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Abstract

In 2017, Tang et al. have introduced a generic construction for bent functions of the
form f(x) = g(x) + h(x), where g is a bent function satisfying some conditions and h is
a Boolean function. Recently, Zheng et al. [22] generalized this result to construct large
classes of bent vectorial Boolean function from known ones in the form F (x) = G(x)+h(X),
where G is a bent vectorial and h a Boolean function. In this paper we further generalize
this construction to obtain vectorial bent functions of the form F (x) = G(x)+H(X), where
H is also a vectorial Boolean function. This allows us to construct new infinite families of
vectorial bent functions, EA-inequivalent to G, which was used in the construction. Most
notably, specifying H(x) = h(Trn1 (u1x), . . . , T rn1 (utx)), the function h : Ft

2 → F2t can be
chosen arbitrary which gives a relatively large class of different functions for a fixed function
G. We also propose a method of constructing vectorial (n, n)-functions having maximal
number of bent components.

Keywords: Bent functions, Vectorial bent functions, Algebraic degree, EA equivalence, CCZ
equivalence, Maximal number of bent components

1 Introduction

Throughout the paper, with F2n we denote the finite field with 2n elements, where n = 2m is
a positive integer. Any function F : F2n → F2m is called an (n,m)-function. Specially, when
n = m we call F an S-box and when m = 1 we call F a Boolean function. An important
class of Boolean functions was introduced by Rothaus [17] in 1976, which are defined in even
number of variables with maximum Hamming distance to the set of all affine functions. These
functions are called bent functions, and we will denote the set of all bent functions in dimension
n with Bn. Bent functions have been exhaustively studied in the past four decades because of
their applications in cryptography, coding theory, graph theory, association schemes, etc. For
more details on bent functions we refer to [9] and [19].

The bentness property has been extended to general (n,m)-functions F . We say that F is a
vectorial bent (n,m)-function if the functions Trm1 (λF (x)) are bent for all λ ∈ F2m∗ = F2m\{0}.
As shown by Nyberg [14], these functions exist only for m ≤ n/2. The construction methods
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of vectorial bent functions can be divided into two classes: primary (building functions from
scratch) and secondary (building functions using known vectorial bent functions) constructions.
For some known constructions (primary and secondary), see [4, 6, 8, 11, 12, 13, 15, 20].

Pott et al. [16] have proved that (n, n)-functions, n = 2m, can have at most 2n − 2m bent
components, and those that posses the maximum number of bent components can give rise
to new vectorial bent functions of maximal dimension. In the follow up work Mesnager et al.
[10] generalized this approach and identified a larger family of functions having 2n − 2m bent
components. In [21], the authors extend this to general (n,m)-functions, m ≥ n/2, and prove
that they can have at most 2m − 2m−

n
2 bent components which can be used to specify new

vectorial bent functions.
In 2017, Tang et al. [18] proposed a secondary construction of bent functions of the form

f(x) = g(x) + h(Trn1 (u1x), . . . , T rn1 (utx)), where n = 2m, g is any known bent function in
Bn satisfying some conditions, h(X1, . . . , Xt) is an arbitrary polynomial in F2[X1, . . . , Xt], t is
a positive integer such that 1 ≤ t ≤ m, and u1, . . . , ut are t nonzero elements in F2n which
satisfy some conditions. Using this construction, several new infinite families of bent functions
from specific classes of bent functions (Kasami functions, Niho functions, Gold-like monomial
functions, Maiorana-McFarland class) were obtained.

This result has been extended in a recent paper by Zheng et. al [22] to construct vectorial
bent functions. Let n = 2m and let k be its positive divisor such that k ≤ m. The authors
[22] proposed a method of constructing vectorial bent (n, k)-functions of the form F (x) =
G(x) + h(x), where G is a vectorial bent (n, k)-function satisfying certain properties and h
is a Boolean function. Using this approach the authors in [22] constructed three new infinite
families of vectorial bent (n, k)-functions, as well as new infinite families of vectorial plateaued
(n, k + t)-functions (t nonegative integer) having maximal number of bent components.

In this paper we extend the result of Zheng et al. [22] for the purpose of constructing new
vectorial bent (n,m)-functions, n = 2m and t|m, of the form

F (x) = G(x) + H(x), (1)

where G is a suitable vectorial bent (n,m)-function and H is an (n, t)-function. More precisely,
the assumption on G is that the duals of its components Gλ(x) = Trm1 (λF (x)) satisfy certain
forms of linearity so that G∗λ

(
x+

∑t
i=1 uiwi

)
= G∗λ(x) +

∑t
i=1wigi(x) for all x ∈ F2n and

(w1, . . . , wt) ∈ Ft2, where G∗λ denotes the dual bent function of Gλ. Most notably, specifying
H(x) = h(Trn1 (u1x), . . . , T rn1 (utx)), the function h : Ft2 → F2t can be chosen arbitrarily which
gives a relatively large class of different functions for a fixed function G. It is also proved
that the vectorial bentness of F (x) = G(x) + H(x) requires that H is not bent. We identify
several suitable classes of vectorial bent functions G (satisfying the above mentioned property)
which then give rise to infinite families of vectorial bent functions for any fixed G. We also
consider the EA-equivalence between the newly constructed function F and G (since in the
case of vectorial bent functions CCZ-equivalence coincides with EA-equivalence, see [1]). An
immediate consequence of the result that H cannot be bent, is that G and H must be EA-
inequivalent. Furthermore, one can easily conclude that assuming deg(H) > deg(G) implies
that F and G are EA-inequivalent. Nevertheless, more general results related to the EA-
equivalence between F and G are not easy to establish, see questions Q1 and Q2 in Section 3.
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Finally, we propose a method of constructing vectorial (n, n)-functions having maximal number
of bent components using a similar design rationale as above, thus representing F (x) = G(x)+
H′(x). This additionally enlarges the known families of such functions, already identified in
[16, 10, 21]. Even in this case, representing H′(x) = γh(Trn1 (u1x), . . . , T rn1 (utx)), γ ∈ F2n\F2m ,
there are no conditions on h : Ft2 → F2t which can be taken arbitrary.

The rest of this article is organised as follows. In Section 2 we give some basic definitions
and notation used throughout the paper. Our main construction of vectorial bent functions,
along with an analysis on EA-equivalence, is presented in Section 3. Some new infinite families
of vectorial bent functions are derived in Section 4. In Section 5, we propose a new method
of specifying infinite classes of vectorial (n, n) functions having maximum number of bent
components. Some concluding remarks are given in section 6.

2 Preliminaries

With #S we denote the cardinality of a finite set S. The vector space Fn2 is the space of
all n-tuples (x1, . . . , xn), where xi ∈ F2. With F2n we denote the finite field of order 2n and
with F2n∗ the multiplicative cyclic group consisting of 2n − 1 elements. For convenience, we
will sometimes identify the vector space Fn2 with F2n . A polynomial F (x) ∈ F2n [x] is called a
permutation polynomial if the induced mapping x 7→ F (x) is a permutation over F2n . Functions
mapping from F2n → F2m are called (n,m)-functions. Specially, we will refer to (n, n)-functions
as S-boxes and to (n, 1)-functions as Boolean functions.

Moreover, any S-box F : F2n → F2n can be uniquely expressed by a univariate polynomial
of (univariate) degree at most 2n − 1:

F (x) =
2n−1∑
i=0

aix
i, ai ∈ F2n . (2)

For the 2-adic expansion i = i0 + i12 + i22
2 + . . . in−12

n−1, the algebraic degree of F is defined
as

deg(F ) = max{wt(i) : ai 6= 0, 0 ≤ i < 2n},

where wt(i) is the Hamming weight of i = (i0, i1, . . . , in−1) (the number of nonzero coefficients
ij , j = 0, . . . , n− 1).

For x ∈ F2n the trace Trnk (x) : F2n → F2k of x over F2k , k is a divisor of n, is defined by

Trnk (x) = x+ x2
k

+ . . .+ x2
k(n/k−1)

.

If k = 1, then Trn1 is called the absolute trace. The Walsh-Hadamard transform (respectively
inverse Walsh-Hadamard transform) of a Boolean function f on F2n at a point u ∈ F2n is
defined by

Wf (u) =
∑
x∈F2n

(−1)f(x)+Tr
n
1 (ux), (3)
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respectively,

(−1)f(u) =
∑
x∈F2n

Wf (x)(−1)Tr
n
1 (ux). (4)

If Wf (u) = ±2
n
2 for all u ∈ F2n , we say that f is a bent function. In case Wf (u) ∈ {0,±2

n+s
2 }

for all u ∈ F2n , we say that f is s-plateaued. It is clear that bent Boolean functions exist only
in even dimension. When a Boolean function f is bent, the Boolean function f∗ such that
Wf (u) = 2

n
2 (−1)f∗(u) for any u ∈ F2n is also bent and is called the dual of f .

If we identify F2n with Fn2 , for the multivariate representation of f over Fn2 , the Walsh-
Hadamard transform of f at a point w = (w1, . . . , wn) ∈ Fn2 is

Wf (w1, . . . , wn) =
∑

(x1,...,xn)∈Fn2

(−1)f(x1,...,xn)+
∑n
i=1 wixi . (5)

For an (n,m)-function F = (f1, . . . , fm), where f1 . . . , fm : F2n → F2 are the coordinate
functions of F , all the 2m − 1 nonzero linear combinations of the coordinates fi are called
component functions of F , i.e. the functions Fλ(x) = Trm1 (λF (x)), λ ∈ F2m∗ . The function
WF : F2n × F2m∗ → R defined by

WF (λ, u) := WFλ(u) =
∑
x∈F2n

(−1)Tr
m
1 (λF (x))+Trn1 (ux), u ∈ F2n , λ ∈ F2n∗ ,

is called the Walsh-Hadamard transform of the function F . The function F is said to be a bent
vectorial function of dimension m if all the components of F are bent. These functions exist
only for m ≤ n/2.

Two (n,m)-functions F and G are called extended affine equivalent (EA-equivalent) if there
exist some affine permutation L1 over F2n , some affine permutation L2 over F2m and some affine
function A : F2n → F2m such that F = L2◦G◦L1+A. They are called Carlet-Charpin-Zinoviev
equivalent (CCZ-equivalent) (introduced in [3] and later named CCZ-equivalence in [2]) if there
exists some affine automorphism L = (L1, L2) of F2n × F2m , where L1 : F2n × F2m → F2n and
L2 : F2n × F2m → F2m are affine functions, such that y = G(x) if and only if L2(x, y) =
F ◦ L1(x, y). It is well known that EA-equivalence is a special case of CCZ-equivalence [2].

3 Generic construction of vectorial bent functions

Motivated by the results in [18] and [22], we give the following construction of vectorial Boolean
functions.

Remark 1 Throughout the paper, with G∗λ we will denote the dual of the bent component Gλ,
λ ∈ F2m∗ , of a bent (n,m)-function G, n = 2m.

Construction 1 Let u1, . . . , ut be t linearly independent elements in F2n∗ , where n = 2m
and t|m. Let G : F2n → F2m be any vectorial bent function whose components Gλ(x) =
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Trm1 (λF (x)), with λ ∈ F2m∗ , satisfy

G∗λ

(
x+

t∑
i=1

uiwi

)
= G∗λ(x) +

t∑
i=1

wigi(x) (6)

for all x ∈ F2n and (w1, . . . , wt) ∈ Ft2, where gi(x) is a Boolean function from F2n to F2,
1 ≤ i ≤ t. Let h(X1, . . . , Xt) be any vectorial Boolean Function from Ft2 to F2t. Define
F : F2n → F2m, using G and h, as

F (x) = G(x) + H(x), (7)

where H : F2n → F2t is defined by H(x) = h(Trn1 (u1x), . . . , T rn1 (utx)). Equivalently, if h is
defined using the finite field notation so that h : F2t → F2t, then define

F (x) = G(x) + H(x) = G(x) + h(Trn1 (u1x) + αTrn1 (u2x) + . . .+ αt−1Trn1 (utx)), (8)

where α is a primitive element of F2t.

Example 1 Let us consider the Kasami function G : F28 → F24 defined with G(x) = x2
4+1. It

is well known that the components of G are bent whose duals G∗λ satisfy (6) [7, 18]. We note
that (28− 1)/(24− 1) = 17 and thus F24 = 〈α17〉, where α is a root of the primitive polynomial
p(x) = x8 + x4 + x3 + x2 + 1 ∈ F28 [x].

As suggested in [22], let us define U = {x ∈ F28 : x · x24 = 1} and assume that {τ1, . . . , τ4}
is a basis of F24. The so-called defining set, introduced in [22] required in (6), is S =
{τ1v, . . . , τ4v}, where v ∈ U, v 6= 1.

For example, we can take

S = {u1, . . . , u4} = {α5 + α2 + α, α7 + α4 + α3 + α2 + 1, α7 + α3 + α2, α6 + α5 + 1}.

Let h : F24 → F24 be defined with h(x) = x3. Then

F (x) = G(x) + H(x) = x17 + (Tr81(u1x) + βTr81(u2x) + . . .+ β2Tr81(u3x) + β3Tr81(u4x))3,

where β = α17.
Using the mathematical software Sage and MAGMA, we confirm that F is a bent (8, 4)-

function and it is CCZ-inequivalent to G and H.

In connection to Construction 1 and Example 1, we state the following theorem.

Theorem 1 Let F be a function generated by Construction 1. Then, F is a vectorial bent
(n,m)-function, and the dual of F is

F ∗(x) = G∗(x) + H̃(x),

where H̃(x) = h(g1(x), . . . , gt(x)).
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Proof. Let λ ∈ F2m∗ be arbitrary. Let us consider the component Gλ and let hλ : Ft2 → F2

be defined with hλ = Trm1 (λh). From the inverse Walsh-Hadamard transform we have that

(−1)hλ(X1,...,Xt) =
∑

(w1,...,wt)∈Ft2

Whλ(w1, . . . , wt)(−1)
∑t
i=1 wiXi . (9)

For any x ∈ F2n and 1 ≤ i ≤ t ≤ m, taking Xi = Trn1 (uix) we obtain

(−1)hλ(Tr
n
1 (u1x),...,T r

n
1 (utx)) =

∑
(w1,...,wt)∈Ft2

Whλ(w1, . . . , wt)(−1)Tr
n
1 ((

∑t
i=1 wiui)x). (10)

Multiplying both sides of equation (10) by (−1)Gλ(x)+Tr
n
1 (βx), we have

(−1)Gλ(x)+Hλ(x)+Tr
n
1 (βx) =

∑
(w1,...,wt)∈Ft2

Whλ(w1, . . . , wt)(−1)Gλ(x)+Tr
n
1 ((β+

∑t
i=1 wiui)x).

By summing the previous expression on both sides over all x ∈ F2n and from the fact that G
is vectorial bent, we obtain that

WFλ(β) =
∑

(w1,...,wt)∈Ft2

Whλ(w1, . . . , wt)WGλ(β +

t∑
i=1

uiwi)

= 2m
∑

(w1,...,wt)∈Ft2

Whλ(w1, . . . , wt)(−1)G
∗
λ(β+

∑t
i=1 uiwi). (11)

It follows from (6) and (11) that

WFλ(β) = 2m(−1)G
∗
λ(β)

∑
(w1,...,wt)∈Ft2

Whλ(w1, . . . , wt)(−1)
∑t
i=1 wigi(β).

The sum on the right corresponds to the inverse Walsh-Hadamard transform and thus we
have

WFλ(β) = 2m(−1)G
∗
λ(β)+hλ(g1(β),g2(β),...,gt(β)) = 2m(−1)(G

∗(β)+H̃(β))λ .

Since λ ∈ F2m∗ and β ∈ F2n are arbitrary, we have that F is vectorial bent and F ∗(x) =
G∗(x) + H̃(x).

Remark 2 If we have a function f : X → Y , then the number of possible functions f equals to
#Y #X . Thus, since h is a (t, t)-function, there are 2t2

t
possible choices for h. Hence, we can

construct at most 2t2
t

bent (n,m)-functions F from a fixed bent function G and an arbitrary
function h. For example, in case n = 8 and m = t = 4, we have 264 possibilities.

The following lemma is a straightforward consequence of linearity of mapping L : F2n → Ft2,
where x 7→ (Trn1 (u1x), . . . , T rn1 (utx)) and u1, . . . , ut ∈ F2t are linearly independent over F2.
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Lemma 1 Let u1, . . . , ut be t linearly independent elements in F2t∗ , n = 2m, t|m. Then the
multiset

V = {(Trn1 (u1x), . . . , T rn1 (utx)) : x ∈ F2n} (12)

contains exactly 2n−t copies of every element of Ft2.

It is interesting to notice that H in Construction 1 cannot be bent as shown below.

Proposition 1 Let u1, . . . , um be m linearly independent elements in F2n∗ , where n = 2m.
The function H : F2n → F2m defined by

H(x) = h(Trn1 (u1x), . . . , T rn1 (umx)),

where h : Fm2 → F2m is arbitrary, cannot be bent.

Proof. Let λ ∈ F2m∗ be arbitrary. Let us consider the value of WHλ
(0).

WHλ
(0) =

∑
x∈F2n

(−1)Hλ(x) =
∑
x∈F2n

(−1)hλ(Tr
n
1 (u1x),...,T r

m
1 (umx))

(12)
= 2n−m

∑
X∈Fm2

(−1)hλ(X) = 2m ·Whλ(0)

Since Whλ(0) 6= ±1, it follows that WHλ
(0) 6= ±2m. Hence, Hλ cannot be bent. Thus, no

components of H are bent Boolean functions.

Remark 3 From [18, Lemma 2.1] we know that if u1, . . . , ut ∈ F2n∗ are linearly independent
and f ∈ F2[X1, . . . , Xt] is a reduced polynmial of algebraic degree d, then f(Trn1 (u1x), . . . , T rn1 (utx))
is also of algebraic degree d. Hence, the algebraic degree of H is

deg(H) = max
λ∈F

2t
∗

deg(Hλ)

Remark 4 (CCZ-equivalence) From [1, Theorem 1], CCZ-equivalence between bent (n,m)-
functions coincides with EA-equivalence. Therefore, since H is not bent it follows that the
functions G and H used in Construction 1 are always EA-inequivalent. Moreover, it is inter-
esting to note that the bent function F is obtained by adding a nonlinear non-bent function H
to a bent function G.

Example 2 Let us consider the bent (8, 4)-function G(x) =
∑2r−1

i=1 x(i2
m−r+1)(2m−1)+1 with

m = 4, r = 3. The function G satisfies property (6) with the defining set U = {u1, . . . , u4},
where U forms a basis of F24 over F. We note that deg(G) = 4. Let us consider the functions
h2,h3,h4 : F24 → F24 defined with

h2(X) = X3;

h3(X) = X3 +X13;
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h4(X) = X3 +X13 +X15.

We note that deg(hi) = i, for i = 2, 3, 4. Let Fi be the bent (8, 4)-function obtained from
Construction 1 via G and hi. Using Sage and MAGMA we confirm that deg(Fi) = 4. Fur-
thermore, when considering the EA-equivalence between the functions we observe that Fi and
G are EA-inequivalent, for i = 2, 3, 4. Moreover, the functions F2 and F4, F3 and F4 are
EA-inequivalent, whereas F2 and F3 are EA-equivalent.

The following result is a direct consequence of the fact that the algebraic degree is an
EA-invariant.

Proposition 2 With the same notation as in Construction 1, let F be a bent (n,m)-function
constructed from G and H. If deg(H) > deg(G), then F and G are EA-inequivalent.

Proof. Follows directly from

deg(F ) = max{deg(H),deg(G)} = deg(H) > deg(G)

and the fact that the algebraic degree is invariant under EA-equivalence.

Another interesting question can be formulated as follows. Suppose that F and G were
EA-inequivalent, then there would exist affine permutations L1, L2 on F2n ,F2m , respectively,
and an affine mapping A : F2n → F2m such that G(x) = L2(F (L1(x))+A(x). Since F = G+H,
we can rewrite the previous equation as

G(x) + L2(G(L1(x)) = E2(H(L1(x)) +A(x), (13)

where E2 is the linear part of the affine permutation L2. The right-hand expression is obviously
in the EA-class of H and since by Proposition 1 the function H cannot be bent, we deduce that
the function on the left-hand side is not bent either. We notice that G(x) + L2(G(L1(x)) is
the sum of two vectorial bent functions lying in the same EA-class. Generally, it is not known
if a set S of bent functions is closed under addition, and thus we cannot say anything about
the bentness of G(x) +L2(G(L1(x)), where S represents the EA-equivalence class of G. If the
sum is bent, then obviously F and G cannot be EA-equivalent, because of (13) and the fact
that H is not bent. On the other hand, if the sum is not bent we cannot say anything certain
on the EA-equivalence. Thus we leave this question as an open problem.
Q1: What can we say about EA-equivalence between F and G, if F and G have the same
algebraic degree?

Q2: Let Fi be bent (n,m)-functions obtained from Construction 1 via Gi and Hi, for
i = 1, 2. Assuming that deg(F1) = deg(F2), what can we say about the EA-equivalence
between F1 and F2?

From Example 2, we have observed that among the functions F2, F3 and F4, the functions
F2 and F3 were EA-equivalent, whilst the other pairings were EA-inequivalent. Thus, it is
natural to ask, what choice of G or H affects this EA-equivalence.
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4 New infinite families of vectorial bent functions

In [22] the authors constructed several infinite families of vectorial bent functions using certain
vectorial bent functions G which satisfy property (6). The very same functions can be used to
construct new families of vectorial bent functions via Construction 1. In addition, we consider
vectorial bent functions from the Maiorana-McFarland class which were not considered in [22],
but were considered by Tang et al. [18] in the construction of bent Boolean functions.

We summarise some useful results from [22] in the following theorem.

Theorem 2 Let G be one of the following bent vectorial Boolean functions:

(i) G(x) = x2
m+1, n = 2m

(ii) G(x) =
∑2r−1

i=1 x(i2
m−r+1)(2m−1)+1, n = 2m, gcd(r,m) = 1

(iii) G(x) = Trnk (ωx2
m+1), n = 4m, m ≥ 2 and ω is a generator of the cyclic group U =

{x ∈ F22m : x2
m+1 = 1}.

Then G is a bent (n,m)-function which satisfies (6) with the defining set

(i) {u1, . . . , um} ⊂ F2n∗ such that uiu
2m
j ∈ F2m∗ for all 1 ≤ i < j ≤ m;

(ii) {u1, . . . , um} is a basis of F2m over F2;

(iii) {u1, . . . , um} ⊂ F2n∗ such that uiu
2m
j ∈ F2m∗ for all 1 ≤ i < j ≤ m,

respectively.

Theorem 3 Let G(x) be one of the three bent (n,m)-functions in Theorem 2, {u1, . . . , ut}
its corresponding defining set for property (6) and let t be a positive divisor of m. Let
h(X1, . . . , Xt) be any vectorial Boolean function from Ft2 to F2t. Then the function F (x) =
G(x) + H(x), generated by Construction 1, is a bent vectorial (n,m)-function.

Proof. The result is an immediate consequence of Construction 1, Theorem 1 and Theorem
2.

Let us define F : F2m × F2m → F2m with F (x, y) = xπ(y) + g(y), where π : F2m → F2m

is a permutation and g : F2m → F2m is an arbitrary function. A function defined in such a
way belongs to the class of vectorial bent Maiorana-McFarland functions. Let λ ∈ F2m∗ be
arbitrary, we then have the component Fλ(x, y) = Trm1 (λxπ(y) + λg(y)). Its corresponding
dual is defined with (see [5]):

F ∗λ (x, y) = Trm1
(
yπ−1(x/λ) + λg(π−1(x/λ)

)
,

where π−1 is the inverse permutation of π. Motivated by [18, Section E], we will consider two
subclasses of the vectorial Maiorana-McFarland class which satisfy property (6).

Following the methodology in [18], we note that (6) can be written in bivariate form as
follows:
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G∗λ

(
x+

t∑
i=1

αiwi, y +
t∑
i=1

βiwi

)
= G∗λ(x, y) +

t∑
i=1

wigi(αi, βi) (14)

for all (x, y) ∈ F2m × F2m and (w1, . . . , wt) ∈ Ft2, where ui = (αi, βi) ∈ F2m × F2m and gi is a
Boolean function from F2m × F2m to F2, 1 ≤ i ≤ t.

Since each linear function from F2m × F2m to F2 can be written as Trm1 (ux + vy), where
(u, v) ∈ F2m × F2m , the vectorial Boolean function in (7) by Construction 1 can be rewritten
as:

F (x, y) = G(x, y) + h (Trm1 (αix+ βiy), . . . , T rm1 (αtx+ βty)) . (15)

Lemma 2 Let u1, . . . , ut be any t linearly independent elements in F2n∗ , where 1 ≤ t ≤ m.
Write ui = (αi, βi) ∈ F2m × F2m. Let G(x, y) = yπ(x), where π is a linear permutation over
F2m. If Trm1

(
βiπ
−1 (αj

λ

)
+ βjπ

−1 (αi
λ

))
= 0 for each 1 ≤ i < j ≤ t and λ ∈ F2m∗ , then the

dual component G∗λ satisfies (6) with

gi(x, y) = Trm1

(
yπ−1

(αi
λ

)
+ βiπ

−1
(x
λ

)
+ βiπ

(αi
λ

))
. (16)

Proof. It follows from (6) and the fact that π is linear that

G∗λ

(
x+

t∑
i=1

wiαi, y +

t∑
i=1

wiβi

)
= Trm1

((
y +

t∑
i=1

wiβi

)
π−1

(
x

λ
+

t∑
i=1

wi
αi

λ

))

= G∗λ(x, y) +
t∑
i=1

wiTr
m
1

(
yπ−1

(αi
λ

)
+ βiπ

−1
(x
λ

))
+

+

t∑
i=1

Trm1

(
w2
i βiπ

(αi
λ

))
+

∑
1≤i<j≤t

wiwjTr
m
1

(
βiπ
−1
(αj
λ

)
+ βjπ

−1
(αi
λ

))

= G∗λ(x, y) +
t∑
i=1

wiTr
m
1

(
yπ−1

(αi
λ

)
+ βiπ

−1
(x
λ

)
+ βiπ

(αi
λ

))
+

+
∑

1≤i<j≤t
wiwjTr

m
1

(
βiπ
−1
(αj
λ

)
+ βjπ

−1
(αi
λ

))

= G∗λ(x, y) +
t∑
i=1

wigi(x, y) +
∑

1≤i<j≤t
wiwjTr

m
1

(
βiπ
−1
(αj
λ

)
+ βjπ

−1
(αi
λ

))
,

where gi is defined by (16). The conclusion follows from the assumption that

Trm1

(
βiπ
−1
(αj
λ

)
+ βjπ

−1
(αi
λ

))
= 0,

for each 1 ≤ i < j ≤ t and λ ∈ F2m∗ .

The following result is an immediate consequence of Lemma 2.
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Corollary 1 Let α1, . . . , αt be any t linearly independent elements in F2m∗ , 1 ≤ t ≤ m. Write
ui = (αi, 0). Let G(x, y) = yπ(x), where π is a linear permutation over F2m. Then the dual
component G∗λ satisfies (6) with

gi(x, y) = Trm1

(
yπ−1

(αi
λ

))
, (17)

for any λ ∈ F2m∗ .

The use of of non-quadratic vectorial bent functions in the Maiorana-McFarland class in
Construction 1 is given below.

Proposition 3 Let s be a positive divisor of m such that m/s is odd. Let ui = (αi, βi) ∈
F2s×F2s be any t linearly independent elements, where 1 ≤ t ≤ m. Let G(x, y) = xπ(y), where
π(y) = ayd for a positive integer d such that d(2s + 1) ≡ 1 (mod 2m − 1) and a ∈ F2m∗ . If
αiβj + αjβi = 0 and Trm1 (βiα

2
j + βjα

2
i ) = 0 for any 1 ≤ i < j ≤ t and λ ∈ F2m∗ , then the dual

component G∗λ satisfies (6) with

gi(x, y) = Trm1

(
y

(aλ)2s+1

(
α2
i + αix+ αix

2s
)

+
1

(aλ)2s+1

(
βiαix+ βiαix

2s + βiα
2
i

))
(18)

Proof. Since π−1(x) = x2
s+1, we have that G∗λ(x, y) = Trm1

(
y
(
x
λ

)2s+1
)

. It follows from (6)

and the fact that α2s
i = αi, β

2s
i = βi, that

G∗λ

(
x+

t∑
i=1

wiαi, y +

t∑
i=1

wiβi

)
= Trm1

(y + t∑
i=1

wiβi

)(
x

aλ
+

t∑
i=1

wi
αi

aλ

)2s+1


= Trm1

(y + t∑
i=1

wiβi

)(
x

aλ
+

t∑
i=1

wi
αi

aλ

)2s (
x

aλ
+

t∑
i=1

wi
αi

aλ

)
= Trm1

(
y
( x
aλ

)2s+1
+ y

x

aλ

t∑
i=1

wi

(αi
aλ

)2s
+ y

( x
aλ

)2s t∑
i=1

wi
αi

aλ
+ y

t∑
i=1

wi

(αi
aλ

)2s+1

+

t∑
i=1

wiβi

( x
aλ

)2s+1
+

t∑
i=1

wiβi
x

aλ

t∑
j=1

wj

(αj
aλ

)2s
+

t∑
i=1

wiβi

( x
aλ

)2s t∑
j=1

wj
αj

aλ

+

t∑
i=1

wiβi

(αi
aλ

)2s+1
)

= G∗λ(x, y) +
t∑
i=1

wiTr
m
1

(
y

(aλ)2s+1

(
α2
i + αix+ αix

2s
))

+

+

t∑
i=1

t∑
j=1

wiwjTr
m
1

(
1

(aλ)2s+1

(
βiαjx+ βiαjx

2s + βiα
2
j

))

= G∗λ(x, y) +
t∑
i=1

wiTr
m
1

(
y

(aλ)2s+1

(
α2
i + αix+ αix

2s
))

+

+

t∑
i=1

wiTr
m
1

(
1

(aλ)2s+1

(
βiαix+ βiαix

2s + βiα
2
i

))
+

∑
1≤i<j≤t

Trm1

(
(x2

s
+ x)(βiαj + βjαi) + βiα

2
j + βjα

2
i

)

= G∗λ(x, y) +
t∑
i=1

wigi(x, y) +
∑

1≤i<j≤t
Trm1

(
(x2

s
+ x)(βiαj + βjαi) + βiα

2
j + βjα

2
i

)
,
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where gi is defined by (18). The conclusion follows immediately from the assumption that
αiβj + αjβi = 0 and Trm1 (βiα

2
j + βjα

2
i ) = 0.

Corollary 2 Let s be a positive divisor of m such that m/s is odd. Let α1, . . . , αt be any t
linearly independent elements in F2s∗ , 1 ≤ t ≤ m. Write ui = (αi, 0). Let G(x, y) = xπ(y),
where π(y) = ayd for a positive integer d such that d(2s + 1) ≡ 1 (mod 2m − 1) and a ∈ F2m∗ .
Then the dual component G∗λ satisfies (6) with

gi(x, y) = Trm1

(
y

(aλ)2s+1

(
α2
i + αix+ αix

2s
))

(19)

Theorem 4 Let α1, . . . , αt be any t linearly independent elements in F2m∗ , t|m. Let G(x, y) =
yπ(x), where π is a linear permutation over F2m, and let h be any vectorial Boolean function
from Ft2 to F2t. Then the function

F (x, y) = yπ(x) + h(Trm1 (α1x), . . . , T rm1 (αtx)),

generated by Construction 1, is a bent vectorial Boolean function.

Proof. The result follows immediately from Theorem 1 and Corollary 1.

Example 3 Let G : F24 × F24 → F24 be defined with G(x, y) = xy. Let U = {1, β, β2, β3},
where β = α17, α is a root of the primitive polynomial p(x) = x8 + x4 + x3 + x2 + 1 ∈ F28 [x].
Let h : F24 → F24 be defined with h(X) = X3. From Theorem 4, the function

F (x, y) = xy +
(
Trm1 (x) + βTrm1 (βx) + β2Trm1 (β2x) + β3Trm1 (β3x)

)3
is a quadratic bent (8, 4)-function EA-inequivalent to G.

Theorem 5 Let s be a positive divisor of m such that m/s is odd. Let α1, . . . , αt be any t
linearly independent elements in F2s∗ , t|m. Let G(x, y) = xπ(y), where π(y) = ayd for a
positive integer d such that d(2s+1) ≡ 1 (mod 2m−1) and a ∈ F2m∗ , and let h be any vectorial
Boolean function from Ft2 to F2t. Then the function

F (x, y) = axyd + h(Trm1 (α1x), . . . , T rm1 (αtx)),

generated by Construction 1, is a bent vectorial Boolean function.

Proof. The result follows immediately from Theorem 1 and Corollary 2.
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5 New families of (n, n)-functions with maximal number of bent
components

In 2018 Pott et al. [16] proved that an (n, n)-function, n = 2m, can have at most 2n−2m bent
components.

A new infinite class of bent (n,m)-functions of the form

F iα(x) = Trnm(αx2
i
(x+ x2

k
)),

where α ∈ F2n \ F2n . Later, Mesnager et al. [10] presented a class of (n, n)-functions with
maximal number of bent components CCZ-inequivalent to F iα and this topic was also treated
by Zheng et al. [22].

A generic method of generating new vectorial plateaued (n,m+ t)-functions with maximal
number of bent components, where n = 2m and t > 1, was given in [22]. More precisely,
given a bent (n,m)-function G, under certain conditions, the (n,m + t)-function T1(x) =
(G(x), f1(x), . . . , ft(x)) is vectorial plateaued if and only if the (n, t)-function (f1(x), . . . , ft(x))
is vectorial plateaued. For certain choices of the bent functions G, it was shown that T1 has
the maximal number of bent components. In the same article, they also show that the (n, n)-
functions T2 = (G(x), T rn1 (u1x), T rn1 (u1x)Trn1 (u2x), . . . ,

∏m
i=1 Tr

n
1 (uix)), under additional con-

ditions and certain choices of the bent (n,m)-function G, also have the maximal number of
bent components.

In the rest of this section, we present a new method to construct (n, n)-functions with max-
imal number of bent components. We note that the functions T1 and T2 above are constructed
by extending a bent (n,m)-function G through addition of suitably chosen coordinates, whereas
in our method we are summing a bent (n,m)-function G and some (n, n)-function H′.

Construction 2 Let u1, . . . , ut be t linearly independent elements in F2n∗ , where n = 2m and
t|m. Let G : F2n → F2m be any vectorial bent function whose components Gλ, λ ∈ F2m∗ , satisfy
property (6). Let h(X1, . . . , Xt) be any vectorial Boolean Function from Ft2 to F2t. Generate a
vectorial Boolean function F : F2n → F2n from G and h as follows

F (x) = G(x) + H′(x), (20)

where H′ : F2n → F2n is defined as H′(x) = γh(Trn1 (u1x), . . . , T rn1 (utx)), where γ ∈ F2n \F2m.
Equivalently, if h is defined using finite field notation,

F (x) = G(x) + H′(x) = G(x) + γh(Trn1 (u1x) + αTrn1 (u2x) + · · ·+ αt−1Trn1 (utx)), (21)

where α is a primitive element of F2t.

Theorem 6 Let F be an (n, n)-function generated by Construction 2. Then F has 2n − 2m

bent components.

Proof. Let G(x) = (f1(x), . . . , fm(x)), where f1, . . . , fm : F2n → F2 are the coordinates of G.
Without loss of generality, we can extendG to an (n, n)-function withG(x) = (f1, . . . , fm, 0, . . . , 0).
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For λ ∈ F2n∗ we have that Gλ is not bent if and only if Trn1 (λG(x)) = 0. This holds, if λ /∈ F2m∗ .
Hence, the number of bent components is 2n − 1− (2m − 1) = 2n − 2m. Let λ ∈ F2n such that
Gλ is bent. We have that

Fλ(x) = Gλ(x) + Trn1 (λH′(x))

is also bent, by the result of Tang et al. and the fact that Trn1 (λH′) is a Boolean function.
The number of bent components of F equals to the number of bent components of G, which
is 2n − 2m. Hence F is an (n, n)-function with maximal number of bent components.

Theorem 7 Let G(x) be one of the bent (n,m)-functions in Theorem 1, 4 or 5 and let
{u1, . . . , ut} (with t|m) be its corresponding defining set for the property (6). Let h(X1, . . . , Xt)
be any vectorial Boolean function from Ft2 to F2t. Then the function F (x) = G(x) + H′(x),
generated by Construction 2, is an (n, n)-function with maximal number of bent components.

Proof. The result follows immediately from Theorem 6 and Construction 2.

6 Concluding remarks

In this paper we have proposed a generic method to construct vectorial bent (n,m)-functions
and several infinite families of vectorial bent functions from the Kasami, Niho, Gold-like mono-
mials and bent vectorial Maiorana-McFarland functions were obtained. By modifying the
method, we were also able to give a generic construction for (n, n)-functions with maximal
number of bent components. An important question, which has not been answered in this ar-
ticle, is whether these vectorial bent functions are embedded in the known primary classes or
alternatively suitable choices of G and H may provide us with functions that are not included
in the known primary classes.
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