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Abstract. Semi-regular sequences over F2 are sequences of homoge-
neous elements of the algebra B(n) = F2[X1, ..., Xn]/(X2

1 , ..., X
2
n), which

have as few relations between them as possible. It is believed that most
such systems are F2-semi-regular and this property has important con-
sequences for understanding the complexity of Gröbner basis algorithms
such as F4 and F5 for solving such systems. In fact even in one of the
simplest and most important cases, that of quadratic sequences of length
n in n variables, the question of the existence of semi-regular sequences
for all n remains open. In this paper we present a new framework for the
concept of F2-semi-regularity which we hope will allow the use of ideas
and machinery from homological algebra to be applied to this interest-
ing and important open question. First we introduce an analog of the
Koszul complex and show that F2-semi-regularity can be characterized
by the exactness of this complex. We show how the well known formula
for the Hilbert series of a F2-semi-regular sequence can be deduced from
the Koszul complex. Finally we show that the concept of first fall degree
also has a natural description in terms of the Koszul complex.

1. Introduction

The concept of F2-semi-regularity was introduced in [1, 2, 3] in order to
assess the complexity of certain Gröbner basis algorithms applied to solving
systems of equations over the Galois field F2. For F2-semi-regular systems
one can determine explicitly the highest degree of polynomials that will arise
in the application of these Gröbner basis algorithms and this information
enables one to predict with some accuracy the length of time taken by such
an algorithm to solve a semi-regular system of equations in any given imple-
mentation. Systems of polynomial equations over F2 arise naturally in many
diverse settings but in particular they have arisen recently in cryptography
with respect to the analysis of the Hidden Field Equations cryptosystems
and to the solution of the discrete logarithm problem. Classical regular
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sequences can be characterized by the exactness of the associated Koszul
complex. In this article we introduce an analog of the Koszul complex and
show that F2-semi-regularity can be characterized by the exactness of this
complex.

Consider a system of polynomial equations over F2

p1(X1, . . . , Xn) = 0

p2(X1, . . . , Xn) = 0

...
...

pm(X1, . . . , Xn) = 0

where pi(X1, . . . , Xn) ∈ F2[X1, . . . , Xn]. Since as functions X2
i = Xi, we

may effectively view the polynomials pi as being elements of the algebra
of functions from Fn2 → F2 which is the ring A = F2[X1, . . . , Xn]/(X2

1 +
X1, . . . , X

2
n +Xn). Denote the image of Xi in this ring by xi. We can then

reduce this system to one of the form pi(x1, . . . , xn) = 0 where the pi are
written in terms of the standard basis of monomials xi1 · · ·xit . A Gröbner
basis algorithm with respect to a degree-ordering requires the finding of
non-trivial combinations of the pi which are of smaller degree. Thus, heuris-
tically, the worst case scenario is when such non-trivial combinations do
not occur until the highest degree possible. Since we only need to consider
the highest degree terms to observe such behavior it suffices to work in the
associated graded ring F2[X1, . . . , Xn]/(X2

1 , . . . , X
2
n).

In slightly more generality, we will work in the framework of the graded
ring

R = K[X1, . . . , Xn]/(X2
1 , . . . , X

2
n)

where K is a field of characteristic two. We actually study the more general
concept of bounded F2-regularity. If M is a graded R-module, then for any
d ∈ Z, we define the degree-shifted module M(d) to be the graded R-module
M with grading M(d)i := Mi+d. For D ∈ Z we set M≤D :=

⊕
j≤DMj . We

say a homogeneous element λ of degree d > 0 is F2-regular up to degree D
on M if for all i ≤ D the graded map

(M/λM)(−d)i
λ−→Mi

given by multiplication by λ is injective. Notice that this map is well-defined
since λ2 = 0. We say a sequence λ1, . . . , λm of homogeneous elements is F2-
regular up to degree D on M if for all i = 1, . . . ,m, λi is F2-regular up to
degree D on M/(λ1, . . . , λi−1)M .

In the case M = R the definition can be restated saying that a sequence
λ1, . . . , λm of homogeneous elements of R of positive degrees is F2-regular
up to degree D if for all i = 1, 2, . . . ,m, if µ is homogeneous and

µλi ∈ (λ1, . . . , λi−1) and deg(µ) + deg(λi) ≤ D
then µ ∈ (λ1, . . . , λi−1, λi). This is the form in which the concept of F2-
semi-regularity was originally given in [2].
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This notion is a characteristic 2 analog of the notion of bounded regularity
studied by Diem in [4]. In [4], Diem gave a characterization of bounded
regularity in terms of the vanishing of the first cohomology of the associated
Koszul complex. In this article we give an analogous characterization of
bounded F2-regularity in terms of the first cohomology of an appropriate
analog of the Koszul complex.

Let λ ∈ R be a homogeneous element of positive degree. Since λ2 = 0 we
have a well-defined complex K(λ) given by

K(λ) : 0 −→ R/(λ)
λ−→ R −→ 0.

For a sequence λ1, . . . , λm of homogeneous elements of R of positive degree,
we set

K(λ1, . . . , λm) = K(λ1)⊗ · · · ⊗ K(λm)

where K(λ1)⊗ · · · ⊗K(λm) is the tensor product of complexes as defined in
[10]. We prove that the following are equivalent:

(1) λ1, . . . , λm is F2-regular up to degree D on M
(2) H1(M ⊗K(λ1, . . . , λm))≤D = 0
(3) Hi(M ⊗K(λ1, . . . , λm))≤D = 0 for all i ≥ 1.

As we noted above this is an analog of a result proved by Diem for bounded
regularity in the polynomial ring S = F[X1, . . . , Xn] over an arbitrary field
F. In this case the corresponding complex is the usual Koszul complex
K′(λ1, . . . , λm) = K′(λ1) ⊗ · · · ⊗ K′(λm) where K′(λ) is the complex 0 −→
S

λ−→ S −→ 0. In [4], Diem proves the following equivalent characterization
of bounded regularity. Let f1, . . . , fm ∈ S be a sequence of homogeneous
elements of positive degrees. Then the following are equivalent.

(1) f1, . . . , fm is regular up to degree D on M
(2) H1(M ⊗K′(f1, . . . , fm))≤D = 0

In section 3 we look at some consequences of our result. We give a char-
acterization of F2-semi-regularity in terms of the exactness of the Koszul
complex. We show how the well known formula for the Hilbert series of a
F2-semi-regular sequence can be deduced from the Koszul complex. Finally
we show that the concept of first fall degree also has a natural description
in terms of the Koszul complex.

2. Bounded Regularity and Exactness of the Koszul Complex

In the ring R = K[X1, . . . , Xn]/(X2
1 , . . . , X

2
n), all homogeneous elements

of positive degree satisfy λ2 = 0 so obviously regularity in the usual sense is
impossible. The natural replacement for this notion is that the kernel of the
multiplication map should be as small as possible, namely (λ). However this
is also an unnatural condition since clearly if deg λ+deg µ > n, then µλ = 0.
The appropriate analogs of regularity turn out to be bounded F2-regularity,
where the kernel of the multiplication map is precisely (λ) up to a certain
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degree; and F2-semi-regularity, where λ is F2-regular up to the maximum
degree possible. The precise definitions are as follows.

Definition 2.1. Let M be a graded R-module. Let λ ∈ R be a homogeneous
element of degree d > 0 and let D be an integer. Then λ is F2-regular up to
degree D on M if for all i ≤ D the graded map

(M/λM)(−d)i
λ−→Mi

given by multiplication by λ is injective. Notice that this map is well-defined
since λ2 = 0. More generally, let λ1, . . . , λm be a sequence of homogeneous
elements of positive degrees d1, . . . , dm and D ∈ Z. Then the sequence is
F2-regular up to degree D on M if for all i = 1, . . . ,m, λi is F2-regular up
to degree D on M/(λ1, . . . , λi−1)M .

Definition 2.2. For an ideal I ⊂ R we define

Ind(I) = min{d ≥ 0 | I ∩Rd = Rd}
A sequence λ1, . . . , λm of homogeneous elements of positive degree is said to
be F2-semi-regular if it is regular up to degree Ind((λ1, . . . , λm))− 1 on R.

Our goal in this section is to show that F2-regularity up to degree D is
equivalent to the exactness of a certain analog of the Koszul complex up to
degree D. We begin by recalling the definition of the tensor product of two
chain complexes [10, 2.7.1].

Definition 2.3. Let S be a commutative ring. Let

X• : · · · −→ Xn
∂Xn−→ Xn−1 −→ · · ·

and

Y• : · · · −→ Yn
∂Yn−→ Yn−1 −→ · · ·

be two complexes of S-modules. Then we form the complex X• ⊗S Y• by
setting

(X• ⊗S Y•)i =
⊕
p+q=i

Xp ⊗S Yq

and defining the differential to be ∂X⊗Yi : (X• ⊗S Y•)i −→ (X• ⊗S Y•)i−1

given by

∂X⊗Yi (xp ⊗ yq) = ∂Xp (xp)⊗ yq + (−1)pxp ⊗ ∂Yq (yq).

We can now define our analog of the Koszul complex.

Definition 2.4. Let λ ∈ R = K[X1, . . . , Xn]/(X2
1 , . . . , X

2
n), be a homoge-

neous element of positive degree d > 0. We denote by K(λ) the complex

K(λ) : 0 −→ R/(λ)
λ−→ R −→ 0.

For a sequence λ1, . . . , λm of homogeneous elements of R of positive degree,
we set

K(λ1, . . . , λm) = K(λ1)⊗ · · · ⊗ K(λm).
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For example, if deg λi = di, then K(λ1, λ2) is the complex

0→ R

(λ1)
(−d1 − d2)⊗ R

(λ2)
(−d1 − d2)→ R

(λ1)
(−d1)⊕ R

(λ2)
(−d2)→ R→ 0

where the differential is defined by: if (x, y) ∈ R/(λ1)(−d1)⊕ R/(λ2)(−d2)
then ∂(x, y) = λ1x+λ2y; and if x⊗y ∈ R/(λ1)(−d1−d2)⊗R/(λ2)(−d1−d2)
then ∂(x⊗y) = (λ2xy, λ1xy). Also, if we define e12 = 1 in R/(λ1, λ2), e1 = 1
in R/(λ1), and e2 = 1 in R/(λ2), then ∂(e12) = λ2e1 + λ1e2, ∂(e1) = λ1,
∂(e2) = λ2.

By induction we can check that K(λ1, . . . , λm) has the form

0→ · · · →
⊕

1≤i1<···<ir≤m

R
(λi1 ,...,λir )(−di1 − · · · − dir)→ · · ·

· · · →
⊕

1≤i<j≤m

R
(λi,λj)(−di − dj)→

⊕
1≤i≤m

R
(λi)

(−di)→ R→ 0,

where if ei1,...,ir is the unity of R/(λi1 , . . . , λir) then

∂(ei1,...,ir) =

r∑
l=1

λilei1,...,îl,...,ir

Notice that H0(K(λ1, . . . , λm)) = R/(λ1, . . . , λm). More generally, the com-
plex M ⊗K(λ1, . . . , λm) has the form

0→ · · · →
⊕

1≤i1<···<ir≤m

M
(λi1 ,...,λir )M (−di1 − · · · − dir)→ · · ·

· · · →
⊕

1≤i<j≤m

M
(λi,λj)M (−di − dj)→

⊕
1≤i≤m

M
(λi)M

(−di)→M → 0,

where for [m]i1,...,ir ∈ (M/(λi1 , . . . , λir)M)(−di1−· · ·−dir) ([m]i1,...,ir mean-
ing the class of m ∈ M(−di1 − · · · − dir) module (λi1 , . . . , λir)M ) we have
that

∂([m]i1,...,ir) =

r∑
l=1

[λilm]i1,...,îl,...,ir .

Proposition 2.5. Let λ ∈ R be a homogeneous element of positive degree.

Let C : · · · −→ Cn
∂Cn−→ Cn−1 −→ · · · be a complex of R-modules. We have

an exact sequence of complexes

0→ C → C ⊗K(λ)→ C′ → 0

where C′ is the complex such that (C′)n = Cn−1/λCn−1 and the differential
is given by

∂C
′
n (a) = ∂Cn−1(a)

The homology exact sequence has the form

· · · −→ Hn(C) −→ Hn(C ⊗ K(λ)) −→ Hn(C′) λ−→ Hn−1(C)
−→ Hn−1(C ⊗ K(λ)) −→ Hn−1(C′) −→ · · ·

where the connecting map is given by multiplication by λ.
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Proof. Notice that (C⊗K(λ))n = (Cn⊗R)⊕(Cn−1⊗R/(λ)), which under the
canonical identifications is Cn⊕ (Cn−1/λCn−1). Thus the complex C ⊗K(λ)
is given by

· · · −→ Cn ⊕ (Cn−1/λCn−1) −→ Cn−1 ⊕ (Cn−2/λCn−2) −→ · · ·
· · · −→ C1 ⊕ (C0/λC0) −→ C0 −→ 0

Let us see that the boundary map is given by

∂C⊗K(λ)
n (ε, η) = (∂Cn(ε) + (−1)n−1λη, ∂Cn−1(η))

= (∂Cn(ε) + λη, ∂Cn−1(η)).

Consider (ε⊗ r′) ∈ Cn ⊗R. Then ∂
C⊗K(λ)
n (ε⊗ r′) = ∂Cn(ε)⊗ r′ ∈ Cn−1 ⊗R,

since K(λ) has no module in degree −1. Now, consider (η ⊗ r) ∈ Cn−1 ⊗
R/(λ), then ∂

C⊗K(λ)
n−1 (η, r) = ∂Cn−1(η) ⊗ r + (−1)n−1η ⊗ λr. Notice that

∂Cn−1(η) ⊗ r ∈ Cn−2 ⊗ R/(λ) and (−1)n−1η ⊗ λr ∈ Cn−1 ⊗ R. Thus, under
the canonical identifications Ci⊗R with Ci and Cj ⊗R/(λ) with Cj/λCj it
follows that the boundary map in C ⊗ K(λ) takes the required form.

The maps in sequence 0→ C → C ⊗K(λ)→ C′ → 0 are the natural maps
ε 7→ (ε, 0) and (ε, η) 7→ η. One verifies easily given the above description of

∂
C⊗K(λ)
n that these maps are indeeed morphisms of complexes. The exactness

is clear from the definition of the maps.
By [10, Theorem 1.3.1] we have a long homology exact sequence. Let us

see that the connecting homomorphism in the long exact sequence on homol-
ogy is multiplication by λ. Let η ∈ Cn−1/λCn−1 such that η ∈ Ker(∂C

′
n ) =

Ker( ∂Cn−1). Thus, ∂
C⊗K(λ)
n (0, η) = (0 + λη, 0) ∈ Cn−1 ⊕ (Cn−2/λCn−2) and

a preimage of this element under the map

Cn−1 → Cn−1 ⊕ (Cn−2/λCn−2)

is λη, as required. �

Let C : · · · −→ Cn
∂Cn−→ Cn−1 −→ · · · be a complex of Z-graded R-modules.

For d ∈ Z, we denote by C(d) the complex obtained from C by degree shift;
i.e., (C(d))i = Ci(d).

Lemma 2.6. Let M be a graded R-module. Let λ1, . . . , λk be a sequence
of homogeneous elements of positive degrees d1, . . . , dk, let D be a natural
number. If H1(M ⊗ K(λ1, . . . , λk))≤D = 0 then for all 1 ≤ i < k we have
that H1(M ⊗K(λ1, . . . , λi))≤D = 0.

Proof. Clearly it is sufficient to prove the result for i = k − 1. Con-
sider the exact sequence of complexes in Proposition 2.5 where C = M ⊗
K(λ1, . . . , λk−1) and denote the differentials ∂C⊗K(λk) and ∂C

′
by σ and δ

respectively. From the long exact sequence in Proposition 2.5 we have that
the sequence

H2(C′(−dk))
λk−→ H1(M ⊗K(λ1, . . . , λk−1))→ H1(M ⊗K(λ1, . . . , λk))
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is exact. Thus it is sufficient to prove that

H2(C′(−dk))≤D = 0. (1)

Using standard identifications, the key portion of the complex C′ is⊕
1≤i<j≤k−1

M

(λi, λj , λk)M
(−di − dj)

δ2−→
⊕

1≤i≤k−1

M

(λi, λk)M
(−di)

δ1−→M/λkM

Let l be an integer with l ≤ D and consider

([mi]ik) ∈

 ⊕
1≤i≤k−1

M

(λi, λk)M
(−di − dk)


l

such that ([mi]ik) ∈ Ker(δ1). Then

[λ1m1]k + · · ·+ [λk−1mk−1]k = 0 ∈ (M/λkM)(−dk)l.

Thus, there exits m ∈M(−2dk)l such that

λ1m1 + · · ·+ λk−1mk−1 + λkm = 0 ∈M(−dk)l. (2)

Consider the element

([m1]1, . . . , [mk−1]k−1, [m]k) ∈

 ⊕
1≤i≤k

M

(λi)M
(−di)


l−dk

By (2) we have that σ1([m1]1, . . . , [mk−1]k−1, [m]k) = 0. Since H1(M ⊗
K(λ1, . . . , λk))≤D = 0, then at level l − dk ≤ D, we have that Ker(σ1) =
Im(σ2). Therefore there exists

([aij ]ij) ∈

 ⊕
1≤i<j≤k

M

(λi, λj)M
(−di − dj)


l−dk

such that

σ2 ([aij ]ij) = ([m1]1, . . . , [mk−1]k−1, [m]k).

So for all 1 ≤ i ≤ k − 1 we have

[mi]i =
∑

1≤p≤k
p 6=i

[λpaip]i =
∑

1≤p≤k−1
p 6=i

[λpaip]i + [λkaik]i.

Consider

([aij ]ijk) ∈

 ⊕
1≤i<j≤k−1

M

(λi, λj , λk)M
(−di − dj − dk)


l

.

Notice that

δ2 ([aij ]ijk) = ([y1]1k, . . . , [yk−1](k−1)k),



HOMOLOGICAL CHARACTERIZATION OF BOUNDED F2-REGULARITY 8

where

[yi]ik =
∑

1≤p≤k−1
p 6=i

[λpaip]ik = [mi]ik ∈ (M/(λi, λk)M)(−di − dk))l .

Therefore, ([mi]ik) = δ2([aij ]ijk) ∈ Im(δ2). Thus we have shown that

Ker(δ1) = Im(δ2) at level l − dk. Hence H2(C′(−dk))l = 0, as required. �

The following theorem gives a homological characterization of F2-regularity
up to degree D on a module M .

Theorem 2.7. Let M be a graded R-module. Let λ1, . . . , λm be a sequence of
homogeneous elements of positive degrees d1, . . . , dm, and let D be a natural
number. Then, λ1, . . . , λm is is F2-regular up to degree D on M if and only
if H1(M ⊗K(λ1, . . . , λm))≤D = 0.

Proof. Let us suppose that λ1, . . . , λm is F2-regular up to degree D on M .
Let us prove that H1(M ⊗K(λ1, . . . , λm))≤D = 0 by induction on m. Con-
sider first the case when m = 1. Suppose that λ1 is F2-regular up to degree
D on M . Then, by definition we have that the sequence

0→ (M/λ1M)(−d1)i
λ1−→Mi → 0

is exact for all i ≤ D. Notice that the complex M ⊗K(λ1) is given by

0→ (M/λ1M)(−d1)
λ1−→M → 0.

Thus, H1(M ⊗K(λ1))≤D = 0.
Now suppose that m > 1. Since λ1, . . . , λm is F2-regular up to degree D

on M then by definition the sequence λ1, . . . , λm−1 is F2-regular up to degree
D on M . Consider the complexes C = M ⊗K(λ1, . . . , λm−1), C ⊗ K(λm) =
M ⊗K(λ1, . . . , λm), and C′ as in Proposition 2.5. From that proposition we
have that the following sequence is exact

H1(M ⊗K(λ1, . . . , λm−1))→ H1(M ⊗K(λ1, . . . , λm))

→ H1(C′(−dm))
λm−−→ H0(M ⊗K(λ1, . . . , λm−1)).

Notice that H0(M ⊗ K(λ1, . . . , λm−1)) = M/(λ1, . . . , λm−1)M . Now, the
complex C′ is given by

C′ : 0→ · · · →
⊕

1≤i≤m−1

M
(λi,λm)M (−di)

δ1−→M/λmM → 0→ 0

And by the definition of the differentials of this complex we have that
H1(C′) = M/(λ1, . . . , λm)M . Therefore,

H1(C′(−dm)) = (M/(λ1, . . . , λm)M)(−dm)

Thus, we have the exact sequence

H1(M ⊗K(λ1, . . . , λm−1))→ H1(M ⊗K(λ1, . . . , λm))

→ (M/(λ1, . . . , λm)M)(−dm)
λm−−→M/(λ1, . . . , λm−1)M.
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By inductive hypothesis we have H1(M ⊗ K(λ1, . . . , λm−1))≤D = 0. More-
over, since λ1, . . . , λm is F2-regular up to degree D on M , then

((M/(λ1, . . . , λm)M)(−dm))≤D
λm−−→ (M/(λ1, . . . , λm−1)M)≤D

has trivial kernel. We conclude that H1(M ⊗K(λ1, . . . , λm))≤D = 0.
Conversely, let λ1, . . . , λm be a sequence of homogeneous elements of pos-

itive degrees. Suppose that H1(M ⊗K(λ1, . . . , λm))≤D = 0. By Lemma 2.6
we have that H1(M ⊗K(λ1, . . . , λk))≤D = 0, for all k = 1, . . . ,m. As above,
we have that the sequence

H1(M⊗K(λ1, . . . , λk))→ (M/(λ1, . . . , λk)M)(−dk)
λk−→M/(λ1, . . . , λk−1)M

is exact for all k = 1, . . . ,m. Since H1(M ⊗ K(λ1, . . . , λk))≤D = 0, for all
k = 1, . . . ,m, then the kernel of the map

((M/(λ1, . . . , λk)M)(−dk))≤D
λk−→ (M/(λ1, . . . , λk−1)M)≤D

is trivial for all k = 1, . . . ,m. Therefore λ1, . . . , λm is F2-regular up to degree
D on M . �

Corollary 2.8. Let M be a graded R-module. Let λ1, . . . , λm ∈ R be a
sequence of homogeneous elements of positive degrees d1, . . . , dm, and let D
be a natural number. Then, λ1, . . . , λm is F2-regular up to degree D on M
if and only if λσ(1), . . . , λσ(m) is F2-regular up to degree D on M for any
permutation σ.

Theorem 2.9. Let M be a graded R-module. Let λ1, . . . , λm be a sequence of
homogeneous elements of positive degrees d1, . . . , dm, and let D be a natural
number. Then, λ1, . . . , λm is F2-regular up to degree D on M if and only if
Hi(M ⊗K(λ1, . . . , λm))≤D = 0 for all i > 0.

Proof. The “if” part of the assertion follows a fortiori from Theorem 2.7.
Suppose that the sequence λ1, . . . , λm is F2-regular up to degree D on M .
We prove by induction on k that Hi(M ⊗K(λ1, . . . , λk))≤D = 0 for all i > 0
and for all 1 ≤ k ≤ m. Note that the case i = 1 was already proved in
Theorem 2.7 so we only need to prove the the assertion for i > 1.

Consider first the case k = 1. By definition, λ1 is F2-regular up to degree
D. The complex M ⊗K(λ1) is just

0→ (M/λ1M)(−d1)
λ1−→M → 0.

so it is trivial that Hi(M ⊗K(λ1))≤D = 0 for all i > 1.
Now suppose k > 1. Certainly λ1, . . . , λk is F2-regular up to degree D

on M . Consider the complexes C = M ⊗ K(λ1, . . . , λk−1), C ⊗ K(λk) =
M ⊗K(λ1, . . . , λk), and C′ as in Proposition 2.5. From that proposition we
have that the following sequence is exact

Hi(M ⊗K(λ1, . . . , λk−1))→ Hi(M ⊗K(λ1, . . . , λk))→ Hi(C′(−dk))
Notice that Hi(C′) = Hi−1(M ′ ⊗ K(λ1, . . . , λk−1)) where M ′ = (M/λkM).
By Corollary 2.8 and the definition of F2-regularity up to degree D we have
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that the sequence λ1, . . . , λk−1 is F2-regular up to degree D on M ′. Thus,
by inductive hypothesis Hi(C′)≤D = 0 and so Hi(C′(−dk))≤D = 0 also. By
induction we also have that Hi(M ⊗ K(λ1, . . . , λk−1))≤D = 0 for all i > 1.
Therefore, Hi(M ⊗K(λ1, . . . , λk))≤D = 0 for all i > 1. �

We can summarize these results in the following theorem.

Theorem 2.10. Let M be a non-trivial finitely generated graded R-module.
Let λ1, . . . , λm be a sequence of homogeneous elements of positive degrees
d1, . . . , dm, and let D be a natural number. Then the following are equivalent.

(1) λ1, . . . , λm is F2-regular up to degree D on M
(2) H1(M ⊗K(λ1, . . . , λm))≤D = 0
(3) Hi(M ⊗K(λ1, . . . , λm))≤D = 0 for all i > 0.

Example 1. Let R = F2[X1, . . . , X4]/(X2
1 , . . . , X

2
4 ) and let I = (λ1, λ2) be

the ideal generated by the homogeneous elements λ1 = x1x2 and λ2 = x1x3.
Thus, K(λ1, λ2) is the complex

0→ R

(λ1, λ2)
(−4)

∂2−→ R

(λ1)
(−2)⊕ R

(λ2)
(−2)

∂1−→ R→ 0

where

∂2 =

[
λ1

λ2

]
, ∂1 =

[
λ1 λ2

]
Notice that R =

⊕4
k=0Rk, where

dimR0 = 1, dimR1 = 4, dimR2 = 6, dimR3 = 4, dimR4 = 1.

Also, we have that Ind(I) = 4. Clearly, for i ≤ 3 we have that(
R

(λ1, λ2)
(−4)

)
i

= 0

Therefore, for i ≤ 3 we have the sequence

0
∂2−→
(

R

(λ1)
(−2)⊕ R

(λ2)
(−2)

)
i

∂1−→ Ri → 0

Since λ1, λ2 ∈ R2 are linearly independent then H1(K(λ1, λ2))≤2 = 0, and
by Theorem 2.10 the sequence λ1, λ2 is F2-regular up to degree 2 on R.
However, for the case i = 3, we have that ∂(x3, x2) = λ1x3 + λ2x2 =
x1x2x3 + x1x2x3 = 0. Thus H1(K(λ1, λ2))3 6= 0. By Definition 2.2 and
Theorem 2.10 the sequence λ1, λ2 is not F2-semi-regular .

Now, let J = (λ1, λ2, λ3, λ4) be the ideal generated by the homogeneous
elements λ1 = x1x2, λ2 = x1x3, λ3 = x1x4 and λ4 = x2x3 in R. Thus,
K(λ1, λ2, λ3, λ4) is the complex

0→ · · · · · · →
⊕

1≤i<j≤4

R
(λi,λj)(−4)

∂2−→
⊕

1≤i≤4

R
(λi)

(−2)
∂1−→ R→ 0
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where

∂2 =


λ2 λ3 λ4 0 0 0
λ1 0 0 λ3 λ4 0
0 λ1 0 λ2 0 λ4

0 0 λ1 0 λ2 λ3

 , ∂1 =
[
λ1 λ2 λ3 λ4

]
Notice that Ind(J) = 3. Clearly, for i ≤ 2 we have that ⊕

1≤i<j≤4

R

(λi, λj)
(−4)


i

= 0

Therefore, for i ≤ 2 we have the sequence

0
∂2−→

 ⊕
1≤i≤4

R

(λi)
(−2)


i

∂1−→ Ri → 0

Since λ1, λ2, λ3, λ4 ∈ R2 are linearly independent thenH1(K(λ1, . . . , λ4))≤2 =
0, and by Theorem 2.10 and Definition 2.2 the sequence λ1, λ2, λ3, λ4 is
F2-semi-regular .

3. Consequences

3.1. Semi-regularity. Theorem 2.9 states that a sequence λ1, . . . , λm is F2-
regular up to degree D on M if and only if the complex M ⊗K(λ1, . . . , λm)j
is a “resolution” of the j-th degree component of M for all 0 ≤ j ≤ D.
Using this result we can give an interesting alternative characterization of
F2-semi-regularity.

Definition 3.1. Let M be a non-trivial finitely generated graded R-module.
We define the index of M to be the smallest t such that Mj = 0 for
all j ≥ t. A sequence of homogeneous elements λ1, . . . , λm of positive
degrees is said to be F2-semi-regular on M if it is regular up to degree
Ind(M/(λ1, . . . , λm)M)− 1 on M .

Theorem 3.2. Let M be a non-trivial finitely generated graded R-module.
Let λ1, . . . , λm be a sequence of homogeneous elements of positive degree.
Then λ1, . . . , λm is F2-semi-regular on M if and only if

H0(M⊗K(λ1, . . . , λm))j 6= 0 =⇒ Hi(M⊗K(λ1, . . . , λm))j = 0 for all i > 0

In other words the sequence is F2-semi-regular on M if our analog of
the Koszul sequence in degree j is a “resolution” of (M/(λ1, . . . , λm)M)j =
H0(K(λ1, . . . , λm)j whenever the latter is non-zero.

3.2. Hilbert Series. Regularity of a sequence λ1, . . . , λm up to degree D on
a finitely generated graded module M can be characterized using the Hilbert
series of M/(λ1, . . . , λm)M up to degree D. Recall that the Hilbert series of
a graded module M is the formal series HSM (z) =

∑∞
i=−∞(dimMj)z

j and
that for a finitely generated module this will be a Laurent polynomial. For
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a formal Laurent series a(z) =
∑∞

s aiz
i, we denote its truncation at degree

D by

[a(z)]D =
D∑
s

aiz
i

It is known [2, 8] that the sequence λ1, . . . , λm is F2-regular up to degree D
on M if and only if[

HSM/(λ1,...,λm)M (z)
]
D

=

[
HSM (z)∏m
i=1(1 + zdi)

]
D

Now it is clear that if

0→ Lm → · · · → L0 → 0

is a sequence of finitely generated graded modules that is exact up to degree
D, then

[HSL0(z)]D =

m∑
i=1

(−1)i[HSLi(z)]D

So one would expect the above formula to be deducible directly from the
Koszul complex. We now show this follows from the following identity and
an easy induction.

Lemma 3.3. Let d1, . . . , dk be positive integers and let d = d1 + · · · + dk.
Then

k∏
i=1

1

1 + zdi
=

∑k−1
s=0

∑
i1<···<is(−1)s

∏s
j=1

(
z
dij

1+z
dij

)
(1− (−1)kzd)

Proof.

k∏
i=1

1

1 + zdi
=

k∏
i=1

(
1− zdi

1 + zdi

)

=
k∑
s=0

∑
i1<···<is

(−1)s
s∏
j=1

(
zdij

1 + zdij

)

=
k−1∑
s=0

∑
i1<···<is

(−1)s
s∏
j=1

(
zdij

1 + zdij

)
+ (−1)k

k∏
j=1

zdj

1 + zdj

So

(1− (−1)kzd)
k∏
i=1

1

1 + zdi
=

k−1∑
s=0

∑
i1<···<is

(−1)s
s∏
j=1

(
zdij

1 + zdij

)
and the result follows. �
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Theorem 3.4. Suppose that M is a finitely generated graded module with
Hilbert series p(z) and suppose that λ1, . . . , λk is F2-regular up to degree D
on M . Then [

HSM/(λ1,...,λk)M (z)
]
D

=

[
p(z)∏k

i=1(1 + zdi)

]
D

Proof. We use induction with the base case being k = 0 (the “empty se-
quence”) for which the result is trivially true. Since λ1, . . . , λk is F2-regular
up to degree D on M , the corresponding Koszul complex M ⊗K(λ1, . . . , λk)
is exact in degree less than or equal to D. Explicitly this complex is

0→ M

(λ1, . . . , λk)M
(−d1 − · · · − dk)→ . . .

· · · →
⊕

i1<···<is

M

(λi1 , . . . , λis)M
(−di1 − · · · − dis)→ . . .

· · · →
⊕

1≤i≤k

M

(λi)M
(−di)→M → M

(λ1, . . . , λk)M
→ 0

By Corollary 2.8 any subsequence λi1 , . . . , λis is again F2-regular up to de-
gree D on M , so by induction the result holds for all but the first and last
term of the complex. In particular,

[HSM/(λi1 ,...,λis )M(−di1−···−dis )(z)]D =

[
p(z)∏s

j=1(1 + zdij )
zdi1+···+dis

]
D

Set H(z) = HSM/(λ1,...,λk)M (z). Then from the exact sequence we have that

[H(z)]D − (−1)k[zdH(z)]D =

k−1∑
s=1

(−1)s
∑

i1<···<is

p(z)

 s∏
j=1

zdij

1 + zdij


D

So

[H(z)]D =

p(z) k−1∑
i=1

(−1)s
∑

i1<···<is

s∏
j=1

(
zdij

1 + zdij

)/
(1− (−1)kzd)


D

=

[
p(z)∏k

i=1(1 + zdi)

]
D

by Lemma 3.3. �

3.3. First Fall Degree. The concept of first fall degree was introduced
by Dubois and Gama in [6] (under the name of degree of regularity) in
their study of the complexity of Gröbner basis attacks on the Hidden Field
Equation crytposystems. Since that time it has continued to play a signif-
icant role in cryptography [5, 7, 9]. In [6] the first fall degree of functions
f1, . . . , fm ∈ K[X1, . . . , Xn]/(X2

1 − X1, . . . X
2
n − Xn) is the first degree at

which there exist non-trivial combinations which produce functions of lower
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degree. Since this is essentially a question about the highest degree terms
of the fi, the concept can be recast in the associated graded ring R. In [7]
the first fall degree of homogeneous elements λ1, . . . , λm ∈ R is defined to
be the first degree at which non-trivial relations between the λi exist. We
show below that H1(M⊗K(λ1, . . . , λm)) can be naturally interpreted as the
space of non-trivial relations of λ1, . . . , λm on M . This allows us to include
the concept of first fall degree naturally into the framework of our Koszul
complexes. It also allows us to re-express Theorem 2.7 in terms of the first
fall degree.

Let λ1, . . . , λm ∈ R be a sequence of homogeneous elements of positive
degrees d1, . . . , dm. Let V be an m-dimensional vector space with basis
{e1, . . . , em}, graded by setting deg ei = di. Let R(λ1, . . . , λm) be the kernel
of the natural map R ⊗K V −→ R given by

∑
i bi ⊗ ei 7→

∑
i biλi. Then we

have an exact sequence in degree d

0 −→ Rd(λ1, . . . , λm) −→
∑
i

Rd−di ⊗ ei −→
∑
i

Rd−diλi −→ 0

Inside Rd(λ1, . . . , λm) there is a subspace of “trivial relations” of degree d
Td(λ1, . . . , λm) spanned by elements of the form

(1) bλi ⊗ ej − bλj ⊗ ei where b ∈ Rd−di−dj ;
(2) bλi ⊗ ei where b ∈ Rd−2di .

We define the first fall degree of λ1, . . . , λm to be the first degree at which
non-trivial relations occur; that is,

Dff(λ1, . . . , λm) = min{d | Rd(λ1, . . . , λm)/Td(λ1, . . . , λm) 6= 0}

Lemma 3.5. Let λ1, . . . , λm be a sequence of homogeneous elements of pos-
itive degree. Then Rd(λ1, . . . , λm)/Td(λ1, . . . , λm) ∼= H1(K(λ1, . . . , λm))d.
Hence

Dff(λ1, . . . , λm) = min
d
{H1(K(λ1, . . . , λm))d 6= 0}

Proof. It suffices to verify that the map φ : R ⊗ V →
⊕

iR/(λi) given by
φ (
∑
bi ⊗ ei) =

∑
i[bi]i induces an isomorphism from

Rd(λ1, . . . , λm)/Td(λ1, . . . , λm) to H1(K(λ1, . . . , λm))d. This verification is
routine and we omit the details. �

This result allows us to generalize the concept of first fall degree as follows.

Definition 3.6. Let M be a non-trivial finitely generated R-module and let
λ1, . . . , λm be a sequence of homogeneous elements of positive degree. We
define the first fall degree of λ1, . . . , λm on M to be

DM
ff (λ1, . . . , λm) = min

d
{H1(M ⊗K(λ1, . . . , λm))d 6= 0}

Example 2. Let R = F2[X1, . . . , X4]/(X2
1 , . . . , X

2
4 ) and let I = (λ1, λ2) be

the ideal generated by the homogeneous elements λ1 = x1x2 and λ2 = x1x3.
From Example 1 we have that
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DR
ff (λ1, λ2) = 3

Finally we can reinterpret Theorem 2.7 in terms of the first fall degree.

Theorem 3.7. Let M be a graded R-module. Let λ1, . . . , λm be a sequence
of homogeneous elements of positive degree, and let D be a natural number.
Then, λ1, . . . , λm is is F2-regular up to degree D on M if and only if D <
DM

ff (λ1, . . . , λm).

4. Conclusion

Consider again a system of polynomial equations over F2

p1(X1, . . . , Xn) = 0

p2(X1, . . . , Xn) = 0

...
...

pm(X1, . . . , Xn) = 0

where pi(X1, . . . , Xn) ∈ F2[X1, . . . , Xn]. Recall that this system is said to be

F2-semi-regular if the sequence of highest total degree terms ptop1 , . . . , ptopm is
semi-regular. It is believed that most such systems are F2-semi-regular and
this property has important consequences for understanding the complexity
of Gröbner basis algorithms for solving such systems. Experimental evidence
suggest that this is so but so far there has been little theoretical progress on
this issue. At this stage it is still an open question, even when m = n and
the pi are quadratic, whether there exist F2-semi-regular sequences for all
n. In this paper we presented a new framework for the concept of F2-semi-
regularity which we hope will allow the use of ideas and machinery from
homological algebra to be applied to this interesting and important open
question.

References

[1] M. Bardet, Étude des systèmes algébriques surdéterminés. Applications aux codes
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