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Abstract

In this paper, the twisted Jacobi intersections which contains Ja-
cobi intersections as a special case is introduced. We show that every
elliptic curve over the prime field with three points of order 2 is iso-
morphic to a twisted Jacobi intersections curve. Some fast explicit for-
mulae for twisted Jacobi intersections curves in projective coordinates
are presented. These explicit formulae for addition and doubling are
almost as fast as the Jacobi intersections. In addition, the scalar mul-
tiplication can be more effective in twisted Jacobi intersections than
in Jacobi intersections. Moreover, we propose new addition formulae
which are independent of parameters of curves and more effective in
reality than the previous formulae in the literature.
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1 Introduction

Elliptic curve cryptosystems were proposed by Miller (1986) and by Koblitz
(1987) which relies on the difficulty of elliptic curve discrete logarithmic prob-
lem. One of the main operations and challenges in elliptic curve cryptosys-
tem is the scalar multiplication. The speed of scalar multiplication plays an



important role in the efficiency of the whole system. Elliptic curves can be
represented in different forms. To obtain faster scalar multiplications, several
elliptic curve representations have been considered in the last two decades.
The detail of previous works can be find in [1, 3, 7].

Jacobi intersections curve is the intersection of two quadratic surfaces
in three dimensional space with a point on it. The scalar multiplication on
Jacobi intersections show competitive efficiency in scalar multiplication, such
as faster doubling and tripling operations. Chudnovsky and Chudnovsky [5]
proposed first fast doubling and addition formulae for Jacobi intersections in
projective coordinates. Liardet and Smart [8], and [1] presented slightly faster
formulae. Hisil etc. [6] presented faster tripling formulae. Some slightly
faster formulae with a trick can also be found in [7].

In this paper, the Jacobi intersections is generalized to “twisted Jacobi
intersections” which contains Jacobi intersections as a special case. It is
show that every elliptic curve over the prime field with three points of order
2 is isomorphic to a twisted Jacobi intersections curve. Some fast explicit
formulae for twisted Jacobi intersections curves in projective coordinates are
presented. These explicit formulae for addition and doubling are almost as
fast in the general case as they are for the Jacobi intersections. In addition,
the scalar multiplication can be more effective in twisted Jacobi intersections
than in Jacobi intersections. Moreover, we propose new addition formulae
which are independent of parameters of curves and more effective in reality
than the previous formulae in the literature.

This paper is organized as follows. In Section 2, the Jacobi intersections
is reviewed, the twisted Jacobi intersections is introduced, and each twisted
Jacobi intersections is a twist of a Jacobi intersections is proved. It is shown
that every elliptic curve over the prime field with three points of order 2 is
isomorphic to a twisted Jacobi intersections curve. In Section 3, the Jacobi
intersections addition law is generalized to that for the twisted Jacobi inter-
sections curves, and the explicit addition formulae and formulae independent
of parameters of curves are proposed. The Jacobi versus twisted Jacobi is
given in Section 4, and the conclusion is in Section 5.



2 Jacobi intersections and Twisted Jacobi In-
tersections

In this section we briefly review Jacobi intersections curves and the Jacobi
intersections addition law. We then introduce twisted Jacobi intersections
curves and discuss their relations to Jacobi intersections curves.

Jacobi intersections.
Throughout the paper we consider elliptic curves over a non-binary field
K, ie., afield K whose characteristic is not 2.
A Jacobi intersection form elliptic curve over K is defined by
u? +v? =1
{ bu? +w? =1,

where b € K with b(1 — b) # 0. A point (u,v,w) on a Jacobi intersections
curve is represented as (U : V : W : Z) satisfying

U+ V2 =22 pU*+W?= 22

and (u,v,w) = (U/Z,V]Z,W/Z). Here (U :V : W : Z) = (AU : AV : A\W :
AZ) for any nonzero A € K. The negative of (U : V : W : Z)is (=U : V :
W : Z). The neutral element (0,1,1) is represented as (0 : 1 :1:1). The
reader is refereed to [5] for more details on Jacobi intersections curves.

The affine version of the unified addition formulae, i.e., that can han-
dle generic doubling, simplifying protection against side-channel attacks, are
given by

(us, v3,w3) = (uq, vy, w1) + (ug, v, Wy),
where
N ULV We + UV W7 Ve — V1V — U1W1UW2 Wa — wiWwg — bulvluwg

2 2,2 » Y3 2 2.2 » 3 2 2.2
vy + uzwy vy + uawy vy + ujwi

us

The point addition formulae in projective homogenous coordinates are
given by

(Us : Vg : Wy Z3) = (Uy : Vi Wy 2 Z4) + (Us = Vo : Wy i Zy),

where

Us = UiZ1iVoWo + ViWnUsZy, Vi3 =V12Z1VaZy — Ut Wh U W,
Wy = WiZiWaZs — bUViUsVa, Zy = Z2V2 + UZW2.
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Twisted Jacobi Intersections.

Definition 1. A twisted Jacobi intersection form elliptic curve over K is
defined by
au’ +v* =1
{ bu? +w? =1,

where a,b € K with ab(a — b) # 0. A Jacobi intersection elliptic curve is a
twisted Jacobi intersection curve with a = 1.

The twisted Jacobi intersection curve Eq, : aw?+v? =1, bu*4uw? =1lisa
quadratic twist of the Jacobi intersection curve E 4, : @*+0* =1, (b/a)u*+
w? = 1. The map (u,v,w) — (a/+/a,v,w) is an isomorphism from E,; to
Ei 4 over K(y/a). Thus if a is a square in K then E, is isomorphic to Eip/a
over K. More generally, E, is a quadratic twist of £ ; for any a, b satisfying
b/a = b/a. Conversely, every quadratic twist of a twisted Jacobi intersection
curve is isomorphic to a twisted Jacobi intersection curve, i.e., the set of
isomorphism classes of twisted Jacobi intersection curves is invariant under
quadratic twists.

Every twisted Jacobi intersection curve £, , : av’+v® =1, bu> +w? =1
is birationally equivalent to a Jacobi quartic elliptic curve Ey s : y*> =

ext +202% + 1 with e = 1/a?,§ = (a — 2b)/a® under the transformations

4 ay
w o= —,
a+ x2
y = ’ 2bx ’
v = 14 zu.

\

Theorem 1. Let K be a field with char(K) # 2 and E,p : au® + 0v* =
1, bu?® +w? = 1 be a twisted Jacobi intersection form curve define over K
with ab(a—b) # 0. Then E,p is a smooth curve and isomorphic to an elliptic
curve of the form E : y*> = x(x — a)(x — ) over K.

Proof. The proof is given in Appendix. ]

Theorem 2. Let K be a field with char(K) # 2. Then every elliptic curve
over K having three K-rational points of order 2 is isomorphic to a twisted
Jacobi intersections curve.



Proof. Let E be an elliptic curve over K having three K —rational points of
order 2. Let (01,0),(02,0) and (f3,0) be these three distinct points of order
2 on the Weierstrass curve E, i.e., y? = 2% + aoz® + ayx + ag = (v — 01)(x —
0y)(x — 05). Replacing (z,y) by (z + 01,y) yields the equation of the form
y? = x(x — a)(x — b), where a = 05 — 01,b = 03 — 0;. Therefore every elliptic
curve over K having three K —rational points of order 2 is isomorphic to a
twisted Jacobi intersections curve by Theorem 1. O]

3 Arithmetic on Twisted Jacobi Intersections

Let K be a non-binary field. In this section we present fast explicit formulae
for addition and doubling on twisted Jacobi intersections curves over K.

Theorem 3. Let P = (uy, vy, w), Q = (ug, vy, ws) be two points on a twisted
Jacobi intersections elliptic curve E,p, : au® +v* =1, bu* + w? =1, and let
R =P+ Q := (ug,vs,w3). Then the affine version of the unified addition
formulae are given by

U VW9 + UV W1 V1V2 — AU1W1UW2 wiLWwg — bul’UﬂI,Q?JQ
Uz = V3 = W3 =
V3 + audw? V2 + audw? v3 + audw?

FEspecially, if P = Q and R = 2P := (us,vs3,ws), then

2u1 V1w v} — auiw? wi — buiv?
2 2,27 2 2,27 2 2,2
v + aujwy v + aujwy v + aujwy

The identity element is (0,1,1). The negative of the point (u, v, w) is (—u,v,w).

Proof. For the correctness of the addition law, observe that it coincides with
the Jacobi intersections addition law on

b
w4t =1, “@+w? =1,
a

with @ = \/au. These formulae also work for doubling. O

Theorem 4. Let K be a field of odd characteristic. Let E,p @ au® + v? =
1,bu? +w? = 1 be a twisted Jacobi intersections curve over K. Let P =
(ur,v1,wr) and Q = (ug,va,we) be points on E,p. If ab is not a square in
K, or if —1 s a square in K and neither a nor b is a square in K, then
v2 + audw? # 0.



Proof. If v = w = 0, then au® = bu? and a = b, therefore ab is a square
in K, contradict to ab is not a square in K. Therefore at most one in
{u,v,w} is equal to 0 for a point (u,v,w) on E,;. Thus if uy = 0, then
v3 +audwi =v3 #0. If uy = 0, then w? = 1, and v3 + ausw? = v3 +auj = 1.
Let ujug # 0, assume that ab is not a square in K. If v3 + audw? = 0, then
au3 + v3 — (v + auiw?) = aui(l —w?) = 1. Thus 1 —w? = 1/au3 = bul.
therefore ab = (1/ujus)? is a square in K, contradict to the assumption. Now
assume that neither a nor b is a square in K, then wyvy # 0. If v3+auiw? = 0,
then a = —(vy/usw;)? is square in K since —1 is a square in K, which is a
contradiction. ]

Note that the Theorem 4 shows that if ab is not a square in K, then
the twisted addition formulae is complete. But generally, both a and b are
non-squares in K. Therefore ab is not a square in K is not a reasonable
assumption when a # 1. But in this case, if —1 is a square in K, then the
above twisted addition formulae is also complete.

When using projective homogenous coordinates to eliminate field inver-
sions, each point is represented by the quadruplet (U : V : W : Z) which
satisfies the equations

aU? +V2=27% bUr+W? =272,
and corresponds to the affine point (U/Z, V/Z, W/Z) with Z # 0.
Theorem 5. Let P = (Uy : Vi : Wy Zy), Q = (Uy : Vo : Wa @ Zs) be two

points on the twisted Jacobi intersections elliptic curve Eop @ aU? +V? =
Z2 00U+ W2 =22 and let R=P+Q := (Us : V3 : W3 : Z3). Then the
projective version of the unified addition formulae are given by

Us = U Z1VoWo + ViW UaZs, Vs = V1Z1VaZy — aU WU Wy,

W3 == W1Z1W2Z2 — bUl‘/lUg‘/Q, Z3 == 212‘/22 + CLU22W12
The identity element is (0 : 1: 1: 1). The negative of the point (U : V :
W:Z)is(=U:V:W:Z). O

Note that Z2(Z2 — V) = aZ?UZ2 and aUZ(bUZ + W}) = aU2Z?. We
have Z2VE + aU3W? = Z3Z3 — abUUZ which can be used to simplify the
formulae.



Especially, the above theorem gives the following doubling formulae.
U3 = 2U1‘/1W121, ‘/3 :‘GQZ%—CLUIQWE,
Wy = W2Z? —bURV?, Z3=V2Z:+ aUIW2E.

Note that bU? = Z2—W2, and VEW2 = W2(Z2 —aU?) = WEZ2 —aUW32.

We have the second doubling formulae
U3 = 2U1‘/1W1Z1, ‘/3 = ‘/12212 — GU%WE,
Wy = 2WPZE —VPZE — aUPW?, (1)

Zy = V2Z? + aU?W2.

Moreover, from
WRZE—bURVE = WR(aUZ+V}) — (22 — WRVZ = aUIW? + 2VEW — VP22
= aUW3E —VEZE 4+ 2W2(bUE + W2 — aU?)
= aUW} —V2Z? + 20W2U?E + 2W — 2aU2W?2
= —aUWE = V2Z2 + 2(bURWE + W,
we have the third doubling formulae
Us = 200V\W1Zy, Vs =V32Z — aURWE,
Wy = —aUW3E—V2Z2 4+ 2(0UW?E + W), (2)
Zs = VEZ? +aUW3E
Addition in Projective Coordinates. By Theorem 5, the following for-
mulae compute (Us : V3 : W3 : Z3) = (Uy : Vi : Wy 0 Zy) 4+ (U : Vo : Wa @ Z)

in 13M + 25+ 5D costs, i.e., 13 field multiplications, 2 squarings and 5 mul-
tiplications by the curve constant a and b, or in 14M + S + 4D costs. We



denote the two algorithms by ” AProjective.1” and ” AProjective.2”.

A = UVi; B=WiZy; C=UsVay D=WyZy, E=UWy;
F = ViZy, G=WUy; H=7,Vs; J=AD; K = BC,

Ug = (H+F)(E+G)—-J-K;

Vs = (H+E)(F—aG)—J+aK,;

Ws; = (B—0bA)(C+D)+bJ] - K,

Zs = H?*+4+a-G*=H*+aG-G.

If the points represented by the sextuplet (U, V, W, Z, UV, W Z), then the
addition formula can by modified by: (Us : V3 : W3 @ Z3 : A3 : Bs) =
Uy : Vi =Wy 2 Zy « Ay s By) + (Us 2 Vo @ Wy @ Zy © Ay @ Bsy), where
Al = U1‘/1,Bl = lel,AQ = UQ‘/Q, BQ = WQZQ. The cost are 11M—|—28—|—5D
or 12M + S 4+ 4D. We denote the two algorithms bye "MProjective.1” and
"MProjective.2”.

C = UWyD=VZoy; E=WUs; F = Z1V3;G = A1 By H = B Ay;
Us = (D+F)(C+E)-G-H;

Vs = (C+F)(D—aFE)—G+aH,;

W3 = (Bl — bAl)(AQ + Bg) + bG — H;

Zy = F?+a-E*=F?+aF - F,

Az = UsVs; By = WsZ3.

Note that, if @ = €* is a square element in the field, then Z3 = (F +cE)? —
2¢H ., the cost is 11M + 1.5 4+ 6D.

Doubling 1 in Projective Coordinates. The following formulae compute
(Us : V3 : Wy Z3) =2(Uy : Vi : Wyt Z7) in 3M + 45 + 1D by using formulae
(1), where the 1D is a multiplication by a:

A = ViZy; B=A% C=U,Wy; D=C? E=2(W.Z,)%
U = (A+C)?*-B—-D; V3=B—aD;
Wy = E—-—B—aD; Z3= B+ aD.

Doubling 2 in Projective Coordinates. The following formulae compute
(Us: V3 : Wy : Z3) =2(Uy : Vi : Wyt Zy) in 2M + 55 42D by using formulae
(2), where the 2D are multiplications by a and by b:

A = ViZy; B=A% C=UW,;; D=C?* E=W}
U3 = (A+C)?—B—D; V3=B —aD;
W3 = 2(bD+ FE)—B—aD; Zs=B+aD.
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Doubling 1 in Projective Coordinates with Z; = 1. The following
formulae compute (Us : V3 : W3 : Z3) =2(U; : Vi : Wy 1) in IM +4S + 1D
by using formulae (1), where the 1D is a multiplication by a:

A = Vi; B=A% C=UW;; D=C?%* E=2W}
Us = (A+C)?—-B—D; V3 =B —aD;
Wy = E—B—aD; Z3y=B+abD.

Doubling 2 in Projective Coordinates with Z; = 1. The following
formulae compute (Us : V3 : W3 : Z3) =2(U; : V3 : Wy 2 1) in 1M + 55 + 2D
by using formulae (2), where the 2D are multiplications by a and by b:

A = Vi; B=A% C=UWy; D=C?% E=W}
Us = (A+C)?—B—D; V3=B—aD;
Wy = 20D+ E)— B —aD; Zs =B+ aD.

Note that V2Z} = Z3(Z? — aU?) = Z} — aURZE, UPWE = U3(Z? — bU?) =
UtZ? — bU{ and Wi = (Z2 — bUR)? = Z} + v*U} — 20U Z%. We have the
following doubling formulae:

U3 == 2U121‘/1W1, ‘/3 == CLZ)[]{l —2aU12212+Zf‘,

(3)
Wy = abUd— BU2Z2+ Z4, Zy = Z4 — abU},

Doubling 3 in Projective Coordinates with Z; = 1. The following
formulae compute (Us : V3 : W3 : Z3) =2(Uy : Vi : Wy 2 1) in 2M + 2S5 + 3D
by using formulae (3), where the 3D are multiplications by a, b, ab:

A = U B=A*C=2} D=C* E= U+ 2,)*— A—-C,
F = (A+C)*-—B-D; G=abB;

U3 = VinE; ‘/;;:G—CZF—FD;

Wy = G-=bF+D; Z3y=D —G.

The comparison of the costs of above doubling formulae in this paper to
those in previous works is listed in Table 1.

Doubling formulae independent of a¢ and b. From aU? = Zi — V7
and bU? = Z? — W2, we have the following doubling formulae which are
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Table 1: Algorithm comparison with other algorithms in Doubling

’ Coordinates

\ Source of algorithms \ Doubling \ Doubling(Z; = 1)

Jacobi Intersections 8] AM+3S -

Jacobi Intersections 2] 3M+48 2M+48

Jacobi Intersections 6] 2M+55+1D -
Twisted Jacobi Intersections Doubling 1 3M+4S+1D IM~+4S+1D
Twisted Jacobi Intersections Doubling 2 2M+55+2D IM-+5S+2D
Twisted Jacobi Intersections Doubling 3 2M+65+-3D 2M+25+4-3D

independent of the parameters a and b:

Uy = 0.ViWiZy, Vi = V2Z2 — Z2W2 + V2W2,

Wy = WRZP—VRZR4VEWE, Z, = VEZE+ ZBWE - VRWE.

Addition formulae independent

of a and b

Theorem 6. Let P = (uy,v1,wy), Q = (ug, va, ws) be two different points on
the twisted Jacobi intersections elliptic curve E,p : au®+0v? =1, bu* +w? =
1, and let R = P+@Q = (us,vs,w3). Then the addition formulae can be given

by

2 2

Uy — Uy . U1V1W2 — WUV

Uz =

Proof. From

( 2 2 2

u? — ud) (v + avdw?) = uvi + aviw

2,2

V3 =
U1V2Wo — Ulw1U2’ U1V2Wo — U1w1u2’

2,2

= ujvs + (1 —vf)wiuz —uzv; — (1 —v3)u

2,2 2 2,,2,.,2

_ 2
= UTV; — URV; + URVWT —

292 9
VWU,

2,,2,,2

— 0,2,,2 2,,2 2
= uyvy — upty (1 —wy) — vjwyu;
— 0,2,,2 2,,2,,2 2,,2,,2

2.2 2 2,99
= Ulvz(l - b“z) — VWU,

2,22 2.2 9
= UTVWy — VW U,

= (u1v9wy + Vywrug) (U VoW — VIWUs),

10

U1W1V2 — V1U2W2

2,,2 2,2

Uy — UV — AULUL WY

2.9
QW3

3 —_ .
U1V2W2 — V1W1U2



we have

u% — u% W VW3 + V1 WU
U VW — VW1 Us 03 + audw?

From

(u1v1wy — Wiugve) (U vawe + ViwW U)

= UBV1VW3 + U ULVIW W — Uy UpV3W We — UZV VW

= uv1ve(1 — bud) + wyugwiwe(1 — au?) — uyus(1 — aud)wywy — udvive(1 — bu?)
= u%’Ul’Ug — au%ulmwlwg — u%vlvg + au%u1u2w1w2

= (u? — ud)(vivy — au wiuLwy),

we have

U1Up — QU Wy lgWy (uv1wy — Wiugvs) (U Vowe + V1w US)
V3 + audw? (u? — u3)(v3 + aulw?)

U1V W2 — W1U2V2 U1V W2 — W1U2V2

(U% - “3)(”5 + au%w%) B Uy UWy — V1W Uy

U VW2 + VW1 U2
Again, from

(u1w1v2 — ’Ul'LLQUJQ)('LLlUQ’wQ + U1w1u2)

= u%wlwgvg + u1u2v11}2w% - u1u2v1v2w§ — U%U%Mﬂljg

wdwiwy (1 — aul) + urugvive(1 — bu?) — uusvive (1 — bul) — uswywo (1 — au?)
udwiwy — budugv1ugvy — udwiwy + budui v Usvy

= (u? — u3)(wywy — buyviugvy),

we have
wiwy — buyvitpvy  (urwivy — viUswy ) (U vawy + V1w1Us)
v3 + ausw? (uf — u3)(v3 + auzw?)
U1W1V2 — V1U2W2 U1W1V2 — V1U2W2
2 N2 2oy :
(uf —u3)(v3 + auswy) U V2We — VIW U
U1V Wo + V1W1 U
The theorem follows from Theorem 3. O
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The formulae fail for point doubling. In addition, there are exceptional cases.
For example, when 2P = 2(Q), then the formulae cannot work. The above
formulae in projective homogenous coordinates are given by the following
theorem.

Theorem 7. Let P = (Uy : Vi : Wy Zy), Q = (Uy : Vo : Wy Zs) be two
different points on the twisted Jacobi intersections elliptic curve E,p @ aU?+
V2=272 0U*+W?=272 andlet R=P+ Q = (Us: V3 : W3 : Z3). Then
the addition formulae can be given by

Uy = UZ3 — Z{U3, Vs = U\ ViWaZs — W1 Z,Us Vs,

Wi = UiWiVaZy = VizaUsWs, Zs = Uhn Z3 VoW, — ViWA U2 Zs.

The projective addition formulae in Theorems 5 and 7 have exceptional
points in each case. But the following theorem tells us that the formulae
together in Theorems 5 and 7 cover all points.

Theorem 8. Let P = (Uy : Vi : Wy Zy), Q = (Uy : Vo : Wy 0 Zs) be two
points on the twisted Jacobi intersections elliptic curve E,p @ aU? + V? =
Z2, bU? + W? = Z2 defined over K with ab(a —b) # 0, let R = (Us : V3 :
Wy : Z3) and S = (Uy : Vy : Wy : Z3), where

Us = UiZi\VoWy + ViW U2y, Vi = V121VaZy — aU WU Wy,

W3 = W1Z1WQZQ — bU]_W_UQ‘/Q, Z5 = le‘/Qz + (IU22W12,
and

U3 = UfZ% - Z%U227 V:),l = U ViWyZy — W1 Z,Us Vs,

Wy = UiWiVaZy — ViZaUsWs, Zy = U1 Z1VoWs — ViW Us Zs.
Then P+Q=R=SifR=S,and P+Q =R (orS)if S=0 (or R=0).

Proof. If R # (0,0,0,0), then R € E,;, and P + Q = R. Similarly, if S #
(0,0,0,0), then S € E,, and P+ @ = S. Now assume R = S = (0,0,0,0).
Then U1Z1V2W2 + ‘/1W1U222 = 0 and UlZlngg - %WlUQZQ = 0. Thus
U171 VoW = ViW Uy Zs = 0.

If Uy = 0, then ZZUZ = 0 since U Z3 — ZU3 = 0. Thus Z; = 0 or U = 0.
When Z; =0, then V;, = W, = 0 from aU? + V2 = Z? and bU? + W? = Z2.

12



Therefore P = (0,0,0,0), which is contradict to P € E,;. When U, = 0,
then V1Z1VoZy = 0 from V3 = V1 Z1VoZy — aU WU Wy = 0. We can get
@ = (0,0,0,0) by the similar argument as above. Contradict to Q € E,.
The similar argument works for the cases when Uy =0, Z; =0, Zy = 0,
%:O,WQZO,%:OOI'leo.
If P # @, From Theorem 7 we know that P+Q = R = Sif R # (0,0,0,0)
and S # (0,0,0,0). ]

Remark. The above Theorem give a complete addition laws for the curve
Eup: aU?+V? = 72, bU?+W? = Z? defined over K with ab(a—b) # 0. The
addition laws in the theorem cover all possible pairs of points on curves Ej .

New Addition algorithm use Theorem 7. The following formulae com-
pute (Us : V3 : Wy : Z3) = (Uy : Vi - Wy 2 Zy) + (Uy - Vo : Wo 0 Zy) in 15M,
We denote the algorithm by ”Independent.1”.

A = UiZy; B=UyZy; C=ViWa; D= VoWry;

E = UiZy; F=V\Wy; G=UyZy; H=V,Ws;

Us = (A+ B)(A- B);

V, = AC — BD: Wy = AD — BC: Zs = EH — FG.

Note that Us = UZ(bU3 + W3) — U (bUE + W) = UW3 — U3WZ. If the
points represented by the sextuplet (U, V, W, Z, UW,V Z), then the addition
formula can by modified by: (Us : V3 : W5 : Z3: M3 : N3) = (Uy : V; : Wy
Zy i My : Ny)+ (Ug - Vo o Wy @ Zy @ My @ Ny), where My = UyWq, Ny =
ViZy, My = UsWso, Ny = Vo Zy, the cost are 13M. We denote the algorithm
be ”MIndependent.2”.

A = UWsy; B=UWi; C=V1Zy; D= VaZy;

Us (A+ B)(A— B);

‘/3 AC—BD, W3:M1N2_M2N1; ZgZAD—BC,
Ms = UsWs, N3 = V3Z;.

The comparison of the costs of above addition formulae in this paper to
those in previous works is listed in Table 2.
Note that, Table 2 show that the addition in twisted Jacobi intersections are
almost as fast as that in the Jacobi intersections. The new algorithm based
on the formula independent of parameters of curves is more effectively than
the best result in literature for Jacobi intersection curves when D > 0.6M.

13



Table 2: Algorithm comparison with other algorithms in addition

’ Coordinates Source \ Addition \ D =0M \ S=D=1M ‘
Jacobi Intersections 8] 13M+2S+1D | 14.6M 16M
Jacobi Intersections [6](projective) | 13M+1S+2D | 13.8M 16M
Jacobi Intersections [6](modified) | 11IM+1S+2D | 11.8M 14M

Twisted Jacobi AProjective.l1 | 13M+2S+5D | 14.6M 20M
Twisted Jacobi AProjective.2 | 14dM+1S+4D | 14.8M 19M
Twisted Jacobi MProjective.1 | 11M+2S+5D | 12.6M 18M
Twisted Jacobi MProjective.2 | 12M+1S+4D | 12.8M 17"™
Twisted Jacobi(a square) | MProjective.2 | 11M+1S+6D | 11.8M 18M
Twisted Jacobi Independent.1 15M 15M 15M
Twisted Jacobi MIndependent.2 13M 13M 13M

4 Jacobi versus Twisted Jacobi

The twisted Jacobi intersection curve is a generalization of Jacobi inter-
sections, and twisted Jacobi intersection curve cover more elliptic curves
than Jacobi intersections curves do. An example in [2] shows that for prime
p = 22°°—19, one multiplication by 121665 and one multiplication by 121666,
which together are faster than a multiplication by 208003386839886583686474
08995589388737092878452977063003340006470870624536394 = 121665/121666 (mod p).
That is, for a large parameter b of Jacobi intersections curves U? + V2 =
7%, bU? + W? = Z2, we can choose smaller a’ and ¥’ such that the twisted
Jacobi intersections a’'U? + V% = Z2, ¥U? + W? = Z? is quadratic twisted
to it, but can save computation costs. For example, in algorithms MProjec-
tive.1, if a, b are smaller and a = €2 is a square element in the field, then we
can omit the multiplications by the small constants. Thus Z3 = F?+a-E? =
(F + eF)? — 2¢H, and the algorithm cost 11M + 15, which is more efficient
than the algorithm in [6](modified).
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5 Conclusion

In this paper, the twisted Jacobi intersections which contains Jacobi intersec-
tions as a special case is introduced. We show that every elliptic curve over
the prime field with three points of order 2 is isomorphic to a twisted Jacobi
intersections curve. Some fast explicit formulae for twisted Jacobi intersec-
tions curve in projective coordinates are presented. These explicit formulae
for addition and doubling are almost as fast as the Jacobi intersections. In
addition, the scalar multiplication can be more effective in twisted Jacobi
intersections than in Jacobi intersections. Finally, new addition formulae
which are independent of parameters of curves are proposed and it can be
more effective than the previous results in literature when D > 0.6M. At
last, we hope the faster point operation formulae on twist Jacobi intersection
can be proposed.
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Appendix. Proof of Theorem 1

Proof. Let V be a projective variety given by the equation

au?® 4+ v? = 22
bu? + w? = 2.

Let P = [u,v,w, z] be a point of V. Suppose that z # 0, then we can
consider the equation
{ au? + 0?2 =1

bu? + w? = 1.

Let @ = (u,v,w) be a point on the curve defined by this equation. If the
point () is singular, then the rank of the following matrix cannot be 2.

2au 2v 0
( 2bu 0 2w >
so —4buv = 4vw = dauw = 0, i.e. uv = vw = uw = 0. Suppose u = 0,
then v? = 1,w? = 1, contrary to vw = 0, hence u # 0, so v = w = 0. But
then u? = a~! = b~! contradicts to the condition a # b. Therefore, there is
not any singular point on ¥V with z # 0. Similarly we can show that there is

not any singular point on V with z = 0 either. So E,; is a smooth curve.

Next we show that E,; is isomorphic to an elliptic curve of the form
E:y?=z(x—a)(x—Db).
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Let (ug, vo,wp) = (0,1,1) be a point on E,,. First, we parameterize the
solutions to au® + v? = 1. similar to the Example 2.3 in [9], Let v = t,v =
1 4+ mt. Then we have

at’ + (L +mt)* =1,

which yields 2mt + (a + m?)t* = 0. Discarding the solution ¢ = 0, we
obtain t = —2m/(a + m?), hence

2m a —m?

U= — 5,V = 5
a+m a+m

Since the tangent at this point has slope m = 0, that m = 0 corresponds
to (u,v) = (0,1)(). Substituting into bu? + w? = 1 yields

((a +m*w)? = (a +m?)* — 4bm? = m* + (2a — 4b)m* + a*.
Let r = (a + m?)w, then
r? = m* +2(a — 2b)m? + a*.

Let

2a(r + a) 4a*(r + a) + 4a(a — 2b)m?
T = y = .

m2 ’ m3

By Theorem 2.17 in [9] with ¢ = a, the formulae then change this curve
to the Weierstrass equation
y® = 2° 4+ 2(a — 2b)z? — 4a*x — 8a®(a — 2b) = (z + 2a)(z — 2a)(x + 2a — 4b).

The inverse transformation is

2a(x 4 2a — 4b) m2x
m= ,T=—a+ —.
Y 2a

The point (m,r) = (0,a) corresponds to the point (x,y) = oo and
(m,r) = (0,—a) corresponds to (z,y) = (4b — 2a,0). To synthesize the
forward two steps, we obtain the following transformation.

2 2
QG(MW*‘Q) 2(au)?(w+1
ro= =g = A0S+ 20w
@ 2 4 2
402(2EO=D" 1 0) 4 da(a—2b)(2=L)2 aw)?(w
y = i Wt o e 2D 94 190 - 4b).

u3
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The inverse transformation is

( 4a(z+2a—4b)
u = — 5 ___ 4y(z+2a—4b)
- at 4a2(z<|;!22u74b)2 - y2+4a(z+2a—4b)?
4a2(z+2a—4b)2
. T a— 42 _ y?—4da(x+2a—4b)?
E T telEt2enan? —  y2+4a(z+2a—4b)2
Y
4a2(x+2a—4b)230
w = —a+t 2ay2 =2 2x(x+2a—4b)?
\ - a+4a2(a:-;22a—4b)2 - y2+4a(x+2a74b)2 :

The point (u,v,w) = (0,1,1) corresponds to the point (z,y) = oo and
(u,v,w) = (0,1, —1) corresponds to (z,y) = (4b—2a,0). The points (u,v,w) =
(0,—1,1)and (u,v,w) = (0,—1, —1) correspond to the points (z,y) = (2a,0)
and (z,y) = (—2a,0) respectively.

Substituting (z — 2a)(z + 2a)(z + 2a — 4b) for y* in the expression of 1,
and replacing (z,y) by (4x — 2a, 8y) yield the simpler equation

E:y*=x(r —a)(x—b).

and simpler transformations.

2y
x2—ab

r = _a(w+1) u = )
©: { o—1 Z/) : v z”—2az+ab

y = #le=b). w o= mie
Now the point (u, v, w) = (0,1, 1) corresponds to the point (x,y) = co and
(u,v,w) = (0,1, —1) corresponds to (z,y) = (b,0). The points (u,v,w) =
(0,—1,1)and (u,v,w) = (0,—1,—1) correspond to the points (z,y) = (a,0)
and (z,y) = (0,0) respectively.
Since the curve £, and E are both smooth, then the rational map ¢ and
its inverse map v are both morphisms by Proposition 2.1 in [10]. Therefore

E,, and E are isomorphic over K. ]
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