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ABSTRACT. Semi-regular sequences over Fy are sequences of homoge-
neous elements of the algebra B™ = F, [X1,..., Xu]/(XE, ..., X2), which
have as few relations between them as possible. It is believed that most
such systems are Fa-semi-regular and this property has important con-
sequences for understanding the complexity of Grobner basis algorithms
such as F4 and F'5 for solving such systems. In fact even in one of the
simplest and most important cases, that of quadratic sequences of length
n in n variables, the question of the existence of semi-regular sequences
for all n remains open. In this paper we present a new framework for the
concept of Fa-semi-regularity which we hope will allow the use of ideas
and machinery from homological algebra to be applied to this interest-
ing and important open question. First we introduce an analog of the
Koszul complex and show that Fa-semi-regularity can be characterized
by the exactness of this complex. We show how the well known formula
for the Hilbert series of a F2-semi-regular sequence can be deduced from
the Koszul complex. Finally we show that the concept of first fall degree
also has a natural description in terms of the Koszul complex.

1. INTRODUCTION

The concept of Fa-semi-regularity was introduced in [1, 2, 3] in order to
assess the complexity of certain Grobner basis algorithms applied to solving
systems of equations over the Galois field Fo. For Fa-semi-regular systems
one can determine explicitly the highest degree of polynomials that will arise
in the application of these Grobner basis algorithms and this information
enables one to predict with some accuracy the length of time taken by such
an algorithm to solve a semi-regular system of equations in any given imple-
mentation. Systems of polynomial equations over Fy arise naturally in many
diverse settings but in particular they have arisen recently in cryptography
with respect to the analysis of the Hidden Field Equations cryptosystems
and to the solution of the discrete logarithm problem. Classical regular
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sequences can be characterized by the exactness of the associated Koszul
complex. In this article we introduce an analog of the Koszul complex and
show that Fo-semi-regularity can be characterized by the exactness of this
complex.

Consider a system of polynomial equations over o

pl(Xla-- . ,Xn) =0
pQ(Xl,.. . ,Xn) =0

Pm(X1,..., X)) =0

where p;(X1,...,X,) € Fa[X1,...,X,]. Since as functions X? = X;, we
may effectively view the polynomials p; as being elements of the algebra
of functions from F} — Fs which is the ring A = Fo[X1,..., X,]/(X? +
X1,...,X2+ X,,). Denote the image of X; in this ring by x;. We can then
reduce this system to one of the form p;(z1,...,x,) = 0 where the p; are
written in terms of the standard basis of monomials z;, - - - x;,. A Grobner
basis algorithm with respect to a degree-ordering requires the finding of
non-trivial combinations of the p; which are of smaller degree. Thus, heuris-
tically, the worst case scenario is when such non-trivial combinations do
not occur until the highest degree possible. Since we only need to consider
the highest degree terms to observe such behavior it suffices to work in the
associated graded ring Fo[X1, ..., X,]/(X3,..., X2).

In slightly more generality, we will work in the framework of the graded
ring

R=K[Xy,...,X,]/(X?,...,X3?)

where K is a field of characteristic two. We actually study the more general
concept of bounded Fo-regularity. If M is a graded R-module, then for any
d € Z, we define the degree-shifted module M (d) to be the graded R-module
M with grading M(d); := M;4q. For D € Z we set M<p := @, p M;. We
say a homogeneous element \ of degree d > 0 is Fao-reqular up to degree D
on M if for all ¢ < D the graded map

(M/AM)(=d); 2 M,
given by multiplication by A is injective. Notice that this map is well-defined
since A\? = 0. We say a sequence A1, ..., \,, of homogeneous elements is Fo-
regular up to degree D on M if for all ¢ = 1,...,m, A; is Fo-regular up to
degree D on M/(A1,..., N\i—1)M.
In the case M = R the definition can be restated saying that a sequence

AL, .-y Am of homogeneous elements of R of positive degrees is Fao-regular
up to degree D if for all : = 1,2,...,m, if u is homogeneous and

pAi € (A1, Aim1)  and  deg(u) + deg(A;) < D

then p € (A1,...,Ai—1,A;). This is the form in which the concept of Fo-
semi-regularity was originally given in [2].
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This notion is a characteristic 2 analog of the notion of bounded regularity
studied by Diem in [4]. In [4], Diem gave a characterization of bounded
regularity in terms of the vanishing of the first cohomology of the associated
Koszul complex. In this article we give an analogous characterization of
bounded Fo-regularity in terms of the first cohomology of an appropriate
analog of the Koszul complex.

Let A € R be a homogeneous element of positive degree. Since A\? = 0 we
have a well-defined complex () given by

K\ :0— R/(\) =25 R — 0.

For a sequence A1, ..., A\, of homogeneous elements of R of positive degree,
we set

KO, Am) = K(M) @ - @ K(Am)

where IC(A\1) ® - - - ® K(A,) is the tensor product of complexes as defined in
[10]. We prove that the following are equivalent:

(1) A1,..., A\p is Fo-regular up to degree D on M
(2) HI(M®IC()‘D .- '7)\m))§D =0
(3) Hi(M @ K(A1,...,Am))<p =0 for all i > 1.

As we noted above this is an analog of a result proved by Diem for bounded
regularity in the polynomial ring S = F[X},..., X,,| over an arbitrary field
F. In this case the corresponding complex is the usual Koszul complex
KM, Am) = K'(A1) @ -+ - @ K'(Ayy,) where K'(X) is the complex 0 —

S8 -—0. In [4], Diem proves the following equivalent characterization
of bounded regularity. Let fi,..., fn € S be a sequence of homogeneous
elements of positive degrees. Then the following are equivalent.

(1) f1,..., fm is regular up to degree D on M
(2) Hl(M & ]C/(fl, ce fm))gD =0
In section 3 we look at some consequences of our result. We give a char-

acterization of Fo-semi-regularity in terms of the exactness of the Koszul
complex. We show how the well known formula for the Hilbert series of a
Fy-semi-regular sequence can be deduced from the Koszul complex. Finally
we show that the concept of first fall degree also has a natural description
in terms of the Koszul complex.

2. BOUNDED REGULARITY AND EXACTNESS OF THE K0szuL COMPLEX

In the ring R = K[X1,..., X,]/(X2,...,X2), all homogeneous elements
of positive degree satisfy A> = 0 so obviously regularity in the usual sense is
impossible. The natural replacement for this notion is that the kernel of the
multiplication map should be as small as possible, namely (\). However this
is also an unnatural condition since clearly if deg A+deg 1 > n, then pA = 0.
The appropriate analogs of regularity turn out to be bounded Fo-regularity,
where the kernel of the multiplication map is precisely (\) up to a certain
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degree; and Fo-semi-regularity, where A\ is Fo-regular up to the maximum
degree possible. The precise definitions are as follows.

Definition 2.1. Let M be a graded R-module. Let A € R be a homogeneous
element of degree d > 0 and let D be an integer. Then A is Fo-reqular up to
degree D on M if for all ¢ < D the graded map

(M/AM)(~d); = M;

given by multiplication by A is injective. Notice that this map is well-defined
since A2 = 0. More generally, let A1, ..., A, be a sequence of homogeneous
elements of positive degrees di,...,d, and D € Z. Then the sequence is
Fo-reqular up to degree D on M if for all i = 1,...,m, A; is Fo-regular up
to degree D on M/(A1,..., Ai—1)M.

Definition 2.2. For an ideal I C R we define
Ind(I) = min{d > 0| I N Ry = Ry}

A sequence A, ..., Ay, of homogeneous elements of positive degree is said to
be Fa-semi-regular if it is regular up to degree Ind((A1,...,Asn)) — 1 on R.

Our goal in this section is to show that Fo-regularity up to degree D is
equivalent to the exactness of a certain analog of the Koszul complex up to
degree D. We begin by recalling the definition of the tensor product of two
chain complexes [10, 2.7.1].

Definition 2.3. Let S be a commutative ring. Let

aX
Xe: " — X, B X, 01—+
and
(9Y
Yo:- - —Y, >5Y, 1 — -

be two complexes of S-modules. Then we form the complex X, ®g Y, by
setting

(X. XS K)z = @ Xp ®s }fq
p+g=1i
and defining the differential to be 8Z.X®Y D (Xe ®sYe)i — (Xe ®s Ye)io1
given by
aZX®Y($p ® yq) = a;);((xp) ®yq + (—1)Pz, ® 83/(911)-
We can now define our analog of the Koszul complex.
Definition 2.4. Let A € R = K[Xy,..., X,,]/(X?,...,X2), be a homoge-
neous element of positive degree d > 0. We denote by K(\) the complex
K(\):0— R/(\) =5 R — 0.

For a sequence A1, ..., A\, of homogeneous elements of R of positive degree,
we set

KA, Am) = K(A) @ -+ @ K(Am).
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For example, if deg \; = d;, then KC(A1, A2) is the complex

R R R R
where the differential is defined by: if (Z,7) € R/(M)(—d1) ® R/(A2)(—d2)
then 8(?, @) = Mz+ X oy; and if TRY € R/()\l)(—dl —dg)@R/()\g)(—dl —dg)
then (T®7Y) = (A\oTy, \1ZTY). Also, if we define e19 = 1in R/(A1,\2),e1 =1
in R/(A1), and e = 1 in R/(A2), then O(e12) = A2ey + Ajea, d(e1) = A,
8(62) = )\2.
By induction we can check that K(A,...,\;) has the form
00— - - — @ ¢(_di1_"'_dir)_>"'

Nv N
1§i1<---<ir§m( 1 ir)

) ﬁ(—di—dj)a D o5(~di) > R0,

1<i<j<m 1<i<m

is the unity of R/(Ai;, ..., ;) then

—~

where if €;,

T

T

8(ei17---7i7') = E :)\ile’il,...,’z;,...,ir

=1
Notice that Ho(IC(A1,...,A\m)) = R/(A1, ..., Am). More generally, the com-
plex M ® IKC(A1, ..., A\m) has the form

M
1<ip < <ip<m 1 4

o @ moam(Cdi—d) = D pm(—di) > M~ 0,

1<i<j<m 1<i<m
where for [ml;,, i, € (M/(Niy, ..., N, )M)(—=d;; —---—d;,) ([m];,,... i, mean-
ing the class of m € M(—d;;, —--- —d;,) module (\;,,...,\;, )M ) we have

that

r

o[mliy,..i,) = Z[Ailm]il,...,{;,...,ir’

=1

Proposition 2.5. Let A € R be a homogeneous element of positive degree.
C

0,
LetC: - — Cp, — Cph_1 —> -+ be a complex of R-modules. We have
an exact sequence of complezes

0—-C—-CoK\) —C =0
where C' is the complex such that (C'),, = Cp—1/ACp_1 and the differential

s given by
o (@) = 95_,(a)
The homology exact sequence has the form
— Hy(C) — Ho(C®K(N) — Ho(C') =5 H,1(C)
— H, 1(CRK(N) — Hp1(C') — - -

where the connecting map is given by multiplication by .
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Proof. Notice that (C®K(N)), = (CL@R)®(Cr—1®R/(N)), which under the
canonical identifications is C), @ (Cp,—1/ACp—1). Thus the complex C ® k()
is given by

e — Cn D (Cn_l//\Cn_l) — Cn—l &) (Cn_Q/)\Cn_Q) —_— e
—>C1€B(Co/)\C0) — Cyp —0
Let us see that the boundary map is given by
AN (,7) = (5 () + (1) A, 5, (n)

= (95(e) + M, 05_1(n)).

Consider (e ®r') € C,, ® R. Then JEERN) (e@7) =)@ € Ch1 @R,

since K(A) has no module in degree —1. Now, consider (n ®7) € Cphm1 ®
R/(\), then 86?5()‘)(17,?) =0 (n) ®@F + (=1)" 'y ® Ar. Notice that

n
F (@7 € Cpra®R/(N) and (-1)" 'n® \r € C,_1 ® R. Thus, under
the canonical identifications C; ® R with C; and C; ® R/(\) with C;/\C; it
follows that the boundary map in C ® IC(X) takes the required form.

The maps in sequence 0 — C — C ® K(\) — C’ — 0 are the natural maps
e+ (g,0) and (g,n) — n. One verifies easily given the above description of
85®K(’\) that these maps are indeeed morphisms of complexes. The exactness
is clear from the definition of the maps.

By [10, Theorem 1.3.1] we have a long homology exact sequence. Let us
see that the connecting homomorphism in the long exact sequence on homol-
ogy is multiplication by A. Let 77 € C),—1/ACy,—1 such that 7j € Ker(@ﬁl) =
Ker( 9¢_,). Thus, §SEr ™) (0,7) = (0+ An,0) € Cp—1 ® (Cp—2/ACj—2) and
a preimage of this element under the map

Cn—l — Cn—l @ (Cn—Q/ACn—Q)
is An, as required. O

C
LetC:--- — () 8—”) Ch—1 — -+ be acomplex of Z-graded R-modules.
For d € Z, we denote by C(d) the complex obtained from C by degree shift;
ie., (C(d)): = Ci(d).

Lemma 2.6. Let M be a graded R-module. Let \i,..., )\ be a sequence
of homogeneous elements of positive degrees di,...,dy, let D be a natural
number. If Hi(M @ K(A1,..., k))<p = 0 then for all 1 < i < k we have
that H1<M & ,C()\l, ce )\i))SD =0.

Proof. Clearly it is sufficient to prove the result for ¢ = kK — 1. Con-
sider the exact sequence of complexes in Proposition 2.5 where C = M ®
KC(A1, ..., A1) and denote the differentials d°®*X+) and ¢ by o and §
respectively. From the long exact sequence in Proposition 2.5 we have that
the sequence

Hy(C'(=dg)) 2 HI(M @ KA, -, A1) = Hi(M @ KA, -, M)



HOMOLOGICAL CHARACTERIZATION OF BOUNDED Fo-REGULARITY 7

is exact. Thus it is sufficient to prove that
Hy(C'(—dy))<p = 0. (1)
Using standard identifications, the key portion of the complex C’ is
M 3o M 31
————(—d; — d; —(—d; M/ .M
1<i<j<k—1\"1"J 1<i<k—1"""

Let [ be an integer with [ < D and consider

(e | @ G3od-d)

such that ([m;];x) € Ker(d1). Then
Aimale + - 4+ [Me—1mp—1]x =0 € (M/XNM)(—dg);.
Thus, there exits m € M(—2dy); such that
Aty + -+ Ag1mg—1 + Agm = 0 € M (—dg);. (2)

Consider the element

(ot gl o) € | €D o (—dy)
1<i<k I—d,

By (2) we have that o1([m1]1,..., [mr-1]k—1,[m]x) = 0. Since H;(M ®
K(A,-..,Ak))<p = 0, then at level [ — di < D, we have that Ker(oy) =
Im(o2). Therefore there exists

M
(lagli) € | €D W(—dz’ —dj)
1<i<j<k 73 I—d,
such that
o2 ([aijliz) = ([mals -« - [me—1]k—1, [m]g)-
Soforalll <i<k—1 we have
mili = > Deali= Y Ppaipli + Meairls.

1<p<k 1<p<k-1
pF#i pFi

Consider

M
iilig —(—d; —d; — d
(lasjlige) € @ (/\i7)\'7)\k)M( )
1<i<j<k—1 J

Notice that

02 ([aizlije) = ([yiliks - - [Yk—1) (k—1)k),
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where

Wil = > Dotilin = [milix € (M/ (i, \e) M) (—=d; — dy)), -
1<p<k—1
pFi

Therefore, ([m;]ir) = d2(lais)ijr) € Im(d2). Thus we have shown that
Ker(81) = Im(62) at level I — di. Hence Hy(C'(—dy)); = 0, as required. [

The following theorem gives a homological characterization of Fo-regularity
up to degree D on a module M.

Theorem 2.7. Let M be a graded R-module. Let \1, ..., Am be a sequence of
homogeneous elements of positive degrees di, . ..,dp, and let D be a natural
number. Then, A1, ..., Ay 1S is Fo-reqular up to degree D on M if and only
Zf HI(M ® IC()\lv v 7)‘m))§D = 0.

Proof. Let us suppose that Aq,..., Ay, is Fao-regular up to degree D on M.
Let us prove that Hy (M ® K(A1,...,Am))<p = 0 by induction on m. Con-
sider first the case when m = 1. Suppose that A\; is Fo-regular up to degree
D on M. Then, by definition we have that the sequence

0 — (M/MM)(—d1)i 25 M; — 0
is exact for all # < D. Notice that the complex M ® K(\1) is given by

0 — (M/MM)(—di) 2% M — 0.

Thus, Hl(M (= ’C(Al))SD =0.

Now suppose that m > 1. Since A1, ..., Ay is Fo-regular up to degree D
on M then by definition the sequence Ay, ..., A\j,—1 is Fo-regular up to degree
D on M. Consider the complexes C = M @ K(A1,..., Am-1), C R K(Ap) =
M ®@K(M,...,A\m), and C" as in Proposition 2.5. From that proposition we
have that the following sequence is exact

Hl(M (%9 ]C()\l, ce ,)\mfl)) — Hl(M (%9 ]C()\l, ce ,)\m))
— Hi(C'(—dpm)) 22 Ho(M @ K\, - .., Am_1)).
Notice that Ho(M @ K(A1,...,Am—1)) = M/(A1,..., Am—1)M. Now, the

complex C’ is given by

C:0—-— 1<‘§9 IW%(—di)LM/)\mM—)O%O
<i<m—

And by the definition of the differentials of this complex we have that
Hi(C") = M/(M, ..., Am)M. Therefore,

Hy(C'(=dm)) = (M/(A1,. .., Am) M) (—di)
Thus, we have the exact sequence
Hl(M &® IC()\l, S ;)\m—l)) — Hl(M &® IC()\l, C ;)\m))
5 (M/AMy e Am) M) (=d) 22 M /(M- .. A1) M.
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By inductive hypothesis we have Hi(M ® K(A1,...,Am—1))<p = 0. More-
over, since A1, ..., Ay is Fo-regular up to degree D on M, then

(M/ (M- Am) M) (=dm)) < p 2m, (M/(M,- s Am—1)M) <

has trivial kernel. We conclude that Hy (M ® KC(A1,...,A\m))<p = 0.

Conversely, let A1, ..., Ap be a sequence of homogeneous elements of pos-
itive degrees. Suppose that Hy(M ® IC(A1,...,An))<p = 0. By Lemma 2.6
we have that Hi (M @ KC(\1,..., \x))<p =0, forall k =1,...,m. As above,
we have that the sequence

Hi(MOKO, ..., 2)) = (M)A M) M) (—di) 25 M/(Aq, .. A1) M

is exact for all k = 1,...,m. Since Hi(M ® K(A1,..., \g))<p = 0, for all
k=1,...,m, then the kernel of the map

(M) (Mo M) M) (i) <y 255 (MM, M) M) <

is trivial for all k = 1, ..., m. Therefore Ay, ..., Ay, is Fo-regular up to degree
D on M. O

Corollary 2.8. Let M be a graded R-module. Let A\i,..., A € R be a
sequence of homogeneous elements of positive degrees di, ... ,d,, and let D
be a natural number. Then, A1,..., Ay is Fo-regular up to degree D on M
if and only if Ag(1ys- -y Ag(m) 18 Fa-regular up to degree D on M for any
permutation o.

Theorem 2.9. Let M be a graded R-module. Let M1, ..., A be a sequence of
homogeneous elements of positive degrees di, ... ,d,, and let D be a natural

number. Then, \1,..., Ay is Fo-reqular up to degree D on M if and only if
Hi(M®K(A,..., \m))<p =0 for alli > 0.

Proof. The “if” part of the assertion follows a fortiori from Theorem 2.7.
Suppose that the sequence A1, ..., Ay, is Fa-regular up to degree D on M.
We prove by induction on k that H;(M ® K(A1,..., \x))<p =0 for all ¢ > 0
and for all 1 < k < m. Note that the case i = 1 was already proved in
Theorem 2.7 so we only need to prove the the assertion for 7 > 1.

Consider first the case k = 1. By definition, Ay is Fo-regular up to degree
D. The complex M ® k(A1) is just

0 — (M/M\M)(—dy) 25 M — 0.

so it is trivial that H;(M ® K(\1))<p =0 for all ¢ > 1.

Now suppose k > 1. Certainly Ay, ..., g is Fo-regular up to degree D
on M. Consider the complexes C = M @ K(A1,..., p—1), C @ K(A\g) =
M ® K(A1,...,A), and C’ as in Proposition 2.5. From that proposition we
have that the following sequence is exact

Notice that H;(C') = Hi—1(M' @ K(A1,..., \g—1)) where M' = (M /X e M).
By Corollary 2.8 and the definition of Fa-regularity up to degree D we have
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that the sequence A1, ..., A\p_1 is Fo-regular up to degree D on M’. Thus,
by inductive hypothesis H;(C")<p = 0 and so H;(C'(—d;))<p = 0 also. By
induction we also have that H;(M ® K(A1,..., k—1))<p = 0 for all i > 1.
Therefore, H;(M & IC(A1,...,Ax))<p =0 for all ¢ > 1. O

We can summarize these results in the following theorem.

Theorem 2.10. Let M be a non-trivial finitely generated graded R-module.
Let Ai,..., A\m be a sequence of homogeneous elements of positive degrees
di,...,dm, and let D be a natural number. Then the following are equivalent.

(1) A1,..., A\ is Fo-regular up to degree D on M

(2) HH(M @ K(A1,...,Am))<p =0

(3) HZ‘(M(X)’C(AL .. ")\m))SD =0 for alli > 0.
Example 1. Let R = Fo[X1,..., X4]/(X2,...,X3) and let I = (A1, \2) be
the ideal generated by the homogeneous elements Ay = x122 and Ay = z123.
Thus, (A1, A2) is the complex

R (o) R R o1

0— m(—él) — m(—Q) & —(-2) —R—-0

where
A
02 = {)\j ;0= [M A9

Notice that R = @izo Ry, where

dimRy=1, dimR; =4, dimRy=6, dimR3=4, dimRy=1.
Also, we have that Ind(/) = 4. Clearly, for ¢ < 3 we have that

(oo 9), =

Therefore, for ¢ < 3 we have the sequence

s R R o
0= (()\1)( 2) ® ()\2)( 2)>i — R;—0
Since A1, A2 € Ry are linearly independent then Hj(KC(A1, A2))<2 = 0, and
by Theorem 2.10 the sequence A1, Ao is Fa-regular up to degree 2 on R.
However, for the case i = 3, we have that 0(T3,72) = Az3 + Aoza =
Tr12x9x3 + r1x93 = 0. Thus Hl(IC(Al,)\Q))g % 0. By Definition 2.2 and
Theorem 2.10 the sequence A1, A9 is not Fo-semi-reqular .
Now, let J = (A1, A2, A3, A\4) be the ideal generated by the homogeneous
elements A\ = z1x2, Ao = 2123, A\3 = 124 and Ny = zox3 in R. Thus,
IC()\l, )\2, )\3, )\4) is the complex
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where
A A3 N 0 0 O
M0 0 X3 M O
0 )\1 0 )\2 0 )\4 ’
0 0 A 0 X As

Notice that Ind(J) = 3. Clearly, for ¢ < 2 we have that

82: 81: [/\1 Ay A3 )\4]

1<i<j<4

Therefore, for ¢ < 2 we have the sequence

0% | P R o)) 2R S0

1§i§4()\i) ;

Since A1, A2, A3, Ay € Ry are linearly independent then Hy(KC( Ay, ..., \1))<2 =
0, and by Theorem 2.10 and Definition 2.2 the sequence A1, Ao, A3, A4 is
Fo-semi-reqular .

3. CONSEQUENCES

3.1. Semi-regularity. Theorem 2.9 states that a sequence Ay, ..., Ay, is Fo-
regular up to degree D on M if and only if the complex M @ (A1, ..., A\n);
is a “resolution” of the j-th degree component of M for all 0 < 5 < D.
Using this result we can give an interesting alternative characterization of
[Fo-semi-regularity.

Definition 3.1. Let M be a non-trivial finitely generated graded R-module.
We define the index of M to be the smallest ¢ such that M; = 0 for
all j > t. A sequence of homogeneous elements Aq,..., A\, of positive
degrees is said to be Fa-semi-regular on M if it is regular up to degree

Ind(M/(A1,...; Am)M) —1 on M.

Theorem 3.2. Let M be a non-trivial finitely generated graded R-module.
Let Ay, ..., A\m be a sequence of homogeneous elements of positive degree.
Then A1, ..., Am is Fa-semi-reqular on M if and only if

Ho(M@’C()\l, .. .,)\m))j #0 = HZ‘(M(X)’C()\L .. .,)\m))j =0 forallt >0

In other words the sequence is Fo-semi-regular on M if our analog of
the Koszul sequence in degree j is a “resolution” of (M/(A1,..., Am)M); =
Ho(IC(A1, ..., Am); whenever the latter is non-zero.

3.2. Hilbert Series. Regularity of a sequence A1, ..., Ay, up to degree D on
a finitely generated graded module M can be characterized using the Hilbert
series of M/(A1,..., Am)M up to degree D. Recall that the Hilbert series of
a graded module M is the formal series HSp(z) = Y50 (dim M;)27 and
that for a finitely generated module this will be a Laurent polynomial. For
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a formal Laurent series a(z)
D by

It is known [2, 8] that the sequence Ay, ...

on M if and only if

=3 a;2z", we denote its truncation at degree

D .
2)|lp = Z a;z"

HSw(z)

[HS M/, py (2)] = [W} .

Now it is clear that if

0—= Ly — -

is a sequence of finitely generated graded modules that is exact up to degree

D, then

[HSLo(2)lp =) (-

So one would expect the above formula to be deducible directly from the
Koszul complex. We now show this follows from the following identity and

an easy induction.

— Lo — 0

1)'[HSL,(2)]p

=1

Lemma 3.3. Let dy,...,d; be positive integers and let d = dy + ---
Then
S (1 T (e
ﬁ 1 _ 5=0 2uiy <--<is i=1\ 1%
paley 1+ 24 (1 — (=1)kzd)
Proof.
k k d:
1 i
= 1—
=11 >
i=1 =1
k s
> ¥ el ()
5=0 11 <--<is j=1 \1 + 2%
k—1 k Zdj
= + (=1)k
B (e R Fe
So
k 1 k—]. S Zdij
)| FE i SRR |
1T o i< <iis =1 \L+27

and the result follows.

, Am 18 Fa-regular up to degree D

+ d.
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Theorem 3.4. Suppose that M is a finitely generated graded module with
Hilbert series p(z) and suppose that A1, ..., g is Fa-reqular up to degree D
on M. Then

p(2)
[HS v/ ne)m (2] = [ -
’ Hi:l(l—{'zdi) D
Proof. We use induction with the base case being k = 0 (the “empty se-
quence”) for which the result is trivially true. Since A1, ..., \; is Fo-regular
up to degree D on M, the corresponding Koszul complex M ® (A1, ..., A)
is exact in degree less than or equal to D. Explicitly this complex is

M
0 ———(—di—--—dg) > ...
(Ao A)M
M
.. —d;, — - —d;
%@(Az77)‘z)M( ' S)_>
11 < <is 1 s
M M
. ———(—d; M—-——0
= D Gy M= O AOM
1<i<k i
By Corollary 2.8 any subsequence J; ,...,\;, is again Fa-regular up to de-

gree D on M, so by induction the result holds for all but the first and last
term of the complex. In particular,

z ) )
[HSM/(Ail7-~~,>\15)M(—di1—"’—dis)(z)]D — p( ) ZdzlJr +sz]

[Hj-:l(l +2%) 5

Set H(z) = HSpr/(x,,....a,)m(2). Then from the exact sequence we have that

k—1 di;
[H()p - (D) H ) = |31 > p) [ [[——1
s=1 i1 < <is e L2 D
So
[ k—1 s i 1
Gl = X0 ¥ T (1) Ja- o
i—1 i<y j=1 \ L T2 1p
[ e
T (L +2%) |,
by Lemma 3.3. O

3.3. First Fall Degree. The concept of first fall degree was introduced
by Dubois and Gama in [6] (under the name of degree of regularity) in
their study of the complexity of Grobner basis attacks on the Hidden Field
Equation crytposystems. Since that time it has continued to play a signif-
icant role in cryptography [5, 7, 9]. In [6] the first fall degree of functions
fiseoon fm € K[X1,..., Xp)/(X? — Xq,... X2 — X,,) is the first degree at
which there exist non-trivial combinations which produce functions of lower
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degree. Since this is essentially a question about the highest degree terms
of the f;, the concept can be recast in the associated graded ring R. In [7]
the first fall degree of homogeneous elements Ay, ..., A\, € R is defined to
be the first degree at which non-trivial relations between the \; exist. We
show below that Hi (M ® (A1, ..., A\p)) can be naturally interpreted as the
space of non-trivial relations of A1,..., A, on M. This allows us to include
the concept of first fall degree naturally into the framework of our Koszul
complexes. It also allows us to re-express Theorem 2.7 in terms of the first
fall degree.

Let A1,..., A\ € R be a sequence of homogeneous elements of positive
degrees di,...,dy. Let V be an m-dimensional vector space with basis
{e1,...,em}, graded by setting dege; = d;. Let R(A1, ..., A\m) be the kernel
of the natural map R ®g V — R given by > . b; ® e; — > . bj\;. Then we
have an exact sequence in degree d

0— Rd()\la .. .,)\m) — ZRd—di Re; — ZRd—di)‘i —0

Inside Rg(A1,..., \p) there is a subspace of “trivial relations” of degree d
Ta(A1, ..., Am) spanned by elements of the form

(1) b\ ® €j — bAj ® e; where b € Rdfdifdﬁ

(2) b\; ® e; where b € Ry_gq,.
We define the first fall degree of A1,..., Ay, to be the first degree at which
non-trivial relations occur; that is,

fo()\la e a>\m) = mln{d | Rd()\b - 7)\m)/7t-1()‘17 e 7)\m) 7é O}

Lemma 3.5. Let A1,..., A\, be a sequence of homogeneous elements of pos-
itive degree. Then Ra(Ai,..., A m)/Ta(A1, ..., m) = Hi(K(A1, ..., Am))a-

Hence

fo()\l, e ,)\m) = mdin{Hl(lC()\l, ey Am))d 7é O}

Proof. 1t suffices to verify that the map ¢ : R®V — @, R/(\;) given by
¢ (> b; ®e;) =) ,[bi]; induces an isomorphism from

RaAis s Am)/Ta(A1, o, Am) to Hi(KC(A1, ..., Am))a. This verification is
routine and we omit the details. ]

This result allows us to generalize the concept of first fall degree as follows.

Definition 3.6. Let M be a non-trivial finitely generated R-module and let
AL, .-, Am be a sequence of homogeneous elements of positive degree. We
define the first fall degree of Aq,..., A, on M to be

D%/[()\la" . 7)\m) = mjn{Hl(M(gK()‘lv))\m))d ?é O}
Example 2. Let R = Fo[X1,..., X4]/(X?,...,X3) and let I = (A1, \2) be

the ideal generated by the homogeneous elements Ay = x122 and Ay = z123.
From Example 1 we have that
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Di (A1, A2) = 3
Finally we can reinterpret Theorem 2.7 in terms of the first fall degree.

Theorem 3.7. Let M be a graded R-module. Let A1,..., Ay be a sequence
of homogeneous elements of positive degree, and let D be a natural number.
Then, A1, ..., Ay is is Fo-regular up to degree D on M if and only if D <
DY (A1, ..., Am).

4. CONCLUSION

Consider again a system of polynomial equations over o
pl(Xl, e ,Xn) =0
pQ(Xl, e ,Xn) =0

pm(Xh'- . 7Xn> =0

where p;(X1,...,X,) € Fo[X1,..., X,]. Recall that this system is said to be

Fy-semi-regular if the sequence of highest total degree terms pi®, ... ph? is

semi-regular. It is believed that most such systems are Fo-semi-regular and
this property has important consequences for understanding the complexity
of Grobner basis algorithms for solving such systems. Experimental evidence
suggest that this is so but so far there has been little theoretical progress on
this issue. At this stage it is still an open question, even when m = n and
the p; are quadratic, whether there exist Fo-semi-regular sequences for all
n. In this paper we presented a new framework for the concept of Fo-semi-
regularity which we hope will allow the use of ideas and machinery from
homological algebra to be applied to this interesting and important open
question.
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