuer. Moving on to Game 5,
F handles simple verification and consistency checks without performing any
detailed checks at this stage; i.e., it only checks if the signer belongs to a revo-
cation list. In Games 6-7, F executes the join interface while performing checks
to maintain the registered keys’ consistency. It also adds checks that allow only
the devices that have successfully been enrolled to create signatures. Game 8
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proves the anonymity of EPID by letting F handle the sign queries on behalf
of an honest Signer using freshly generated random key instead of running the
sign algorithm using the signer’s signing key. At the end of this game, we prove
that an external environment will notice no change from previous games where
the real-world sign algorithm was executed. Now moving to Games 9 - 14, we
let F perform all other checks that are explained in our UC model that ends
with the ideal functionality FEPID defined in § 4.

Proof. Game 1 (Real Word): This is the real world protocol.
Game 2 (Transition to the Ideal World): An entity C is introduced. C

receives all inputs from the honest parties and simulates the real-world protocol
for them. This is equivalent to Game 1, as this change is invisible to E .

Game 3 (Transition to the Ideal World with Different Structure):
We now split C into two parts, F and S, where F behaves as an ideal func-
tionality. It receives all the inputs and forwards them to S, which simulates
the real-world protocol for honest parties and sends the outputs to F . F then
forwards these outputs to E . This game is essentially equivalent to Game 2 with
a different structure which is invisible to E .

Game 4 (F handles the setup): F now behaves differently in the setup
interface, as it stores the algorithms defined in § 4 that are provided by S from
real-world protocol. F stores the algorithms, and checks that the algorithms
ver, Identify and Revoke are deterministic [Check I], such check is indistinguish-
able from the real world since the algorithms are adopted from the real-world
protocol. F also performs checks and ensures that the structure of SID, which
represents the issuer’s unique session identifier defined in § 4, is correct for an
honest I, and aborts if not. When I is honest, S will start simulating it. Since
S is now running the Issuer, it knows its secret key. In case I is corrupt, S
extracts I’s secret key from πI when the issuer registers his key with Fca, a
common certificate authority functionality that is available to all parties and
controlled by the simulator, then proceeds to the setup interface on behalf of
I. By the simulation soundness of πI , this game transition is indistinguishable
from the previous game (Game 4 ≈ Game 3).

Game 5 (F handles the verification and the revocation checks): F
now performs the verification and the revocation checks instead of forwarding
them to S. There are no protocol messages and the outputs are exactly as in
the real-world protocol. Knowing the lists KRL and SRL for corrupt signers, F
can perform the revocation checks, and the outcomes of these checks are equal
to the real-world protocol (Game 5 ≈ Game 4).

Game 6: (F handles the join queries): F stores in its records the
members that have joined. If I is honest, F stores the secret key tsk, extracted
from S, for a corrupt signer. S always has enough information to simulate the
real-world protocol except when the issuer is the only honest party. In this case,
S does not know who initiated the join, and so cannot make a join query with
F on the signer’s behalf. Thus, to deal with this case, F can safely choose any
corrupt signer and put it into ML. The identities of signers are only used for
creating signatures for honest signers, so corrupted signers do not matter. In
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the case that the signer is already registered in ML, F would abort the protocol
[Check II], but I will have already tested this case before continuing with the
proceeding with the join query. Hence F will not abort. Thus in all cases, F
and S can interact to simulate the real-world protocol, so Game 6 ≈ Game 5.

Game 7: (F performs pre-sign checks): If I is honest, then F now
only allows members that joined to sign [Check V]. An honest signer will always
check whether it has successfully joined (i.e., has been issued a valid credential)
before signing in the real-world protocol, so there is no difference for honest
signers. Therefore Game 7 ≈ Game 6.

Game 8: (F handles the sign queries by simulating the Signer

without knowing the secret): We now transform F such that it internally
handles the signing queries of honest signers instead of merely forwarding them
to S that simulates the Signer and creates a signature using the Signer’s key
tsk = sku as in the games before. When the Signer is honest, F creates
the signatures internally as follows: It chooses a new key key ← {0, 1}n per
signature and then runs the sign algorithm sig(key,msg) defined in Section 4
for that fresh key. To prove the anonymity of our EPID scheme, we show that if
there exists an environment that can distinguish a signature of an honest party
using tsk = sku from a signature using a random key key ← {0, 1}n, then the
environment can break the pseudorandom property of the function F .

Suppose that E is given tuples Σ = (str, sst, com, r, ∀j∈[1,J] Aj , πE),
where J denote the total number of the revoked signatures. In the reduction,
we have to be able to simulate the Signer u without knowing the secret sku.
Let key be a randomly sampled key from {0, 1}n that will be used to generate
signatures on behalf of the honest Signer rather than using the real Signer
secret key sku. Since the issuer’s secret key msk can be extracted from the
issuer’s zero-knowledge proof πI for the correctness of the master secret and
public key pair due to the soundness of the proof πI and getting access to
Fcrs, a common reference string functionality that provides participants with
all system parameters. Then a credential can be created on et′u = F (key, gid) by
running the signing algorithm of F-SPHINCS+ with the input (et′u,msk, gp).
After getting a credential on et′u, sst will be calculated as functions of key
such that sst = F (key, sid) where sid = H(msg, str). All other parts of the
signature follow the same real-world protocol (i.e. when using the Signer’s
sku). The commitment com is calculated as our defined sign algorithm and the
proof πE can then be perfectly simulated using the random secret key. Due
to the zero-knowledge property of the proof πE and the pseudorandom outputs
of the function F , we argue that an external environment cannot distinguish
between 1) a signature generated using the Signer’s (sku, etu) and 2) a signature
generated by a random (key, et′u). The signature will not match one of the
revoked signatures Σj ∈ SRL with an overwhelming probability, because the
probability that Σ matches one of the revoked signatures is that key matches
one of the keys that were used to generate Σj which is J/2n. For large n, this
becomes negligible. With a high probability the signature that is generated
from a random key r will not be revoked, so Game 8 ≈ Game 7.

Game 9: (F performs pre-signing checks): When storing a new tsk =
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sku, F checks CheckTtdCorrupt(tsk)=1 [Check IV] or CheckTtdHonest(tsk)=1
[Check III] . We want to show that these checks will always pass. A valid
signatures always satisfy etu = F (sku, gid), sst = F (sku, sid) and (gru,S) ←
F-SPHINCS+.sign(etu,msk, gp) where etu corresponds to a signing key sku. In
the real-world protocol, we have tsk = sku. By the soundness property of
πE that is proved in § 3.4, there exists one sst that matches this signature.
Thus, CheckTtdCorrupt(tsk) = 1 will always give the correct output. Also,
due to the large min-entropy of the uniform distribution the probability that
sampling a selected sku is negligible for large n with probability equal to 1/2n,
with overwhelming probability, there doesn’t exist a signature already using the
same sku, which implies that CheckTtdHonest(tsk) = 1 will give the correct
output with overwhelming probability. Hence, Game 9 ≈ Game 8.

Game 10: (F checks the correctness of the protocol): In this game
F checks that any honestly generated signature Σ = (str, sst, com, πE) is always
valid due to the completeness property of πE and the correctness of the F-
SPHINCS+ signature. A valid proof πE on the credential ensures that the
credential has the correct structure and always leads to the correct extraction
of the issuer public key rpk due to the soundness of πE and the correctness of
the F-SPHINCS+ signature. Second, F makes sure identify(tsk,Σ,msg) = 1,
which is also achieved in the real-world protocol due to the soundness of πE.
F checks, using its internal records ML and DomainKeys that honest users are
not sharing the same secret key tsk. The soundness of πE also ensures that
the honestly generated signatures will not match any revoked signature, this is
checked by F [Check XV] and [Check XVI] in the ideal world. This due to the
calculations of Aj = F (F (sku, sidj), r) and Bj = F (sstj , r) for ∀ Σj ∈ SRL,

where sstj = F (skj , sidj) and r
R← {0, 1}n, if Aj ̸= Bj then F (skj , sidj) ̸=

F (sku, sidj) and hence skj ̸= sku due to the collision resistance property of the
function F . Therefore Game 10 ≈ Game 9.

Game 11 (F checks that valid signatures are deterministic): Add
[Check IX] to ensure that there are no multiple sku values matching to one
signature. However, since there exists only one sku such that sst = F (sku, sid)∧
etu = F (sku, gid) ∧ com = H1(s||pkh|| · · · ||rpk) due to collision resistance of
the function F and the binding property of the commitment com, thus two
different signatures cannot share the same sku. In general, if there exist two
signatures sharing the same sku then this breaks the soundness of πE, thus any
valid signature should be identified to one sku. Thus Game 11 ≈ Game 10.

Game 12 (F checks the unforgeability of a credential): To prevent
accepting signatures whose corresponding credentials are not issued by the hon-
est issuer, F adds a further check [Check XIII]. This follows the unforgeability
property of the F-SPHINCS+ scheme as analysed in Appendix A. In our EPID
scheme, a membership credential is the issuer’s F-SPHINCS+ signature on the
Signer’s public key, so we get Game 12 ≈ Game 11.

Game 13 (F checks the unforgeability of EPID signatures): [Check
XIV] is added to F to prevent anyone forging a signature, which should be
signed under honest signer’s group signing key gsku = (sku, gru, S). If such
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a signature is verified then due to the binding property of the commitment
scheme used to generate com = H1(s||pkh|| · · · ||rpk), where s is a nonce and
pkh, · · · , rpk are the root values of a chained M-FORS trees. These keys are
used to verify the F-SPHINCS+ signature S. The signature should correctly
verify on an entry token (etu||gru) under the first committed verification key
pkh, where etu = F (sku, gid) for some honest signer’s signing key sku. We
argue that any modification in the committed verification keys would end with
a failed verification of the signature S on the user entry token (etu||gru) due
to the correctness of F-SPHINCS+. Now suppose that an adversary knows
the credential (gru,S) but not sku. The adversary chooses a random sk′u and
proceeds with the MPCitH NIZKPs for the construction of et′u = F (sk′u, gid).
Due to the soundness of πE, the proof cannot be simulated unless (et′u||gru)
verifies to be correctly signed under pkh, · · · , rpk used in com. This would only
happen if et′u = etu due to F-SPHINCS+ being a q-EU-CMA secure signature
(see Appendix A for a proof). Therefore sk′u should match sku. The probability
of this to happen is 1/2n, then the advantage of the adversary is negligible for
large n. Therefore, Game 13 ≈ Game 12 with overwhelming probability.

Game 14 (F checks the correct revocation): [Check XV] and [Check
XVI] are added to F to ensure that honestly generated signatures are not
being revoked. If there exists a matching revoked key sk∗u ∈ KRL which be-
longs to an honest signer and is not revoked, then this breaks the collision
resistance property of F . Suppose that there exists a Σj ∈ SRL, such that
Identify(sk∗u,Σj ,msgj) = 1, i.e., the equation Aj = Bj holds. This means
F (F (sk∗u, sidj), r) = F (sstj , r), where sstj = F (skj , sidj) ∈ Σj . Due to the
soundness of the MPCitH proof of F , sk∗u will match to skj which was used to
generate Σj ∈ SRL. However, as we assumed that sk∗u is not revoked, so Aj ̸= Bj

will hold for all Σj ∈ SRL. Therefore, Game 14 ≈ Game 13.

6 Implementation and Comparison

We implemented the signature revocation algorithm to show its feasibility and
assess its performance1. The implementation was in C++ and used much of the
code provided by Chen et al. [22] in support of their paper on hash-based group
signatures. This code was itself based on the Picnic KKW scheme (namely
picnic3) and used some subroutines from the Picnic implementation [48] sub-
mitted to the NIST Post-Quantum Cryptography Standardization project [44].
In their implementation, Chen et al. used two different security parameters,
i.e. n = 129 and n = 255 and we use these same values for our tests. For the
MPC-in-the-Head parameters, we use those from the Picnic implementations.
Namely for n = 129, NR = 250 and NO = 36, while for n = 255, NR = 601
and NO = 68. NR and NO are the total number of MPC instances and the
number of opened MPC instances respectively.

We measure the performance of our EPID revocation scheme based on our
C++ implementation. The programs were compiled using the GNU GCC com-

1The revocation code is available at: https://github.com/UoS-SCCS/HB_EPID_Revocation.
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piler [32] version 12.3.0 and executed on a laptop (Intel i7-8850H CPU @2.6GHz
: 32Gb RAM) with the Ubuntu operating system. Although the CPU has mul-
tiple cores, the timings were obtained using a single core. The performance
figures are given in Table 1 and are the averages for 10 runs. The timings were
obtained using the C++ timing routines. It should be noted that, unlike the
credential signing times these times are independent of the group size. They
are, as to be expected, approximately linear in the revocation list size.

Table 1: Revocation test results for different signature revocation list sizes
(times are in seconds and sizes in MB).

n SRL size sign verify πR size

129

10 0.7 0.3 0.12

100 6.7 3.2 1.0

500 34.3 16.3 5.2

1000 67.5 32.5 10.4

255

10 3.4 1.6 0.43

100 33.1 15.7 3.9

500 164.2 78.0 19.2

1000 328.0 155.8 38.2

Table 2: Test results from Chen et al. [22] for various group sizes (times are in
seconds and sizes in MB).

n group size sign verify sig. size

129

210 8.7 4.4 0.56

220 12.9 6.3 0.83

240 21.4 10.2 1.39

260 29.4 13.9 1.95

255

210 36.4 17.3 2.28

220 53.0 25.6 3.40

240 89.4 43.0 5.65

260 125.1 60.0 7.91

The timings are consistent with those obtained by Chen et al. but are
very slow when compared against the results reported for the reference Picnic
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implementation. We are currently investigating this discrepancy. As, to support
confidentiality, the code allows the inputs and outputs to the LowMC function to
be masked this introduces extra overheads when calculating each single LowMC
function and this may partially explain the discrepancy. This idea is supported
by the results of profiling the code when approximately 60% of the time is
reportedly spent in the (Picnic) tape generation and bit manipulation routines.

To enable comparison with other post-quantum EPID schemes we combine
the measurements from Chen et al. [22] (reproduced in Table 2) with those that
we obtained for πR to give us an estimate of the signing times and signature
sizes for our EPID scheme. In Table 3 we show a comparison with several
lattice-based EPID implementations for which data is available. For these im-
plementations figures were given for a signature revocation list containing 1000
items and to make the comparison we use our figures for 1000 items and group
sizes of 240 and 260. While our scheme is clearly better when considering the
user private key and signature sizes, the situation is less clear for the timings;
We are certainly on a par with the lattice-based schemes for n = 129, but lose
out when the security parameter is increased to n = 255. However, it should be
noted that this is a reference implementation in C++ with no attempt at op-
timisation or adaptation to use more efficient, but processor specific, processor
instructions. There is much scope for improving these timings.

Table 3: Comparison with lattice-based EPID schemes (signature sizes in MB
and times in seconds).

scheme private-key signing verification sig. size

LEPID [20] 58 KB 200 80 9†

LEPID [30] 100 KB 374 121 854

n = 129, GS = 240 17 bytes 89 43 11.8

n = 129, GS = 260 17 bytes 97 46 12.4

n = 255, GS = 240 32 bytes 417 199 43.9

n = 255, GS = 260 32 bytes 453 216 46.1
† This figure is estimated from the signature revocation size in [30] and the signature size in [23].

7 Conclusions

This paper proposes a new EPID scheme from symmetric primitives. Following
recent research on group signatures and direct anonymous attestation, we make
use of a modified SPHINCS+ signature as a group membership credential and
use an MPCitH-based signature to prove the possession of that credential. This
choice allows our EPID scheme to handle a large group size (up to 260), which
is suitable for rapidly increasing cyber security and trusted computing appli-
cations. Our EPID scheme has an efficient signature-based revocation method.
The security of the EPID scheme is proved under the UC framework. We present
several optimizations to improve performance and provide a prototype imple-
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mentation. For future work, we will investigate ways of improving performance
and obtaining more practical benchmarks.
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Experiment Expq-EU-CMA
SIG,A (n)

- (sk, pk)← kg

- (M∗, σ∗) ← Asign(sk,·)(pk), and A can query the sign Oracle at most q
times.

- Return 1 iff vf(pk,M∗, σ∗) = 1 ∧M∗ ̸∈ {Mi}qi=1

Figure 4: q-EU-CMA game.

Appendix

A Security Analysis: F-SPHINCS+

The standard security definition for digital signature schemes is existential un-
forgeability under adaptive chosen-message attacks (EU-CMA). It can be ex-
tended to a few-time signature by limiting the adversary’s call to the sign oracle
to q times where q is the maximum number of signatures that the few-time signa-
ture scheme is allowed to generate for each signing key. Let SIG = (kg, sign, vf)
be a q-time signature scheme, Figure 4 shows the q-EU-CMA game.

Definition 1 (q-EU-CMA). Let SIG be a digital signature scheme. It is said
to be q-EU-CMA secure, if for any adversary A, the following holds:

Succq-EU-CMA
SIG (A(n)) = Pr

[
Expq-EU-CMA

SIG,A (n) = 1
]
≤ negl(n)

Theorem 1. For suitable parameters, n, d, k, h, q, the F-SPHINCS+ signature
is qh-EU-CMA secure if:

• H1 is SM-TCR and SM-DSPR secure;

• H2 is TSR secure with at most q queries;

• H3 is ITSR secure with at most qh queries;

• prf is a secure pseudorandom function.

Proof. To successfully forge a group issuer’s signature on a message M chosen
by the adversary, there are the following mutually exclusive cases:

1 Let MD||idx = H3(M ||gr) for some gr. In the forged signature, All secret

strings corresponding to MD = p0|| · · · ||pk−1, i.e. {x(i)
pi }k−1

i=0 , are the same
as generated from leafidx’s secret key. This case consists of the following
sub-cases:
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1.1 The adversary learns all secret strings from signatures obtained in the
query phase.

1.2 Some secret strings are not leaked from previous signatures, and for each
of them, the adversary either:

1.2.1 learns it by breaking the pseudorandom function that is used to
expand the secret key into xi;

1.2.2 or learns it by looking at their H1 hash values and find the pre-
images.

2 Let MD||idx = H3(M ||gr) for some gr. In the forged signature, some secret

strings corresponding to MD = p0|| · · · ||pk−1, i.e. {x(i)
pi }k−1

i=0 , are NOT the
same as generated from leafidx’s secret key. Then let S be the list of h + 1
M-FORS signatures in the forged signature, we can find i such that when
verifying the i-th signature (0 ≤ i ≤ h), we obtain the same public key as
would be generated by the signer, but for all 0 ≤ j < i, we obtain a different
public key as would be generated by the signer. This means:

2.1 The adversary has found at least one second-preimages of H1 so that
some Merkle trees in the ith signature are computed with the second-
preimages. They end up having the same roots as the trees computed
by the group issuer.

2.2 The adversary knows all secret strings corresponding to the public key
produced from verifying the (i − 1)th signature. This public key is dif-
ferent from the public key at the same location generated by the group
issuer. This can be done by either:

2.2.1 learning all from previous signature queries;

2.2.2 or breaking the pseudorandom function;

2.2.3 or finding some pre-images of H1.

Given the above, we analyze the F-SPHINCS+ signature scheme through a
series of games:
Game 0: The original EU-CMA game in which the adversary needs to forge a
valid group issuer’s signature after qs queries.
Game 1: Exactly as Game 0 except all output of prf are replaced by truly
random n-bit strings. We eliminate from the above list Case 1.2.1 and 2.2.2 by
this modification. Since each call to prf uses a secret key and a distinct value
as input, assuming prf is a pseudorandom function, we have:

|SuccGame0(A(n))− SuccGame1(A(n))| ≤ negl(n)

Game 2: Game 2 differs from Game 1 in that we consider the adversary lost
if the adversary outputs a forgery by breaking the ITSR security of H3. This
modification eliminates from the above list Case 1.1. The winning condition in
Figure 4 is changed to:

- Return 1 iff ITSR(H3,M
∗) = 0 ∧ vf(pk,M∗, σ∗) = 1 ∧M∗ ̸∈ {Mi}q

h

i=1.
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The predicate ITSR is defined as the following:

• Let M∗ be the message that the adversary chooses to generate the forgery
on, and gr∗ the random string used by the adversary to computeMD∗||idx∗ =
H3(M

∗||gr∗).

• Parse MD∗ = p∗0|| · · · ||p∗k−1 where each p∗j ∈ [0, 2d − 1]. From the above
we obtain a set C∗ = ((idx∗, 0, p∗0), · · · , (idx∗, k − 1, p∗k−1)).

• For each message queried in the query phase Mi (1 ≤ i ≤ qh), and gri
the random string, compute MDi||idxi = H3(Mi||gri) and obtain Ci =
((idxi, 0, pi,0), · · · , (idxi, k − 1, pi,k−1)).

• Return 1 iff C∗ ⊆ ⋃qh

i=1 Ci.

We can see that ITSR(H3,M
∗) = 0 iff the adversary can break the ITSR

security of H3. Hence, we have:

|SuccGame1(A(n))− SuccGame2(A(n))| ≤ SuccITSR
H3,qh

(A) ≤ negl(n)

Game 3: Game 3 differs from Game 2 in that we consider the adversary lost
if the forgery contains a second preimage for an input to H1 that was part of a
signature returned as a signing-query response. Here the second preimage can
be included explicitly in the signature, or implicitly observed when verifying the
signature. This eliminates from the above list Case 2.1. Then we have:

|SuccGame2(A(n))− SuccGame3(A(n))| ≤ SuccSM−TCR
H1,q

(A) ≤ negl(n)

Game 4: Game 4 differs from Game 3 in that we consider the adversary lost
if the adversary outputs a forgery by breaking the TSR security of H2, which
allows the adversary to forge an intermediate signature in S, and then any
signature earlier in the chain. This eliminates from the above list Case 2.2.1.
The winning condition in Figure 4 is changed to:

- Return 1 iff TSR(H2,M
∗) = 0 ∧ ITSR(H3,M

∗) = 0 ∧ vf(pk,M∗, σ∗) =

1 ∧M∗ ̸∈ {Mi}q
h

i=1.

The predicate TSR is defined as the following:

• The adversary chooses an intermediate node in the hyper-tree at address
(a, b), and two n-bit string L∗, R∗.

• For each signature obtained in the query phase, if Si includes a signature
generated using the secret key in node (a, b) over the public key in one
of its child node, parse this public key into k blocks, each of d-bit pki =
pi,0|| · · · ||pi,k−1, and generate a set Ci = {(j, pi,j)}k−1

j=0 .

• Compute pk∗ = H2(aux||k||0||0||L∗||R∗), parse pk∗ into p∗0|| · · · ||p∗k−1, and

generate a set C∗ = {(j, p∗j )}k−1
j=0 .

• Return 1 iff C∗ ⊆ ⋃q
i=1 Ci.
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Note that each M-FORS public key is the root of a Merkle tree generated
from pseudorandom strings. Also for each intermediate node in a hyper-tree, it
has at most q children, hence no more than q signatures signed by the secret key
in this intermediate node can be obtained by the adversary. So TSR(H2,M

∗) =
0 iff the adversary can break the TSR security of H2. Hence, we have:

|SuccGame3(A(n))− SuccGame4(A(n))| ≤ SuccTSR
H2,q(A) ≤ negl(n)

Now the cases in which the adversary can forge a signature are all eliminated
except Case 1.2.2 and 2.2.3, which requires the adversary to find a pre-image of
at least one hash values produced by H1. The success probability of finding a
pre-image is as analyzed in [4]:

SuccGame4(A) ≤ 3 · SuccSM−TCR
H1,p

(A) + AdvSM−DSPR
H1,p

(A)

≤ negl(n)

So overall, the advantage of the adversary is negligible.

TSR security of H2

In any case, q signatures can be generated under the secret key of a non-leaf
node in the hyper-tree. Assuming the adversary knows all of them, then for each
block of the chosen pk∗, the probability of the secret string has been leaked is
1 − (1 − 1

2d
)q, so all secret string have been leaked is (1 − (1 − 1

2d
)q)k. For

d = 16, q = 1024, k = 68, this probability is 2−468.87, if k = 35, this probability
is 2−210.39.

ITSR security of H3

For a leaf node of the hyper-tree, it may have been used to sign γ signatures
out of the total qs signature queries. So the probability that all secret string of
a chosen message M being leaked through query is:

∑
γ

(1− (1− 1

2d
)γ)k

(
qs
γ

)
(1− 1

qh
)qs−γ 1

qhγ

For d = 16, q = 1024, k = 68, h = 6, qs = 260, this probability is 2−407.32, if
k = 35, this probability is 2−208.95.
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