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Abstract. The present work builds on previous investigations of the
authors (and their collaborators) regarding bridges, a certain type of
morphisms between encryption schemes, making a step forward in de-
veloping a (category theory) language for studying relations between
encryption schemes. Here we analyse the conditions under which bridges
can be performed sequentially, formalizing the notion of composability.
One of our results gives a sufficient condition for a pair of bridges to
be composable. We illustrate that composing two bridges, each indepen-
dently satisfying a previously established IND-CPA security definition,
can actually lead to an insecure bridge. Our main result gives a suffi-
cient condition that a pair of secure composable bridges should satisfy
in order for their composition to be a secure bridge. We also introduce
the concept of a complete bridge and show that it is connected to the
notion of Fully composable Homomorphic Encryption (FcHE), recently
considered by Micciancio. Moreover, we show that a result of Miccian-
cio which gives a construction of FcHE schemes can be phrased in the
language of complete bridges, where his insights can be formalised in a
greater generality.

Keywords: Bridge · Composability · Fully Composable Homomorphic
Encryption · IND-CPA security

1 Introduction

1.1 When designing a complex cryptographic solution, one has to combine mul-
tiple cryptographic protocols and the interaction between these protocols is play-
ing an important role in the security of the global solution. For example, in such
a solution one might have ciphertexts encrypted under different secret keys, or
even encrypted using different encryption schemes. This gives rise to the ne-
cessity of switching ciphertexts encrypted using one secret key to ciphertexts
encrypted under a different key. A solution can be found in the literature under
the name of Proxy Re-Encryption (see [8] and the references within). A simi-
lar idea emerges in Hybrid Homomorphic Encryption (see for example [17] and
[18]). Such a protocol is used mainly to reduce bandwidth costs resulting from
ciphertext expansion for the homomorphic encryption schemes. When Hybrid
Homomorphic Encryption is deployed, a server is able to convert ciphertexts
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encrypted using a symmetric cipher to ciphertexts encrypted using a homomor-
phic encryption scheme. In our previous work [3], we defined and gave examples
of bridges, formalizing the conditions under which an algorithm that publicly
transforms encrypted data from one scheme to another should perform. In the
same work, we defined the IND-CPA security of a bridge by relating it to the
security of a specific encryption scheme associated to the bridge.

1.2 Here we take a step forward and study the context of interactions between
bridges and deal with their security from a global point of view in relation with
their individual security considerations. For a fair general treatment of this sit-
uation, we point out to the work of Canetti and his collaborators ([10],[11],[12]).
In this work we are concerned with the sequential evaluation, i.e. composition, of
multiple bridges. Ideally, after composing two bridges, the resulting ciphertext
should preserve the underlying plaintext after decryption. The notion of com-
posability we use and define here for bridges is finer than the mere instantiation
to our case of the universal composition (UC) notion of Canetti. The universal-
ity UC theorem does not apply in our setting, and neither do the modularity
results that can be deduced from the aforementioned theorem. In our Example
4, both components (protocols) are secure, while their composition fails this re-
quirement. Moreover, the correctness property (which is seen in the ideal-process
framework as a security feature) also fails for the generic composition of bridges.
However, we remark that our main theorems which give sufficient conditions for
the composition of bridges to be correct and secure resemble the ideal-process
structural shape in the work of Canetti [10], namely, the indistinguishability
from a process that can be (publicly) described.

1.3 Let us recall some practical and theoretical applications of bridges. Proxy
Re-Encryption can be used in protocols for secure distribution of files [1], e-mail
forwarding and secure payments. As pointed out in [9, page 2], a procedure called
“key rotation”, based on Proxy Re-Encryption is required by Payment Card
Industry Data Security Standard (PCI DSS) and by the Open Web Application
Security Project (OWASP).

In practice, by construction, all Proxy Re-Encryption (PRE) protocols can
convert ciphertexts between the same scheme. Recently, the theoretical concept
of Universal Proxy Re-Encryption (UPRE) [19] was proposed in order to extend
the concept of PRE by accommodating scenarios in which a delegate can convert
ciphertexts from a PKE scheme into ciphertexts of a potentially different PKE
scheme. Unfortunately, UPREs are very difficult to realize in practice.

The overwhelming majority of the examples discussed here involve Fully Ho-
momorphic Encryption (FHE) schemes. Within this setting, bootstrapping pro-
cedures (such as the recent bootstrapping in FHEW-like cryptosystems [28,26])
are of great importance. As we pointed out in [3], these give rise to bridges. The
theoretical language of bridges developed in the present work offers a concep-
tual framework for explaining the following previously known fact about certain
homomorphic encryption schemes: if one performs a circuit on encrypted data
(which is a bridge) and then a bootstrapping procedure (which is also a bridge),
then the correctness of decryption is preserved (hence one obtains a third bridge).
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In the previous situation, the IND-CPA security analysis of the third bridge
reduces to the circular security of the homomorphic encryption scheme.

1.4 The present article is a natural continuation of the work in [3], where the
underlying motivation was to create a category whose objects are encryption
schemes, aiming to understand relations among them. Considering bridges as
viable candidates for the arrows in such a category, one is naturally lead to
the notion of composing bridges. As we mention in Remark 4 bellow, one can
perform composition of bridges when restricting to bridges that are complete.
Unfortunately, composition is not compatible with yet another feature of en-
cryption schemes, namely their semantic security. Thus, we are forced, for the
moment, to further restrict the morphisms in our envisaged category to Gentry-
type bridges as Theorem 4 asserts. Sadly, this constraint on morphisms forces a
restriction on the objects (i.e. encryption schemes), namely in this setting one
must restrict to the study of relations between FHE schemes. Moreover, if we
want to allow “self-morphisms” (there is a nuance that differentiates them from
endomorphisms), i.e. bridges between the same scheme which have the same se-
cret key, then we need to limit our attention to those FHE schemes which are
circular secure (see Theorem 5).

1.5 As we shall see throughout this paper, multiple technical difficulties arise
when one sequentially performs bridges.

Firstly, as we point out shortly after Definition 7, due to the possible loss
of correctness of decryption, the composition of two bridges is not necessarily
a bridge. We overcome this by introducing the notion of complete bridges (see
Definition 8), a type of bridge which satisfies an enhanced correctness property
with respect to the decryption algorithms. We then show (in Proposition 1) that
complete bridges can be composed.

Secondly, in Section 5 we observe that, even if one is able to compose two
secure bridges, the resulting bridge might not be secure (see Example 4). The-
orem 2 gives a sufficient condition on a pair of composable secure bridges for
their composition to be secure.

1.6 We apply our theoretical results to certain types of bridges that arise in
the context of homomorphic encryption schemes. In such schemes, some boolean
circuits can be evaluated on encrypted data and such an evaluation is called
homomorphic. We show that the homomorphic evaluation of a circuit gives rise
to a bridge between a fiber power of the encryption scheme to the scheme itself
(see Section 7).

In a recent talk, Micciancio [27] points out that the definition of fully homo-
morphic encryption does not guarantee that one can sequentially homomorphi-
cally evaluate two circuits while preserving correct decryption. In this paper, we
formulate the previous aspect in the language of bridges. The mere definition of
a correct bridge does not guarantee that one can further apply another bridge
to the resulting ciphertext of the first bridge without the risk of loosing cor-
rectness. Motivated by the definitional issue raised above, Micciancio introduces
the notion of fully composable homomorphic encryption (FcHE) and inspired by
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the bootstrapping procedure (used to construct FHE schemes) he sketches [27]
the proof of a theorem asserting sufficient conditions for the existence of a FcHE
scheme. The security of the FcHE scheme constructed by Micciancio follows from
the circular security of a FHE. To address an analogous issue, building up on
previous work in [3], we introduce the definition of a complete bridge. Finally,
we show that the aforementioned result of Micciancio [27] can be phrased in
the language of bridges, where its proof becomes more conceptual. In our proof,
we constructed a special type of bridge inspired from the Gentry type bridges
defined in [3]. The difference between the former and later bridges is subtle and
resides in their KeyGen algorithms. The KeyGen algorithm for the bridge needed
in this proof satisfies an additional condition which accounts for the fact that
the security of this bridge is equivalent to the circular security of a homomorphic
encryption scheme.

1.7 The paper is organized as follows. In the next section we give some pre-
liminaries used throughout the paper. In Section 3 we recall the main concepts
needed in this article. We define complete and composable bridges in Section
4 and prove that complete bridges are composable. In Section 5 we investigate
the security of composition of bridges and prove our main result. The next sec-
tion is dedicated to Gentry-type bridges and compositions of general bridges
with such bridges, proving the correctness and security of these protocols. In the
last section, we explicitly construct bridges from circuits and show how one can
translate the original discussion of Micciancio about composition of homomor-
phic evaluation of circuits into our language of bridge composition.

1.8 In his talk, Micciancio explained that one of the motivations of his analysis
was the connection between circular security and fully composable homomorphic
encryption. The biggest hope is to place circular security into a larger setting,
which will then allow to possibly prove that circular security reduces to standard
assumptions. We are informally asking if the language of bridges and bridge
composition adds valuable insights into this problem. In addition, the theory
of composable bridges can be related to the way the third generation of FHE
schemes realise the bootstrapping procedure. Indeed, the accumulator proposed
in [20] can be viewed as a composition of bridges, one of which is a Gentry type
bridge. It would be interesting to further investigate the connections between this
theory and the theory of fully homomorphic encryption schemes constructed on
the LWE assumption.
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2 Preliminaries

In all our definitions, we denote the security parameter by λ. We say that a
function negl : N→ [0,+∞) is a negligible function if for any positive integer c

there exists a positive integer Nc, such that negl(n) <
1

nc
for all n ≥ Nc.

Throughout this article, we will use the language of finite distributions (see
section 2.1 of [3]). In particular, an encryption scheme comes with the following
finite distributions: secret keys, public keys and the encryptions of every fixed
message. To be precise, all of the distributions mentioned here are defined for
each fixed value of the security parameter λ. For example, the secret key distri-
butions {SKλ : λ ∈ N} form an ensemble of finite distributions. Such ensembles
form a category, in which one can define finite products and study relations
between its objects. To fix ideas, we choose to recall the following illustrative ex-
ample of a relation between two finite distributions. Given λ, the key generation
algorithm of an encryption scheme gives rise to the distribution of secret keys
SKλ and, for each sample sk ← SKλ, the second part of the algorithm outputs a
sample pk from a distribution of public keys. We say that the resulted distribu-
tion of public keys PKλ is an SKλ-distribution. More details about the language
of finite distributions and the relations between the distributions associated to
an encryption scheme are explained in [3].

In an effort to keep the notation simple, we sometimes omit the subscript λ
when referring to a certain ensemble of finite distributions. We will use upper
case calligraphic letters for the name of the distributions and lower case italic
letters for samples from various distributions.

Every PPT algorithm gives rise to a probability distribution. Throughout
this work, every written identity that involves the output of a PPT algorithm is
assumed to hold with overwhelming probability over the randomness introduced
by the PPT algorithm. This means that the probability of failure of that identity
is negligible. For brevity, we shall avoid the repeated use of the phrase “with
overwhelming probability” to indicate this situations.

3 Definitions

We first recall two technical definitions about ensembles of finite distributions
discussed in more detail in [3].

Definition 1. An ensemble {Xλ}λ of finite distributions is polynomial-time con-
structible if there exists a PPT algorithm A such that A(1λ) = Xλ, for every λ.
An {Xλ}λ-ensemble of finite distributions {(Yλ, φλ : Yλ → Xλ)}λ is polynomial-
time constructible on fibers if there exist a PPT algorithm A, such that for any
xλ ← Xλ we have A(1λ, xλ) = Yλ|Xλ=xλ

, where Yλ|Xλ=xλ
is the fiber distribution

over xλ.

We will also use the following notion of computational (or polynomial) in-
distinguishability from [25] and [24].
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Definition 2. Two ensembles of finite distributions {Xλ}λ and {Yλ}λ are called
computationally indistinguishable if for any PPT distinguisher D, the quantity

|Pr {D(Xλ) = 1} − Pr {D(Yλ) = 1} |

is negligible as a function of λ.

Next, we review some notions related to public key encryption schemes, ho-
momorphic encryption and bridges between encryption schemes.

Definition 3 (PKE). A public key encryption scheme consists of three PPT
algorithms

E = (KeyGen,Enc,Dec)

as follows:

• KeyGen: The algorithm (sk, pk)← KeyGen(1λ) takes a unary representation
of the security parameter and outputs a secret key sk and a public key pk.

• Enc: The algorithm c ← Enc(pk,m) takes the public key pk and a single
message m ∈M and outputs a ciphertext c ∈ C.
• Dec: The algorithm m∗ ← Dec(sk, c) takes the secret key sk and a ciphertext
c and outputs a message m∗.

We shall always assume that a public key encryption scheme is correct, i.e. it
satisfies the following property:
Correct Decryption: The scheme E is correct if for all m ∈ M and all pairs
of keys (sk, pk) outputted by KeyGen(1λ),

Dec(sk,Enc(pk,m)) = m,

with overwhelming probability over the finite distribution Enc(pk,m).

A (public key) homomorphic encryption scheme is a PKE scheme such that
its KeyGen algorithm outputs an additional evaluation key evk (besides sk and
pk), which is used by an additional PPT evaluation algorithm Eval. To be precise,
there is a fourth PPT algorithm:

• Eval: The algorithm takes the evaluation key evk, a representation of a
boolean circuit C :Mℓ →M from a set of evaluable circuits L, and a set of
ℓ ciphertexts c1, ..., cℓ, and outputs a ciphertext c∗ ← Eval(evk, C, c1, . . . , cℓ).

Relative to the evaluation algorithm, a public-key homomorphic encryption
scheme is assumed to satisfy the following correctness property:
Correct Evaluation: The scheme E correctly evaluates all boolean circuits in
L if for all keys (sk, pk, evk) outputted by KeyGen(1λ), for all circuits C :Mℓ →
M, C ∈ L , and for all mi ∈M, 1 ≤ i ≤ ℓ, it holds that

Dec(sk,Eval(evk, C,Enc(pk,m1), ...,Enc(pk,mℓ)) = C(m1, ...,mℓ),
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with overwhelming probability over the randomness of Enc and Eval.

Remark. Nowadays, although omitted from most definitions, it is understood
that all homomorphic encryptions schemes should satisfy a certain compactness
property, namely that there exists a polynomial s = s(λ) such that the output
length of Eval is at most s bits long, regardless of C ∈ L or the number of inputs.

We say that a public-key homomorphic encryption scheme is a fully homo-
morphic encryption (FHE) scheme (over M) if the scheme correctly evaluates
all possible boolean circuits C :Mℓ →M, for ℓ ∈ N.

The authors of [3] proposed a general definition for an algorithm that publicly
transforms encrypted data from one scheme to another. We recall here their
definition of a bridge between two encryption schemes.

Definition 4. Let Ei = (KeyGeni,Enci,Deci), i ∈ {1, 2} be two PKE schemes.
A bridge Bι,f from E1 to E2 consists of:

1. A function ι :M1 →M2 that is computable by a deterministic polynomial
time algorithm, whereMi is the plaintext space of the scheme Ei.

2. A PPT bridge key generation algorithm, which has the following three stages.
First, the algorithm gets the security parameter λ and uses it to run KeyGen1
in order to obtain a pair of keys sk1, pk1. In the second stage the algorithm
uses sk1 to find a secret key sk2 of level λ for E2, and then uses the second
part of KeyGen2 to produce pk2. In the final stage, the algorithm takes as
input the quadruple (sk1, pk1, sk2, pk2) and outputs a bridge key bk.

3. A PPT algorithm f which takes as input the bridge key bk and a ciphertext
c1 ∈ C1 and outputs a ciphertext c2 ∈ C2, such that

Dec2(sk2, f(bk,Enc1(pk1,m))) = ι(m).

Remark. To simplify the discussion, when ι : M1 → M2 is clear from the
context, we will abuse notation and write f : E1 → E2 instead of the bridge Bι,f .

We now give the definition/construction of the k-th fiber power encryption
scheme E(k), associated to any encryption scheme E and any positive integer k.

Definition 5. Let E = (KeyGen,Enc,Dec) be a PKE scheme, such that M
and C are its plaintext and ciphertext spaces. For any positive integer k, the k-th
fiber power of E is the encryption scheme E(k) = (KeyGen,Enc(k),Dec(k)), whose
plaintext and ciphertext are the k-th Cartesian productsMk and Ck respectively.
Moreover, the key generation algorithm is identical to the one of E, outputting a
pair (sk, pk). The encryption and decryption algorithms of E(k) are

Enc(k)(pk, (m1, . . . ,mk)) = (Enc(pk,m1), . . . ,Enc(pk,mk))

and
Dec(k)(sk, (c1, . . . , ck)) = (Dec(sk, c1), . . . ,Dec(sk, ck)) ,

for any (m1, . . . ,mk) ∈Mk and (c1, . . . , ck) ∈ Ck.
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Remark 1. In the category F inDist of finite distributions, the encryptions of the
defined scheme E(k) are products of k copies of the distributions of encryptions
from E regarded as PK- distributions, as defined in Section 2.1 of [3].

We end this section with a simple example of a bridge from E(2) to E , whose
importance will become apparent in the next section. Moreover, construction of
certain bridges from E(k) to E , for general k, will play a crucial role in our work
presented here.

Example 1. We recall briefly the definition of a basic homomorphic LWE encryp-
tion scheme with plaintext spaceM = Z2. The scheme E is parameterized by a
dimension n, a ciphertext modulus q = nO(1) and a randomized rounding func-
tion χ : R→ Z. In order to achieve an additive homomorphic property, we impose
that the rounding function has error distribution satisfying |χ(x)−x| < q/8. The
secret key of the encryption scheme is a vector sk ∈ Zn

q , which is chosen uni-
formly at random. For simplicity, we will assume that this scheme is symmetric,
namely that the public key pk = sk. The encryption of a message m ∈ Z2 under
the key sk ∈ Zn

q is given by

Enc(pk,m) = (a, χ(a · sk +mq/2) mod q) ∈ Zn+1
q ,

where a ← Zn
q is chosen uniformly at random. A ciphertext (a, b) is decrypted

as follows
Dec(sk, (a, b)) = ⌊2(b− a · sk)/q⌉ mod 2.

Note that correction of the decryption follows from the assumption on the round-
ing error of χ. Using the homomorphic addition that can be performed on this
scheme, we can easily construct a bridge from E(2) to E , as we now explain.

The function ι : M×M → M is defined as ι(m1,m2) = m1 + m2, where
the addition is performed in Z2.

The key generation algorithm of the bridge uses the key generation algorithm
of E(2) to output a pair (sk, pk) and then, in the second stage, associates the
same pair (sk, pk) to E . Finally, the algorithm outputs an empty bridge key bk.

The ppt algorithm f takes a pair of ciphertexts (a1, b1), (a2, b2) ∈ Zn+1
q and

computes
f((a1, b1), (a2, b2)) := (a1 + a2, b1 + b2).

The correctness property of the bridge follows immediately from the fact that
the rounding error of χ is less than q/8, in other words the corectness is implied
by the additive homomorphic property of the scheme E .

Remark 2. Note that in the setting above, given a pair of elements in the ci-
phertext space (a1, b1), (a2, b2) ∈ Zn+1

q , it is not true in general that

Dec(sk, f((a1, b1), (a2, b2))) = Dec(sk, (a1, b1)) + Dec(sk, (a2, b2)).

To see this, if Dec(sk, (ai, bi)) = mi, then the error bi − ai · sk −miq/2 mod q
might not lie in the interval (−q/8, q/8), for some i ∈ {1, 2}. In this case, b1 +
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b2 − (a1 + a2) · sk − (m1 + m2)q/2 mod q might not belong to (−q/4, q/4), so
that

Dec(sk, f((a1, b1), (a2, b2))) = Dec(sk, (a1 + a2, b1 + b2))

is not guaranteed to be equal to m1 +m2.

4 Complete and composable bridges

In general, as we noticed in the last remark of the previous section, the square
of the following diagram is not commutative:

Enc1(M1) C1 C2

M1 M2

f

Dec1 Dec2

ι

where f is a bridge between encryption schemes. Indeed, the definition of a bridge
is imposing commutativity only for the restriction of f to Enc1(M1) ⊆ C1, i.e.
to the subset of the ciphertext space which consists of fresh encryptions. This
observation leads to the following definition.

Definition 6. Let Ei = (Mi, Ci,KeyGeni,Enci,Deci), i ∈ {1, 2} be two en-
cryption schemes. A bridge Bι,f from E1 to E2 is called complete if the PPT
algorithm f , which takes as input the bridge key bk and any ciphertext c1 ∈ C1
satisfies the equality

Dec2(sk2, f(bk, c1)) = ι(Dec1(sk1, c1)),

for any the triple (sk1, sk2, bk) outputted by the key generation algorithm of the
bridge.

Let us notice the following easy fact:

Remark 3. Suppose that E = (KeyGen,Enc,Dec) is an encryption scheme. If for
every pair (sk, pk) ← KeyGen(1λ) and every c ∈ C there exists a m ∈ M such
that c ∈ Enc(pk,m), then any bridge from E to any other scheme, is complete.

As a consequence, the bridge from the Goldwaser-Micali (GM) encryption
scheme to the Sander-Young-Yung (SYY) encryption scheme described in [3] is
complete. Indeed, the GM encryption scheme does enjoy the property described
in the above remark: for any two distinct primes p, q, every element from the
ciphertext space J1(pq) can be obtained as an encryption EncGM (pq,m) of some
plaintext m ∈ Z2.

An example of a different flavor arises from the modulus switching proce-
dure, which is frequently used in homomorphic encryption schemes for different
purposes (such as reducing the noise of a ciphertext).
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Example 2. Let q,Q be two integers such that q divides Q. For simplicity, as-
sume that q,Q ≡ 2 (mod 4). We let LWE2/q and LWE2/Q be the LWE encryp-
tion schemes with plaintext spaces M = Z2 and ciphertext modulus q and Q,
respectively (see [20]).

Recall that a ciphertext encrypting the message m in LWE2/q is of the form
(a, b), where a← Zn

q is sampled uniformly and b = ⟨a, s⟩+m · q2 + e, where e is
drawn from the noise distribution.

The decryption can be regarded as a map from Zn
q × Zq to Z2, given by

Decq (a, b) =

{
0, if b− ⟨a, s⟩ ∈ (−q/4, q/4)
1, otherwise.

We define a bridge f from LWE2/q to LWE2/Q, as follows. In the second
stage, the bridge key generation algorithm takes as input s ∈ Zn

q , the secret key

of LWE2/q, and generates the same key for LWE2/Q, viewed in Zn
Q. Finally, this

algorithm outputs an empty bridge key.
The algorithm f will take as input a ciphertext (a, b) ∈ Zn

q ×Zq and computes(
Q
q · a,

Q
q · b

)
∈ Zn

Q × ZQ. It is not hard to see that this bridge is complete.

This resembles the modulus-switching procedures used initially to simplify
the decryption circuit in [7] and later to reduce the noise accumulated after
homomorphic multiplication in [6]. We note that in modulus-switching proce-
dures the ciphertexts are converted from a larger modulus Q, to a smaller one
q, whereas in the example described above the procedures go from a smaller
modulus to a larger one.

However, let us remark that, one can always modify the decryption algorithm
in LWE2/q to obtain a complete bridge to LWE2/Q even when the modulus Q is
smaller than q.

It will become apparent in the following that the completeness property of
a bridge plays an important role in being able to move an encryption through
a chain of bridges without performing any decryption. This triggers one of the
main notions presented in this paper, namely the composability of bridges which
shall be discussed in details in what follows.

Given two bridges f : E1 → E2, g : E2 → E3, between encryption schemes E1
and E2 respectively E2 and E3, it is desirable to be able to use them, in order to
convert a ciphertext from E1 to E3 while preserving the underlying plaintext. If
possible, such a procedure should resemble the composition of two functions. In
particular, it is obvious that to achieve such a conversion, the Key Generation
algorithms of f and g should not run independently, as we now explain in the
following construction/definition:

Definition 7 (Composition of bridges). Let f : E1 → E2 and g : E2 → E3
be bridges between the encryption schemes E1, E2, and E2, E3, respectively. The
composition of g ◦ f consists of the following procedures:

1. The function ιg◦f := ιg◦ιf : P1 → P3, which is computable by a deterministic
polynomial time algorithm.
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2. A PPT bridge key generation algorithm, which runs as follows. First, it
takes the security parameter λ and runs the Key Generation algorithm of
f to obtain (sk1, pk1, sk2, pk2, bkf ). After that, it only uses the second and
third stages of the Key Generation of g to obtain (sk3, pk3, bkg). Finally, it
outputs the bridge key bkg◦f = (bkf , pk2, bkg).

3. A PPT algorithm g ◦f which takes as input a ciphertext c1 ∈ C1 and outputs
g(bkg, f(bkf , c1)).

A first observation is that, unfortunately, the composition of two bridges is
not necessarily a bridge. Indeed, due to the fact that for m ∈ P1, the ciphertext
f(bk1,Enc1(pk1,m)) is not necessarily a fresh encryption of ιf (m), the correct-
ness properties of f and g do not imply that

Dec3(sk3, (g ◦ f)(bkg◦f ,Enc1(pk1,m)) = ιg◦f (m).

This feature will also be present in the case of bridges constructed from circuits
in section 7 and it was pointed out before in a presentation by Micciancio [27].

On the other hand, if the second bridge of a pair of bridges is complete, then
the composition is also a bridge as the following proposition states.

Proposition 1. Let f : E1 → E2 and g : E2 → E3 be bridges between the en-
cryption schemes E1, E2 and E3, such that g is complete. Then, the composition
g ◦ f : E1 → E3 is a bridge.

Proof. Since g is complete, the correctness property for g holds for any cipher-
text. In particular, it holds for ciphertexts of the form f(bk1,Enc1(pk1,m)), so
that we have:

Dec3(sk3, (g ◦ f)(bkg◦f ,Enc1(pk1,m))) = ιg(Dec2(sk2, f(bkf ,Enc1(pk1,m))))

= ιg(ιf (m)) = ιg◦f (m),

where the first equality follows from the completeness of g and the second equal-
ity from the correctness property of f .

To end the discussion of this section we introduce the following definition:

Definition 8. A pair of bridges (f, g) is called composable if g ◦ f is defined
and is also a bridge.

We have the following consequence of the last proposition:

Corollary 1. If f : E1 → E2 and g : E2 → E3 are two complete bridges then they
are composable and their composition is complete.

Proof. The proof follows immediately using the same argument as in the proof
of the last Proposition.

Remark 4. Since complete bridges behave well with respect to composition, they
form the class of morphisms of a category.
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5 On the security of composition of bridges

The aim of this section is to investigate the security of the composition of two
bridges. We shall introduce first the security notions related to the security of a
bridge without giving all the details (for a full account see [3]). Then we prove our
main theorems stating that the composition of secure bridges is secure under a
certain technical condition. In the next section we shall prove that this condition
is satisfied by an important class of bridges.

Given a public-key encryption scheme E = (KeyGen,Enc,Dec) and an ad-
versary A consider the following the IND-CPA experiment ExprIND−CPA[A]:

1. Run KeyGen(1λ) to obtain the pair of keys (sk, pk).
2. The key pk is given to the adversary A. It outputs a pair of messages m0,

m1 of its choice.
3. The challenger chooses a uniform bit b ∈ {0, 1}, and then a ciphertext

c← Enc(pk,mb) is computed and given to A.
4. The adversary A outputs a bit b′.
5. The output of the experiment is defined to be 1 if b′ = b, and 0 otherwise.

Definition 9 (IND-CPA Security). The advantage of adversary A against
the IND-CPA security of the scheme is E is defined by

AdvIND−CPA[A](λ) := |Pr{ExprIND−CPA[A] = 1} − Pr{ExprIND−CPA[A] = 0}|,

where the probability is over the randomness of A and of the experiment. A
public key encryption scheme E has indistinguishable encryptions under chosen-
plaintext attack (or is IND-CPA-secure) if for any probabilistic polynomial-time
adversaries A there exists a negligible function negl such that

AdvIND−CPA[A](λ) = negl(λ).

Remark 5. As it is well known (see for instance Proposition 5.9 in [4]), an en-
cryption scheme is IND-CPA-secure if and only if for any PPT-adversary A there
exists a negligible function negl such that

Pr[ExprIND−CPA[A] = 1](λ) ≤ 1

2
+ negl(λ).

In [3], the authors associated to any bridge f : E1 → E2 an encryption scheme
Gf (called the graph of the bridge) and defined the security of the bridge as being
the security of the associated scheme Gf . On the other hand, they proved that the
security of Gf is equivalent to the security of E1[pk2, bkf ] which is the encryption
scheme E1 endowed with additional public information given by the public key
of E2 and the bridge key of f (for further details, see [3, Theorem 1]). Hereafter,
we propose this equivalent notion as the security of a bridge because in practice
it is much easier to work with it.

Since we will make use of the explicit construction of Gf in our arguments,
we shall briefly recall its structure (for more details see the Section 3 of [3]):
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• The plaintext space of Gf is the same as the plaintext space of E1, that is
M1. The ciphertext space is C1 × C2, where Ci is the ciphertext space of Ei,
∀i ∈ {1, 2}.

• The secret key of Gf is the pair: skGf
:= (sk1, sk2).

• The public key is the triple: pkGf
:= (pk1, pk2, bkf ).

• The encryption algorithm is given by

EncGf
(pkGf

,m) := (Enc1(pk1,m), f(bkf ,Enc1(pk1,m)),

for all m ∈M1.
• The decryption algorithm is DecGf

(skGf
, (a, b)) := Dec1(sk1, a).

In what follows we are interested in finding conditions that ensure the security
of a bridge obtained as a composition of two composable bridges. The following
easy result, can be seen as a necessary condition for the security of such a bridge.

Proposition 2. Suppose f : E1 → E2 and g : E2 → E3 are composable bridges,
such that g ◦ f is a secure bridge. Then f is a secure bridge.

Proof. Since the bridge key of g ◦ f is given by bkg◦f = (bkf , pk2, bkg), the
security of f follows from the above considerations.

On the other hand, if the composition g ◦ f is a secure bridge, it does not follow
that g is secure. Let us illustrate this with the following example.

Example 3. Assume that f : E1 → E2 and g : E2 → E3 are composable secure
bridges such that g◦f is secure. By [3, Proposition 1], the encryption schemes E1
and E2 are IND-CPA secure. For simplicity, assume that the common plaintext is
M = {0, 1}. We now construct the encryption scheme E ′2, as follows: this scheme
is almost identical to E2, except that the encryption reveals the message. More
precisely, Enc′2(pk2,m) = (Enc2(pk2,m),m) is a concatenation of the encryption
of m in the scheme E2 with the plaintext m itself. This new encryption scheme
E ′2 is obviously not secure.

On the other hand, we modify f and g to new bridges f ′ and g′ in the
following way. For any ciphertext c ∈ C1, we let f ′(c1) = (f(c1), b), where b ←
{0, 1} is chosen uniformly at random. The bridge g′ will perform as follows. For
any ciphertext c′2 = (c2, b) ∈ C′2, we let g′(c′2) = g(c2) ∈ C3. It can be easily
verified that g′ ◦ f ′ is a secure bridge from E1 → E3. However, the bridge g′ is
not secure because the modified encryption scheme E ′2 is not secure.

Next, we give an example of two (complete) secure bridges f and g, which
are composable, for which g ◦ f is an insecure bridge.

Example 4. Consider E an encryption scheme (not homomorphic or with any
other special property). We shall assume that knowing half of the secret key
does not harm the security. Denote by ℓ(λ) the bit length of its secret key. We
define E1 to be E , while E2 is E with a modified cyphertext space, consisting
of concatenations of cyphertexts of E with strings of length ℓ(λ)/2. The en-
cryption algorithm in E2 outputs a concatenation of an encryption of E with
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a random sequence of length ℓ(λ)/2. The decryption algorithm is just the de-
cryption algorithm of E applied to the first part of the ciphertext, i.e. the bit
string corresponding to a ciphertext in the scheme E . Also, consider E3 to be the
scheme obtained by applying on E2 the same procedure used in the construction
of E2 from E .

The bridge key of f : E1 → E2 consists of the first half of the bit representation
of the secret key of E and f is defined by the concatenation of the identity map
with the bridge key. The bridge g : E2 → E3 has a similar construction, only that
the bridge key of g consists of the second half of the secret key of E . Now, by
our assumptions, the schemes E [bkf ] and E [bkg] are secure. Hence, the bridges f
and g are secure. Moreover, f and g are clearly complete, thus composable.

However, their composition reveals the entire secret key because the bridge
key of the composition contains both halves of the secret key of E . Schemes
E satisfying the above conditions are plenty in the literature. For example any
LWE scheme is such.

From these examples we learn that an additional condition on a pair of
composable bridges is required in order to get a secure composition.

This motivates our main result, that is Theorem 2. This result is heavily
influenced by the main result of [3], which we recall first together with a more
conceptual proof.

Suppose Bι,f is a bridge from E1 to E2. Recall that the bridge key generation
algorithm produces the following ensembles of {SK1,λ}λ distributions: {PK1,λ}λ,
{PK2,λ}λ and {BKλ}λ. Let F be the ensemble of finite distributions of triples
(pk1, pk2, bk). Recall that π1 : F → PK1 is a morphism of finite distributions,
so F is an ensemble of PK1-distributions. In this theorem, we will make use for
the first time of the Definitions 1 and 2.

Theorem 1. Let Bι,f be a bridge between E1 and E2 and assume that the scheme
E1 is IND-CPA secure. If there exists a polynomial time constructible on fibers
ensemble of PK1-distributions F̃ which is computational indistinguishable from
F , then the bridge Bι,f is IND-CPA secure.

Proof. To show that the bridge Bι,f is IND-CPA secure it is enough to show
that for any attacker A on E1[PKGf

] the probability of answering correctly is
bounded above by 1

2 + negl(λ) (see Remark 5). This probability is given by

Pr[Expr[A] = 1] =
1

2
Pr[A(F ,Enc1(pk1, 0)) = 0] +

1

2
Pr[A(F ,Enc1(pk1, 1)) = 1].

If A is any attacker on E1[PKGf
], then we construct an attacker A1 on E1 as

follows: A1 receives the pair (pk1, c ← Enc1(pk1, b)) from the challenger and

uses the sampling algorithm of F̃ to produce a triple (pk1, α, β). The attacker
gives (pk1, α, β, c) to A and then outputs the bit received from it. Since E1 is
IND-CPA secure we have

Pr[Expr[A1] = 1] ≤ 1

2
+ negl1(λ),
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for some negligible function negl1(λ). We get that

Pr[Expr[A1] = 1] =
1

2
Pr[A(F̃ ,Enc1(pk1, 0)) = 0] +

1

2
Pr[A(F̃ ,Enc1(pk1, 1)) = 1]

≤ 1

2
+ negl1(λ).

(1)

We construct now an IND-CPA distinguisher D0 between F and F̃ as follows.
The distinguisher receives a triple (pk1, x, y) from the challenger and uses pk1 to
compute c← Enc1(pk1, 0), gives (pk1, x, y, c) to A and outputs the bit received

from A. We understand that Expr[D0] identifies F if it outputs 0 and F̃ , if it
outputs 1. Then we have:

Pr[Expr[D0] = 1] =
1

2
Pr[A(F ,Enc1(pk1, 0)) = 0] +

1

2
Pr[A(F̃ ,Enc1(pk1, 0)) = 1]

≤ 1

2
+ negl2(λ).

(2)

Similarly, one constructs D1, a distinguisher between F̃ and F , similarly as
above, but now c ← Enc1(pk1, 1). This time, Expr[D1] outputs 0 if the distin-

guisher identifies F̃ and outputs 1 if the distinguisher identifies F . Thus, we
get:

Pr[Expr[D1] = 1] =
1

2
Pr[A(F ,Enc1(pk1, 1)) = 1] +

1

2
Pr[A(F̃ ,Enc1(pk1, 1)) = 0]

≤ 1

2
+ negl3(λ).

(3)

Adding the inequalities (1), (2), (3) and using the equalities:

Pr[A(F̃ ,Enc1(pk1, 0)) = 0] + Pr[A(F̃ ,Enc1(pk1, 0)) = 1] = 1

Pr[A(F̃ ,Enc1(pk1, 1)) = 0] + Pr[A(F̃ ,Enc1(pk1, 1)) = 1] = 1

we obtain

1

2
Pr[A(F ,Enc1(pk1, 0)) = 0] +

1

2
Pr[A(F ,Enc1(pk1, 1)) = 1] ≤ 1

2
+ negl(λ),

which is exactly what we wanted to prove.

Now, we are able to state and prove our main result.
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Theorem 2. Suppose f : E1 → E2, g : E2 → E3 are composable bridges such
that f is IND-CPA secure and there exists a polynomial time constructible on
fibers ensemble of PKf−distributions which is computational indistinguishable
from PKg◦f , then g ◦ f is IND-CPA secure.

Proof. Notice that the composable pair of bridges (f, g) gives rise to a bridge
ĝ : Gf → E3, by the formula:

ĝ(bkĝ, (a, b)) := g(bkg, b),

where bkĝ = bkg. Since f is secure, it follows that the scheme Gf is secure.
By our assumptions, an immediate application of Theorem 1 shows that ĝ is
IND-CPA secure, which means that the scheme Gĝ is IND-CPA secure. No-
tice that an encryption of a message m in Gĝ is in fact a triple of the form
(a, f(bkf , b), g(bkg, f(bkf , c))), where a, b, c are encryptions of m in E1, so that
any adversary A on Gg◦f gives rise to an adversary A′ on Gĝ. Indeed, notice
first that these encryption schemes have the same public key. On the other
hand if (a, f(bkf , b), g(bkg, f(bkf , c))) is the triple received by A′ from the chal-
lenger (together with the public key), then A′ gives the public key and the pair
(a, g(bkg, f(bkf , c))) to A and outputs the bit received from it. It is easy to see
that, since

Pr[ExprIND−CPA[A′](λ) = 1] = Pr[ExprIND−CPA[A](λ) = 1],

if the attacker A breaks the IND-CPA security of Gg◦f , then A′ also breaks the
security of Gĝ, and this is a contradiction.

6 Gentry type bridges

We recall the construction of Gentry type bridges from [3]. Briefly, the Recrypt
algorithm, used in the bootsrapping procedure that transforms a somewhat ho-
momorphic encryption scheme into a fully homomorphic encryption scheme (see
[22]), can be adapted to our situation in order to give a general recipe for the
construction of a bridge.

Let us consider an encryption scheme

E = (KeyGenE ,EncE ,DecE)

and a homomorphic encryption scheme

H = (KeyGenH,EncH,DecH,EvalH).

We shall also denote byME , CE andMH, CH, the plaintext and ciphertext spaces
of E and H, respectively.

Fix once and for all, a function ι : ME → MH that is computable by a
deterministic polynomial time algorithm.

At a high level, the bridge key bkf of a Gentry-type bridge f : E → H consists
of the bit representation of the secret key of E encrypted under the public key of
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H. Moreover, the bridge algorithm is the homomorphic evaluation of the circuit
ι ◦DecE : CE →MH.

We now describe with details the algorithms of the bridge. Let us start with
the key generation algorithm.
• In the first stage, the key generation algorithm of the bridge runs KeyGenE(1

λ)
to obtain a pair of keys (skE , pkE). The second stage of the algorithm runs
independently of the first one, and it just makes use of KeyGenH(1λ) to obtain
(skH, pkH).

The final stage of the algorithm takes as input (skE , pkE , skH, pkH) con-
structed as above, and creates bkf as the vector of encryptions of the bit repre-
sentation of skE under pkH (the details of this are below).
• The PPT algorithm f mentioned in the third part of Definition 4 is the homo-
morphic evaluation of the algorithm ι ◦DecE . To rigorously perform it, we need
to realise ι ◦DecE as a mapMℓ

H →MH, and for this we use the ring structure
on MH (we shall assume that such a ring structure exists; one can avoid this
assumption with little work, but since all the known FHE schemes have this
property we chose to work with it). Suppose that the ciphertext space CE has a
representation as a subset of {0, 1}n and that the set of secret keys is a subset of
{0, 1}e, so that ι ◦ DecE : {0, 1}e × {0, 1}n →MH. Now, we construct the map

˜ι ◦DecE :Me
H×Mn

H →MH as follows. ViewingMH as a subset of {0, 1}m, we
have that ι ◦ DecE : {0, 1}e × {0, 1}n → MH is a vector (g1, ..., gm) of boolean
circuits expressed using XOR and AND gates. Let g̃i :Me

H×Mn
H →MH be the

circuit obtained by replacing each XOR(x, y) gate by x⊕y := 2(x+y)− (x+y)2

and each AND(x, y) gate by x⊗ y := x · y, where + and · are the addition and
multiplication inMH. Notice that the subset ofMH consisting of its zero ele-
ment 0H and its unit 1H together with ⊕ and ⊗ is a realisation of the field with
two elements inside MH. In other words, if c = (c[1], ..., c[n]) ∈ CE and skE =
(sk[1], ..., sk[e]) is the secret key, then g̃i(sk[1]H, ..., sk[e]H, c[1]H, ..., c[n]H) = mH
if gi(sk[1], ..., sk[e], c[1], ..., c[n]) = m for all i, where m ∈ {0, 1}. For an element
x ∈ MH, we let [x = 1H] be the equality test, which returns 1 if x = 1H and 0

otherwise. Finally, ˜ι ◦DecE :Me
H ×Mn

H → {0, 1}m is defined by:

([g̃i(y1, ..., ye, x1, ..., xn) = 1H])i=1,m .

One can verify immediately that

˜ι ◦DecE(sk[1]H, ..., sk[e]H, c[1]H, ..., c[n]H) = ι ◦DecE(skE , c).

Now we are ready to define the bridge algorithm f . Given a ciphertext c ∈ CE ,
the algorithm f first encrypts the bits of c (viewed as elements of MH) under
pkH and retains these encryptions in a vector c̃. The bridge key bkf is obtained
by encrypting the bits sk[i]E under pkH, for i ∈ 1, e. Then, the algorithm f

outputs EvalH(evkH, ˜ι ◦DecE , (bkf , c̃)).

Remark 6. Let us notice that in the above construction, one does not necessarily
need to encrypt the bit representation of the ciphertext c under pkH. The whole
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construction works if one homomorphically evaluates the circuits ˜ι ◦DecE(·, c) :
Me

H →MH, for each fixed ciphertext c. While this variant is often more efficient,

one needs to compute the circuit ˜ι ◦DecE(·, c) every time the bridge is applied.
Also, most of the time, there exist ”trivial” encryptions of 0H and 1H, so that
the two bridges become identical.

Theorem 3. Any Gentry type bridge is complete.

Proof. With the above notations, if c is any ciphertext in CE , then c̃ consists of
an n-dimensional vector of ”fresh” encryptions of the scheme H. Since bkf is an
e-dimensional vector consisting of fresh encryptions, we have:

DecH(skH, f(bkf , c)) = DecH

(
skH,EvalH(evkH, ˜ι ◦DecE , (bkf , c̃))

)
= (ι ◦DecE) (DecH(skH, bkf ),DecH(skH, c̃))

= ι (DecE(skE , c))

which shows that third condition in the definition of a bridge is satisfied for any
ciphertext c ∈ CE , i.e. f is complete.

An immediate consequence of this theorem and Proposition 1 is the following:

Corollary 2. If f : E1 → E2 is a bridge and g : E2 → H is a Gentry type bridge,
then the two bridges are composable.

Now, we can state and prove the main result of this section.

Theorem 4. If f : E1 → E2 is a secure bridge, g : E2 → H is a Gentry type
secure bridge, and H is a secure FHE scheme, then g ◦ f is a secure bridge.

Proof. The security of the bridge will follow from Theorem 2, after showing
that the ensemble of distributions PKg◦f satisfies the required indistinguishably
condition with respect to a certain polynomial-time constructible on fibers PKf -
distribution. Let us recall that PKf consists of the tuple (pk1, pk2, bkf ) and that
PKg◦f consists of (pk1, pk2, bkf , pkH, bkg). As g is of Gentry-type, bkg consists

of a vector encrypting the bit representation of sk2 under pkH. Let F̃ be the
ensemble of distributions (pk1, pk2, bkf , pkH , b̃k), obtained in the following way.
Firstly, one samples (pk1, pk2, bkf ) from the distribution PKf . Secondly, one

uses KeyGenH to sample pkH and then we let b̃k = (b̃k[1], ..., b̃k[e]) with b̃k[i]←
Enc(pkH , 0H ) for all i ∈ 1, e, where e is the bit-length of sk2. Note that e can be
considered public knowledge, as it only depends on the parameters of encryption
in the scheme E2. We also note that since g is a Gentry type bridge, the public
key pkH and any sample from the distribution PKf are chosen independently

from each other. Note that F̃ is a polynomial-time constructible on fibers PKf -
distribution. If the scheme H is IND-CPA secure, then one can prove by a hybrid
argument, identical to the one in the proof of Proposition 2 of [3], that the PKf -

distributions PKg◦f and F̃ are computationally indistinguishable.

Remark 7. Notice that the Gentry type bridge g in the above theorem is already
secure if the schemes E2 and H are secure (cf. Theorem 3 in [3]).
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7 Bridges from circuits and Micciancio’s Theorem

In this section we explain how a bridge can be canonically associated to a pair
consisting of an encryption scheme and a circuit that can be homomorphically
evaluated. As a consequence, one can translate every discussion about homomor-
phic circuit evaluation and composition of circuits into the language of bridges
developed here and in [3]. Moreover, one can see Theorem 3 as a generalisation
of the following theorem:

Theorem 5 (Micciancio). Every circular secure FHE encryption scheme H =
(KeyGen,Enc,Dec,Eval), can be transformed into a secure fully composable ho-
momorphic encryption scheme H′ = (KeyGen′,Enc,Dec,Eval′).

The terminology fully composable is clarified in Definition 10 below. A sketch
of the proof of this theorem can be found in the talk [27] 4. The idea of the proof
is to use a procedure similar to the one in Gentry-type bridge construction.
We saw in Theorem 3 that these give rise to complete bridges. The difference
between the Gentry-type bridge construction and Micciancio’s resides in the
KeyGen algorithms. In the key generation process of a Gentry type bridge, it is
required that the keys of the second scheme are generated independently from
the keys of the first one. On the other hand, in Micciancio’s construction the two
schemes have identical secret and public keys. This difference impacts only the
security of the bridge and does not affect its completeness property. This can
give rise to security issues for which one is forced to add an extra assumption,
namely the circular security assumption.

We start by showing how one can associate bridges to circuits and homomor-
phic encryption schemes.

Let E = (KeyGen,Enc,Dec) be an encryption scheme and let C :Mr →M
be a boolean circuit defined over the plaintextM of E .

Assume that the scheme E is C−homomorphic. Recall that a scheme is ho-
momorphic with respect to the circuit C, or is C−homomorphic, if there exists
an algorithm Eval(evk, C, c1, . . . cr) which takes as input an evaluation key evk,
the circuit C, and an element of Cr such that the outputted ciphertext satisfies
the following correctness condition:

Dec(sk,Eval(evk, C,Enc(m1), . . . ,Enc(mr))) = C(m1, . . . ,mr),

for all (m1, . . . ,mr) ∈Mr.
In this context, we associated to the pair (E , C), the bridge BC : E(r) → E

where the function ι is given by:

ι(m1, . . . ,mr) := C(m1, . . . ,mr),

the bridge key bk consists of the evaluation key evk (possibly empty), and the
bridge algorithm is

4 This is a talk given by D. Micciancio at the FHE.org conference 2022, that took
place in Trondheim, NO - an affiliated event to the Eurocrypt 2022 conference. The
proof starts at time 25:39.
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fC(bk, c1, . . . , cr) := Eval(evk, C, c1, . . . , cr).

One can easily see that the correctness property of Eval guarantees that the
above construction is indeed a bridge. Moreover, this bridge is secure as long as
the C-homomorphic scheme E is secure.

Remark 8. If E is an FHE scheme, the above procedure gives rise to a family
of bridges BC , one for each boolean circuit C. By concatenating such bridges
BC1

, . . . ,BCs
: E(r) → E , one obtains a bridge BC1,...,Cs

: E(r) → E(s).

In his talk [27], Micciancio points out one foundational problem in the defi-
nition of a fully homomorphic encryption scheme. Namely, the definition of an
FHE scheme does not guarantee correct decryption if one sequentially evaluates
two (multivalued) circuits on encrypted data. This issue is an instance of the
more general problem of composing bridges.

More precisely, suppose bridges BC1,...,Cs
: E(r) → E(s) and BD1,...,Dt

:
E(s) → E(t) are constructed as above, for some FHE scheme E . The issue
raised by Micciancio is equivalent to the composability of the pair of bridges
(BC1,...,Cs ,BD1,...,Dt) (see Definition 8) for all such circuits.

We recall the following definition due to Micciancio.

Definition 10. An encryption scheme E is called fully composable encryption
scheme 5 (FcHE) if for any circuit C :Mr →M, the following relation

Dec(sk,Eval(evk, C, c1, . . . , cr)) = C(Dec(sk, c1), . . . ,Dec(sk, cr))

holds for all c1, . . . , cr ∈ C.

Remark 9. It is an immediate consequence of the definition that a scheme is
fully composable if and only if every bridge BC from the familly defined above
is a complete bridge (see Definition 6).

We point out the following immediate consequence, which is consistent with
the terminology chosen by Micciancio.

Proposition 3. Let E be an FcHE scheme and let C1, C2 be two (multivalued)
circuits, C1 :Mr →Ms and C2 :Ms →Mt. Then

Dec(sk,Eval(evk, C2,Eval(evk, C1, c1, . . . , cr)) = C2(C1(m1, . . . ,mr))

for all c1, . . . , cr ∈ C, where mi = Dec(sk, ci) for all i = 1, r.

In particular, in FcHE schemes, one can homomorphically compose 6 any
circuits. However, the converse is not true:

5 This is the name coined by Micciancio, based on the consequence of this property
described bellow. We chose to use the name complete for its generalisation to bridges.

6 By homomorphic composition we understand sequential evaluation of two (multival-
ued) circuits on encrypted data.
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Example 5. Consider any FHE scheme E which is constructed using a bootstrap-
ping procedure and such that for every ciphertext c, we have Bootstrap(c) ∈
Enc(pk,Dec(sk, c)). In such a scheme, one can homomorphically perform boot-
strapping after every operation. Then modify the evaluation algorithm of E such
that for every circuit C,

Eval′(evk, C, c1, . . . , cr) := Bootstrap(Eval(evk, C, c1, . . . , cr)).

In such a scheme, one can homomorphically compose every two circuits, as the
output of every evaluation algorithm will be a fresh encryption. However, such
a scheme is not necessarily a FcHE scheme according to the Definition 10.

We obtain Micciancio’s result as a corollary to Theorem 3, as we now explain.
Indeed, recall from the construction of Gentry-type bridges that one can realise
the set of secret keys of H and its ciphertext space as subsets ofMe and respec-
tivelyMn, whereM is the plaintext of E . In the same section, we constructed
the map D̃ec :Me ×Mn →M. For any ciphertext c of H, we can restrict the
second argument of D̃ec to obtain D̃ec(·, c) :Me →M.

The encryption scheme H′ proposed by Micciancio is constructed as follows.
The encryption and decryption procedures are the ones from H. The key gen-
eration algorithm uses KeyGen to obtain a triple (sk, pk, evk). The algorithm
now encrypts each component of sk = (sk[1], ..., sk[e]), viewed as an element of

Me, to obtain (s̃k[1], ..., s̃k[e]) ∈ Ce. Finally, it outputs the triple (sk, pk, evk′),

where evk′ = (evk, s̃k[1], ..., s̃k[e]).
For any C :Ml →M, the evaluation algorithm Eval′ works as follows. Let

c1, c2, . . . , cl ∈ C ⊆ Mn be any l ciphertexts. Let g(C,c1,...,cl) : Me → M be
defined as

g(C,c1,...,cl)(sk) = C(D̃ec(sk, c1), D̃ec(sk, c2), . . . , D̃ec(sk, cl)).

The evaluation algorithm of H′ is given by:

Eval′(evk′, C, c1, ..., cl) := Eval(evk, g(C,c1,...,cl), s̃k[1], ..., s̃k[e]).

We now use the language of bridges to show that H′ is a secure FcHE, under
the circular security assumption for H.

The circuit C gives rise as above to a bridge

BC : H′ (l) → H′.

Since H and H′ are identical once we forget the evaluation algorithms, we can
view this bridge as a bridge BrC : H(l) → H. However, this bridge is not the
bridge associated to the circuit C as above. Actually, it is easy to see that this
bridge is the Gentry-type bridge constructed in Section 6 where E = H(l), and
ι :Ml →M is defined by C, with the difference that the KeyGen outputs the
same secret key for both E and H. However, the proof of Theorem 3 transports
identically, thus the bridge BC is complete. Using Remark 9, the scheme H′ is
an FcHE scheme.
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As we mentioned in Remark 7, the authors proved in [3, Theorem 3] that
any Gentry-type bridge between two secure encryption schemes is also secure.
However, this result does not directly apply to BC because this bridge has a
slightly different KeyGeneration algorithm. Namely, here the secret keys of the
encryption schemes involved in the bridge are identical, whereas in Gentry-type
bridges they are generated independently. In the present situation, the security
analysis of the scheme H′ is much simpler, because it is equivalent to the security
analysis of H[evk′]. On the other hand, the security of the latter scheme reduces
to the circular security assumption.
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