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Abstract

Edwards curves were the first curves shown to have a complete addition law. However, the completeness of
the addition law depends on the curve parameters and even a complete Edwards curve becomes incomplete
over a quadratic field extension. This paper covers arbitrary Edwards curves and gives a set of two addition
laws that for any pair of input points P, P, produce the sum P; + Ps.
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1. Introduction

This paper presents a complete set of two addition laws for arbitrary Edwards curves, and more generally
twisted Edwards curves, embedded into P' x P!. Specifically, what this paper shows is that

(X1:2Z1),(V1:T)) + (X2 : Z2), (Y2 : T2)) =
(X1YoZoTy + XoY1 Z1Th : Z1 ZoTh T + dX1 X2Y1Y5),
(Y1Y22122 — aX1X2T1T2 : leQTlTQ — dX1X2Y1}f2)) if deﬁned,
(X1Y1 25T + XoYaZi Ty 2 a X1 Xo Ty T + Y1 Y221 Z5),
(X]_Y'lZQTQ — XQYYQZ]_Tl : X11/2Z2T1 - X2Y121T2>) if defined

is a complete set of addition laws for the curve
Egaa={((X:2),(Y:T7)) e P' xP':aX’T? +Y?2Z? = Z°T" + dX*Y?}

whenever a, d are distinct nonzero elements of a field k with char(k) # 2. These two addition laws cover all
possible pairs of curve points; the outputs coincide if they are both defined; each defined output is on the
curve; and this addition turns the set of curve points into a group.

For Weierstrass curves embedded in P?, Bosma and Lenstra proved in [6] that the minimal cardinality
of a complete set of addition laws is 2, and they provided a complete set of 2 addition laws, improving
upon the set of 3 addition laws given in [12] (and earlier in [11l Section 3] for the case of short Weierstrass
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(X1:V:Z1)+(Xo:Ya: Zp) =
(aa X323 —2X\Y1YoZy — X1 21YF + 3a6 X121 23
+ Y2 X022y + 2121 XoYs — as Z3 X3 — a6 Z3 X075
3X?XoYs — 3X1\ V1 X3 — ays X1 Y1723 + 204 X121 Yo Zo + YYa Zo
—2a,Y1 2, X270 — V1 21 Y3 — 3a6Y121Z3 + a4 Z3 X2 Yo + 3a6 23 Yo Zs
—3X3XoZy +3X121X3 — anX1Z123 + Y223 + anZ3 X220 — Z3Y3) if defined,

(s XPXoZo + XPYF 4+ 3a6 X725 — as X121 X3
- (IZX1Z1Z22 — Y12X22 — 3a6Z12X22 + aileXQZQ :
s X3YoZy — 204 X,1Y1 X0 Zo + X1Y1Y3 — 3a6 X1 Y173
+ 204 X171 XoYs + 6a6 X121 Yo Zo — Y2 XY — asY1 721 X3
—6a6Y121 X075 + a3Y1 2173 + 3a6Z3 XoYs — a3 Z3Yo 7o
— a4 X} 73 - 2X\V1YoZy + X12,Y$ — 3as X121 73
— Y2X2Zo 4+ 2Y1 21 XoYo + a1 Z3 X3 + 30623 X2 25) if defined,

(~204X2Y2Zs — 445 X1 Y1 XoZo + 2X1Y1YE — 60X, Y1 Z3

—4ay X1 721 XYy — 1206 X1 21Y5 75 + 2Y12X2Yé — 2a4Y1Z1X22
— 12a6Y1 21 X275 + 2a421Y1Z1Z22 — 6a6Z12X2Y2 + QQZZ%)/QZQ :

6a4X12X22 + 18(16X12XQZQ — 2a2X12Z22 + 18a6X1Z1X22
~8a2 X\ Z1 XoZs — Basag X121 22 + 2YPYE — 2a322 X2
- 60,4(16212XQZQ + (—2&2 - 18@%)Z12222 :

6X12X2Y2 + 6X1Y1X22 + 2a4X1Y1Z22 + day X1 721Yo 725 + 25/125/222
+ 4das Y121 X225 + 25/1Z1Y22 + 6a6Y1Z1Z22 + 2a4ZfX2Y2 + 6a6Z12Y2Z2) if defined.

Figure 1.1: The H. Lange-Ruppert complete set of three addition laws for a short Weierstrass curve
{(X:Y:2)eP?:Y2Z=X3+asXZ?+agZ3}. We obtained this from [I2| Proposition 2.1] by substituting a; = az =
a3 = 0; replacing “(xg : z1 : 2)” with (Z1 : X1 : Y1), “(yo : y1 : y2)” with (Z2 : X2 : Y2), etc.; and sorting terms. For more
general Weierstrass curves except in characteristic 2, see [12] Proposition 2.1] with the correction stated by Bosma and Lenstra
in [6, page 240], namely changing “a1be + agbs” to “ai1bs + azas”. For characteristic 2, see [12] Theorem 2.2], and note the
change of scale from “Z(3)” to «Z(4)7,

curves). For elliptic curves in other shapes no similar result was known until now. H. Lange and Ruppert
had shown in [11] that any abelian variety has a complete system of low-degree addition laws, but had also
commented that “The proof is nonconstructive ... To determine explicitly a complete system of addition
laws requires tedious computations already in the easiest case of an elliptic curve in Weierstrass normal
form.” See Figure 1.1 for the H. Lange-Ruppert laws (in the short-Weierstrass case), and Figure 1.2 for the
Bosma—Lenstra laws.

The addition laws in this paper are much simpler, much easier to prove, and much more efficient than
the addition laws in [11], [12], and [6]. Applications of elliptic-curve groups in cryptography and computer
algebra can use the EE,a,d group for any curve expressible in twisted Edwards form, often gaining speed
without creating any troublesome failure cases. Note that every elliptic curve outside characteristic 2 can
be expressed in Edwards form at the expense of a small field extension; see [2, Theorem 3.3]. Note also that
our addition laws are open (i.e., each law computes P + @ for a nonempty open set of pairs (P, @), as in
[11], [12], and [6]) and therefore usable for elliptic-curve addition over any finite ring containing 1/2, by an
adaptation of the procedures discussed in [13] Section 3] and [6, page 231].

For affine inputs ((z : 1), (y : 1)), our first addition law is exactly the Edwards addition law. We showed
in [4, Theorem 3.3] that the Edwards addition law for the Edwards curve z? + y? = 1 + da?y? has no
exceptional cases defined over k if the curve parameter d is not a square in k. More generally, the Edwards
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(Xi1:V:Z1)+(Xo:Ys: Zy) =
(a4X12222 —2X\V1YoZy — X1 2:1YF + 3a6 X121 23
VY2 XoZo + 2V 20 Xo Yo — anZ2X2 — 3agZ2 X Zs -
3X2X,Vs — 3X,ViX2 — ay X1 Y1 Z2 + 204 X1 2, Yo Zo + YYaZs
—2a4Y1 71 X020 — Y1 21Y$ — 3a6Y1 2173 + a, Z3 XoYs + 3a6 Z2Y2 2o
—3X2XoZy +3X1 721 X2 — as X1 2123 + Y222 + a4 23 X0 Zo — Z%Yf) if defined,

(a4X12YQZQ + 204 X1Y1 X0 Zy — X1 Y1Y$ + 3as X1Y1 22

+ 2a4 X121 X2Ys + 6agX1241Y2Z5 — Y12X2Y2 + CL4Y121X22
+6a6Y121 X229 — a3Y1 2173 + 3a6Z2 XoYo — a3 Z3Yo 2y

—3a4 X2X2 — 906 X2 X075 + a2 X272 — 9a6 X171 X2
+4a2 X172, XoZs + 3asa6 X171 72 — YEYE + a3 Z2 X2
+ 3asa6Zi X2 Zo + (a3 + 9a3) Z3 23 -

—3X2XoYs —3X1Y1X2 — ay X1 Y173 — 204 X171 Yo Zo — Yo Zo
—2a4Y1 21 X2 — YlZlY22 — 3a6Y1Z1Z22 — a4ZfX2Yg — 3a6Z12Y2Z2) if defined.

Figure 1.2: The Bosma-Lenstra complete set of two addition laws for a short Weierstrass curve
{(X:Y:2)eP?:Y2Z=X3+asXZ?+asZ3}. We obtained this from [6] pages 236-238] by negating all terms
(for consistency with the first definition of “Zigl)” in [6] page 236]); correcting “(3azas — a2)(X12Z2 + X2Z1)(X1Z2 — X2Z1)”
to “(3azas — a3)(—2X1Z2 — X2Z1)X2Z1” in the second Y output; substituting a1 = a2 = a3 = 0; and sorting terms. For
more general Weierstrass curves one can take the formulas from [6], make the same correction in the second Y output, and
make an additional correction of “azaq(X1Z2 — 2X2721)X221” to “azas(—2X1Z2 — X2Z1)X2Z1” in the second X output.
The corrections stated here were pointed out several years ago by Nicole L. Pitcher. The similarities between Figure 1.1 and
Figure 1.2 follow from [6, page 240, first full paragraph)].

addition law for the twisted Edwards curve az? + y? = 1 + dz?y? has no exceptional cases if d and a/d
are not squares in k. However, over k(v/d) or k(y/a/d) there are points at infinity, and no study of how to
handle these points has appeared in the literature.

Hisil et al. in [9] introduced a different addition law on affine twisted Edwards curves, and showed for
generic pairs of input points that the addition law produces the same results as the Edwards addition law.
Our second addition law is, for affine inputs, exactly the addition law from Hisil et al. It turns out that, on
the closure of the curve in P! x P!, this second law handles all of the inputs and outputs at infinity that
are not handled by the first law. We refer to the second addition law as the “dual addition law” for reasons
discussed in Section 8, and we refer to the first addition law as the “original addition law”.

Note that for a doubling (i.e., an addition where both inputs are the same) one can simplify the formulas
with the help of the curve equation. Readers interested in the exact speed of explicit formulas for the original
addition law, the dual addition law, doublings, triplings, etc. should consult, e.g., [4], [2], [9], and [3]. See
the Explicit-Formulas Database [5] for a broader view covering many more curve shapes.

2. Review of Edwards curves

Edwards in [7] introduced a new normal form of elliptic curves. He showed that every elliptic curve over
Q can be written in this normal form over an extension of Q. More generally, every elliptic curve over a field
k with 2 # 0 can be written in this normal form over an extension of k. To reduce the need for extensions
we use the slightly generalized form of Edwards curves introduced in [4].

An Edwards curve, at the level of generality of [4], is given by an equation of the form 2% +y? = 1+dx?y?,
for some d ¢ {0,1}. The Edwards addition law is given by

(x1,91), (z2,y2) — ( T1Y2 + Y122 Y1Y2 — T1T2 )
o L+ dnaayys " 1 - doizayiye




The addition law is strongly unified; i.e., the same formulas can also be used for doubling. The point (0, 1)
is the neutral element of the addition law. The negative of a point (z,y) is (—x,y).

If d is not a square then, by [4, Theorem 3.3], the Edwards addition law is complete: the denominators
1+ dzixoy1ys and 1 — dxyzoy1y2 are always nonzero, and the points (x,y) on the curve form a group.
However, if d is a square then the addition law is not necessarily a group law: there can be pairs (z1,y1)
and (x2,y2) where 1 4+ dzyzoy1y2 = 0 or 1 — dzyzoy1y2 = 0.

3. Review of twisted Edwards curves
For some additional generality we use the twisted Fdwards curve Eg q,q given by
Egaqd: ax® + y2 =1+ d:czyz,

where a, d are distinct nonzero elements of k. We introduced this generalization together with Birkner, Joye,
and Peters in [2].

If ad = ad then the two curves Eg 4 4 and E g 4.4 are isomorphic over k(y/a/a) and therefore quadratic
twists over k. An isomorphism is given by (z,y) — (Z,7) = (z\/a/a,y).

The Edwards addition law generalizes immediately to the addition law

(x1,91), (T2,y2) — < TiYe +Y1x2  Y1Y2 — AT1T2 )
R 1 +dzizoyiys’ 1 — doizayiys

on a twisted Edwards curve. The neutral element and negation are unchanged.

The twisted Edwards curve Eg 4 4 is birationally equivalent to the Montgomery curve Ey 4, : Bv? =
u? + Au? + u, where A = 2(a+d)/(a —d) and B =4/(a — d). The map (z,y) — (u,v) = (1 +y)/(1 —y),
(1+4+y)/((1 —y)z)) is a birational equivalence from Eg, 4 to En 4 p, with inverse (u,v) — (z,y) =
(/v (w— 1)/ (u+ 1)).

As pointed out in [2] the map from Eg , 4 is undefined at (0,41). The map from Ey 4 g is undefined at
(0,0), at (—1,%/(A —2)/B) = (—1,£V4d), and at ((—A £ A2 —4)/2,0) = (1 F /a/d)/(1 £ \/a/d),0);
furthermore, the point at infinity on E 4,5 is not covered by the map between affine curves. To study
the corresponding points on Eg 44 we consider two different embeddings of the affine curve, first into P?
(Section 4) and then into P! x P! (Section 5).

4. Embedding of Eg 4,4 into P?
The projective closure of Eg 4,4 in P2 is
{(X:Y:2)eP?:aX?Z>+Y?Z° = Z* + dX*Y?}.

This curve consists of the points (z,y) on the affine curve Eg 4 4, embedded as usual into P? by (z,y) —
(z:y:1), and extra points at infinity, i.e., points where Z = 0. There are exactly two such points, namely
2 =(1:0:0) and 22 = (0:1:0). These points are singular.

A blowup of Eg 4 4 around € is a + 222 = 22 + dj?, where we put y = yz. Above Q; there are two
distinct points (g, 2) = (£+/a/d,0). These points are minimally defined over k(y/a/d).

A blowup of Eg 4,4 around € is az?2? + 1 = 22 + dz?, where we put = Zz. Above €, there are two
distinct points (Z, z) = (+1/v/d,0). These points are minimally defined over k(v/d).

This projective closure is useful for computations in two ways. First, expressing the addition law on
coordinates (X : Y : Z) avoids inversions and leads to extremely fast arithmetic, as discussed in [4]. Second,
the points ©; and 5 are important in formulating a geometric interpretation of the addition law, as used
in computing pairings; see [1J.

If d and a/d are not squares then the k-rational points of the projective closure are the k-rational points
of the affine curve and form a group. However, one cannot distinguish the points over Q; if a/d is a square,
or over {5 if d is a square; either way, the points of the projective closure do not form a group.
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5. Embedding of Eg 4,4 into P! x P!
The projective closure of Eg 4,4 in P! x Plis
Egea={((X:2),(Y:T7) € P xP':aX?’T? +Y?2Z? = Z°T" + dX?Y?}.
This curve consists of the points (z,y) on the affine curve Eg , 4, embedded as usual into P! x P! by

(z,y) — ((x : 1), (y : 1)), and extra points at infinity, i.e., points where (X : Z) = (1:0) or (Y : T) = (1:0).
At (X ) (1: 0) the curve equation is aT? = dY?. There are two points here, namely ((X : Z), (Y :

7)) =((1:0),(£+/a/d: 1)). These points are minimally defined over k(y/a/d).
At (Y ) ( : ) the curve equation is Z? = dX?2. There are also two points here, namely

(X :2),(Y:T))=((1:£Vd),(1:0)). These points are minimally defined over k(v/d).
The ratlonal map (X : Z), (Y T)) — (XT :YZ :TZ) from P! x P! to P? is defined on all points of
EE a,d- It maps EE a,d onto the projective closure of Eg 4 in P2. 1t is bijective on the affine points, maps

both points ((1:0), (£/a/d : 1)) to 1, and maps both points ((1: +v/d), (1: 0)) to Q.

6. Group law on Eg 4.4

The original Edwards addition law readily generalizes to an addition law for Eg 4 4(k), but it has ex-
ceptional cases if d or a/d is a square in k. The dual addition law from Hisil et al. also generalizes to an
addition law for Eg 4 4(k), also having exceptional cases.

We show in this section that these two addition laws together form a complete set of addition laws for
Eg.a.a- Specifically, for each pair of points P, Py € Eg 4.4, at least one of the addition laws produces output
in P! x P!; furthermore, if both addition laws produce output in P x P!, then the outputs are the same;
finally, each output in P! x P! is in EE,a’d. We denote the resulting element of EE,a,d(k‘) as P + Ps.

We show later in the paper that addition on Eg 4 4(k) matches, in all cases, standard chord-and-tangent
addition on the Montgomery curve En 4,5 where A = 2(a + d)/(a — d) and B = 4/(a — d). Consequently
Eg.a.a(k) is a group. The fact that Eg 4 4(k) is a group can also be proven directly.

Our proof that outputs from the original addition law are in Eg, 4 generalizes [4, Theorem 3.1] from
affine points on Edwards curves to arbitrary points on twisted Edwards curves. Our proof that outputs from
the dual addition law are in Eg 4 4 is new.

Theorem 6.1. Fiz a field k with char(k) # 2. Fixz distinct nonzero elements a,d € k. Fix Py, Py € EE,a)d(k:).
Write Py as (X1 : Z1), (Y1 : T1)) and write Py as ((Xg : Z3),(Ya : Tz)). Define

X3 = X 1Yo ZoTh + XoY1 21T,
Zy = Z1 ZoThTh + dX1 XoY1 Yo,
Y3 =V1Y2Z175 — aX1 XoTh 15,
T3 = Z1Z5Th T —dX1 XYY,
and
X5 = X\ Y12:T5 + XoYo Z0 T,
7t = a X, XoT T + Y1 YaZ1 Zo,
Yy = X1 Y1 25T — XoYaZ1 11,
Té = X Yo 25T — XoY1Z:1T5.

Then X374 = X575 and Y3T4 = Y{T5. Furthermore, at least one of the following cases occurs:
o (X3,73) #(0,0) and (Y3,T3) # (0,0).
e (X3, Z3) # (0,0) and (Y3, T3) # (0,0).



Proof. Part 1. Observe that

X3 Zh = (X1YaZoTy + Xo Y1 Z1T5) (a X1 Xo Ty Ty + Y1 Yo Z1 Z5)
= (aX3T3 + Y3 ZO) X1 21Ty + (aX2TE + Y2 Z3) XY Zo Ty
= (Z3T5 + dX3Y3) X\ Vi 2y Ty + (ZT% + dXTY?) X2 Yo ZoT)
= (X1 22T + XoYoZi1 T ) (Z1 ZoTh Te + dX1 X2 Y1Ys) = X, Z3.

Similarly

YgTé = Y1Y22122 — aXlXQTlTQ)(X1Y2Z2T1 — X2Y1Z1T2)

Y372 + aX3THX N2 Ty — (Y2Z2 4 aXPTHXYo Zo T
Z3TE + dX2YP) X\ Z\ Ty — (Z3T2 + dX2Y ) X2 Ys ZoTs
X1Y1Z2T2 — Xg}/glel)(lengTQ — dX1X2Y1Y2) = Y3/T3

Part 2. Assume that (Xg, Zg) = (O, 0), i.e., Xl}/QZQT1+X2Y121TQ =0and Z1Z2T1T2+dX1X2Y1}/2 =0.
The following calculations show that (X%, Z%) # (0,0) and (Y3, T3%) # (0,0).

Consider first the possibility that 73 = 0. Then Y; # 0 (since (Y3 : T1) € P!), and the curve equation
for P; implies Z? = dX? and X;,Z; # 0. The equations X3 = 0 and Z3 = 0 simplify to XoT» = 0 and
XYy =0, 80 Xo =0, so Zo # 0. Now the curve equation for P, implies Y22 = T22 and Y5, 75 # 0. Hence
Xé = X1Y1Z2T2 # 0 and }/3/ = X1Y1Z2T2 7é 0.

Consider next the possibility that Z, = 0. Then X5 # 0, and the curve equation for P, implies aT% = dY7
and Y5, 75 # 0. The equations X5 = 0 and Z3 = 0 simplify to Y17; = 0 and X3Y; = 0, so Y7 = 0, so
Ty # 0. Now the curve equation for Py implies aX? = Z? and X1, Z; # 0. Hence X} = XoY2Z1 Ty # 0 and
Y =-XoYoZ1 Ty #0.

The same arguments, exchanging indices 1 and 2, also apply if To = 0 or if Z; = 0. Assume from now
on that Th # 0, Ty # 0, Z1 # 0, and Z3 # 0.

Multiply the equation X;Y5Z>T1+X5Y1Z1T5 = 0 by dX1Ys, multiply the equation Z1 ZoT1 To+d X1 XY 1Yy =
0 by Z; T3, subtract, and divide by Z5T7, to see that dX?Yy = Z2T3. Definer = X1Y5/(Z1T3); thenr? = 1/d
and —’I“ZQTl = —X1}/2Z2T1/(21T2) = XQY&ZlTQ/(ZlTQ) = X2Y1.

Note that X1, Y5 # 0 since dX7Ys = Z2T3 # 0. Hence T4 # 0: otherwise X;Y2ZoTy — X2Y1Z1T5 = 0 so
2X,Y57Z5T = 0.

Now Xmleé = dX%YEZQTQ + dX1X2Y1YQZlT1 = dX12Y12ZQT2 + d(TZlTQ)(—TZQTl)ZlTl = (dX12Y12 —
Z12T12)ZQT2 and also lelzé = G,X12X2Y1T1T2 + X1Y12Y22122 = —(J,TX12Z2T12T2 + TY12Z12Z2T2 = (Y12Z12 —
GX%TE)’FZQTQ.

Suppose that X} = 0 and Z; = 0. Then dX?Y? = Z2T? and Y2 Z? = aX?T?. The curve equation for P
states that a X2T? + Y222 = Z2T? + dX32Y{ so 2Y2 72 = 272T%; ie., Y = T?. Hence dX2T? = Z3T? =
Z3YE = aX?T?. Hence d = a, contradicting the hypothesis that a # d.

Part 3. Assume that (YJ,Td) = (0,0), i.e., Y1Y2Z1Z2—aX1X2T1T2 =0and ZlZQTlTQ_XmXQY:[YQ =0.
The following calculations show that (X4, Z4) # (0,0) and (Y4, T%) # (0,0).

Consider first Ty = 0. Then Z? = dX? and X1, Z;,Y; # 0. The equations Y3 = 0 and T3 = 0 simplify
to Y2Zs = 0 and X3Y2 =0, so Yo = 0. Now aX3 = Z2 and X, Zo, T # 0. Hence X} = X1Y1Z5T5 # 0 and
Yy = X1Y12:T5 # 0.

Consider next Z; = 0. Then aT? = dY? and X1,Y;,T1 # 0. The equations Y3 = 0 and 73 = 0 simplify
to XoTh = 0 and XoYs = 0, so Xy = 0. Now Y2 = T2 and Zy,Ys, To # 0. Hence X} = XY 25T # 0 and
Y{ =X1Y12:T5 # 0.

The same arguments apply if 7o = 0 or Zs = 0. Assume from now on that 77 # 0, Ty # 0, Z; # 0, and
Zo #£ 0.

Multiply the equation Y1Y5Z175 — aX1XoT1To = 0 by dY:1Ys, multiply the equation 71251175 —
dX1X.Y1Ys = 0 by aTiTs, subtract, and divide by Z1Z5, to see that deYQ2 = aT12T22. Define s =
le/g/(TlTQ), then 82 = a/d and 32122 = YiYQleg/(Tng) = aXlXQTng/(Tng) = aXng.

Note that Y7, Ys # 0 since dY?Y$ = aT?T3 # 0. Hence Z4 # 0: otherwise a X1 XoT1To + Y1Y2Z1Z5 =0
SO 2Y1§/221Z2 =0.

~—~ o~ o~
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We have adX1Y1Yy = adX3Y32 2Ty — adX1 XoY1 Yo Zi Ty = adX3Y2ZoTy — ds?Z2 ZoTETy = (dX3Y? —
Z12T12)G,ZQT2 and also CLX1Y1T?/) = CI,X12Y'1Y2Z2T1—CLX1X2Y'12Z1T2 = aSX%ZQTETQ—SZQYEZlQTQ = (aX12T12—
YIZZ%)SZQTQ.

Suppose that Y4 = 0 and T4 = 0. Then dX?Y? = Z3T? and aX?T? = Y32Z%. As before Y2 = TZ,
leading to the same contradiction. O

Theorem 6.2. Fiz a field k with char(k) # 2. Fiz distinct nonzero elements a,d € k. Fix Py, Py € Eg q.a(k).
Write Py as (X1 : Z1), (Y1 : T1)) and write Py as (X3 : Z3), (Ya : T2)). Define X3,Ys, Zs, T3, X4, Y4, Z4, T}
as in Theorem 6.1. Define Ps as follows:

[ ] P3 = ((X3 : Zg), (Yg : Tg)) Zf (Xg,Zg) 7é (0,0) CLTLd (YE),,T?,) 75 (0,0)
o Py =((X3:23), (Y : Ty)) if (X3, Z3) # (0,0) and (Y3, T3) # (0,0).
Then Ps € EE,%d(k).

Proof. Note that by Theorem 6.1 at least one definition of P3 applies, and both definitions are the same
when both cases are applicable.
One can mechanically verify that the polynomial a X2T2+Y?Z2—dX3Y? in k[ X1, Z1, Y1, T, Xa, Za, Yo, Tb]
factors as (12 where
Q1 = (aX{T} + VP Z21) Z3T5 — (aX3T5 + Y3 Z3)dXTY?,
Q2 = (aX3T3 + Y3 Z3) Z7TT — (aX{TY + Y Z7)dX3Y5.
The curve equations for P; and P, now imply
Qu = (ZIT} + dXPYP) Z3T5 — (2375 + dX3Y5)dX 7Yy
= Z3Z3TETS — d* XiXFY2YS
= (2120 To + dX1 XoYV1Yo)(Z1Z:ThTe — dX1 XY Ys) = ZsT5.
Reverse the roles of P and P, to see that Qo = Z3Ts. Hence aX3T5 + Y773 — dX3Y3 = Z3T3; ie.,
(X3 :Z3),(Y5:T3)) € Eg q,a(k) in the first case.
The second case is similar. The polynomial aX4>T + YJ*Z4* — Z4>T4? factors as Q| QY where
Q) = (aX{T} + Y Z1) Z3T5 — (aX3T5 + Y5 Z3) Z3 1Y,
Qy = XPYP(aX3T5 + Y3 Z3) — X3Y3 (aX{TY + Y Z7).
The curve equations now imply
Q) = (Z1T} + dXPY?) Z3T3 — (2315 + dX3Y3) Z T}
— ORZTS — X3 2TY)
= d(X1Y1 25T + XoYo 21 T ) (Xa Y1 ZoTo — XoYo Z1 Ty ) = dX5YS

and
Qy = XPYP(Z3T3 + dX3Y5) — X3Y5 (Z3T] + dX7YY)

= XPYPZ3TE — X3Y3Z3T? = XYY,

Hence aX4> Ty + V4> 747 — Z4°T4? = dX4°Y4%; ie., (X4 : Z4), (Y] : T4)) € Ega.q(k) in the second case. [



7. Isomorphism between EE,a,d and EM,A,B
The projective closure of the Montgomery curve Ey 4 p in P? is
Emap={(U:V:W)eP?: BV*W = U? + AU*W + UW?}.

In this section the reader is assumed to be familiar with the standard chord-and-tangent group law on
Ewm,a,8(k). B B

Theorem 7.1 defines a bijection between Eg o 4(k) and En 4, p(k), and Theorem 7.3 shows that this
bijection is a group isomorphism. For the special case of affine inputs and outputs on an Edwards curve,
Theorem 7.3 is equivalent to [4, Theorem 3.2].

Theorem 7.1. Fiz a field k with char(k) # 2. Fiz distinct nonzero elements a,d € k. Define A =
2(a+d)/(a—d) and B=4/(a —d). Then

R e S

is a bijection from Eg q.a(k) to Ena,5(k), and

((0:1),(1: 1) if (U:V:W)=(0:1:0),
U:V:W)—<((0:1),(-1:1))4f(U:V:W)=(0:0:1),
(U:V),(U=W:U+W)) otherwise

is the inverse bijection.

Proof. Write f for the first map, and g for the second.

Fix P € Eg q.4(k). We will show that f(P) € Enm a (k) and g(f(P)) = P.

Case 1: P =((0:1),(1:1)). Then f(P)=(0:2:0)=(0:1:0) € En.a,5(k) and g(f(P)) = ((0:
1),(1:1))=P.

Case 2: P = ((0:1),(=1:1)). Then f(P) = (0:0:1) € Emap(k) and g(f(P)) = ((0 : 1),
(-1:1))=P.

Case 3: P# ((0:1),(1:1)) and P # ((0:1),(—=1:1)). Write P as ((X : Z),(Y : T)), and define
U=(T+Y)X,V =(T+Y)Z,W = (T-Y)X. Then X # 0. Furthermore T+Y # 0: otherwise aX? = dX?
from the curve equation so a = d, contradiction. Thus U # 0, and f(P) = (U : V : W) € P2(k). Now

BV?*W — (U? + AU?W + UW?)
_ d(T +Y)2ZHT -Y)X

- ((T LYPX 4+ 2%3@ LY)RXA(T - V)X + (T +Y)X(T — Y)2X2>

= % (AT -Y*Z* =20+ d)(T* - Y)X* - (a—d)X* (T+Y)*+ (T - Y)?))
- %(422# +4dX?Y? — 4aX?T? —4Y?Z%) =0

so f(P) € En a (k). Furthermore g(f(P)) = ((U : V) U-W . :U+W))=((T+Y)X : (T+Y)Z),((T+

VX (T-Y)X:(T+Y)X+(T-Y)X))=((X:2),(Y:T)).
Conversely, fix Q € Ewm a,5(k). We will show that 9(Q) € Egq.a(k) and f(9(Q)) = Q.
Case 1: Q=(0:1:0). Then g(Q) = ((0:1),(1: 1)) € Egqd(k) and f(9(Q)) =(0:1:0) =Q.
Case 2: @ =(0:0:1). Then g(Q)=((0:1),(=1:1)) € Egq,a(k) and f(g(Q)) =(0:0:1) =Q.



Case 3: Q #(0:1:0)and @ # (0:0:1). Write Q as (U : V : W), and define (X,Z,Y,T) =
(U,V,U-W,U+W). Then U#0s0o X #0and T+Y #0s0 g(Q) = ((X:Z),(Y : T)) € P?(k). Now

aX?T? —dX*Y? +Y?2% - 7°T?
=aU?(U+W)? —dU*(U —=W)? + (U - W)?V? - V(U + W)?
= (a — d)U*(U? + W?) 4 2aU*W + 2dUW — AUV*W
d 4
—(a-dU (U 22w uw? - L vrw) =0,
a—d a—d

50 9(Q) € Egaalk), and f(g(Q) = (T+Y)X : (T+Y)Z: (T-Y)X)=(2U%:20V : 2WU) = (U : V :
W) = Q. 0

EIilfslemma 7.2. Fiz a field k with char(k) # 2. Fiz distinct nonzero elements a,d € k. Fiz P, Py €
Eg,ad(k). Write Py as (X1 : Z1),(Y1 : T1)) and write Py as (Xa : Z2), (Y2 : T3)). Then Py + P, = ((0 :
1),(=1:1)) if and only if (Xa: Z3) = (X1 : Z1) and (Yo : To) = (Y1 : T1).

Proof. Define X3, Z3,Ys,T5, X4, Z5, Y4, T4 asin Theorem 6.1. If (X5 : Zo) = (X1 : Z1) and (Yo : Tz) = (—Y7 ¢
Ty1) then X} =0, Y4 = —T%, X3 = 0, and (from the curve equation) Y3 = —T5,s0 P+ P = ((0: 1), (=1 : 1)).

Conversely, assume that Py + P = ((0 : 1),(—1 : 1)). Then either (X3 : Z3), (Y3 : T3)) = ((0 : 1),
(=1:1)) or ((X}§:25,(Yy :T5) = ((0:1),(—1:1)) or both. Either way X3 = 0 and Y5 + T3 = 0;
in the case (X% : Z34), (Y4 : T4)) = ((0 : 1),(—=1 : 1)) this follows from X375 = X}Z3 and Y574 = Y{T5.
Note for future reference that, since (Y3 : T3) = (=1 :1) or (Y3 : T§) = (=1 : 1), it is not possible to have
simultaneously Y3 = T5 and Y3 = Tj.

First consider the case 731 = 0. Then X;,Y7,7; # 0. Now X3 = 0 implies X575 = 0 so Y # 0; and
Y3 + T3 =0 implies Yl}éZlZQ — dX1X2Y'1Y2 = 07 i.e., Yli/é(ZlZQ — XmXQ) = 0, SO 2122 = XmXQ. If
X5 = 0 then Zy = 0, contradiction; hence Xs # 0 and To = 0. Now both P; and P, have the form
((1: £v4d),(1:0)), and the equation Z; Z = dX; X, implies that the square-root signs are the same. Hence
(X2 : ZQ) = (X1 : Zl) and ()/2 : TQ) = (1 : O) = (7Y1 : Tl)

Similar comments apply if T = 0. Assume from now on that 77 # 0 and T3 # 0.

Next consider the case X5 = 0. Then Z5,Y5,T» # 0. Now X3 = 0 implies X; = 0 so Z; # 0. Now
both P; and P, have the form ((0:1),(£1:1)). The equation Y3 + 75 = 0 implies 71 Zo(Y1Ya + T1T2) =0
so Y1Ys = —T1Ty; ie., P, and P, have opposite signs in the £1. Hence (X2 : Z3) = (X1 : Z;) and
(}/2 . TQ) = (—}/1 STl).

Similar comments apply if X; = 0. Assume from now on that X; # 0 and X5 # 0.

Next consider the case Z; = 0. Now X3 = 0 implies Y575 = 0, and Y5 + T5 = 0 implies —a X1 XoT1T> —
dX1XoY1Ys = 0, ie, X3 Xo(aTh Ty + dY1Ys) = 0, so aTiTe + dY1Ys = 0. In particular Y5 # 0 (since
aTh'Ty # 0) so Zy = 0. Now both P; and P, have the form ((1 : 0),(£+/a/d : 1)), and the equation
aT1 T + dY1Ys = 0 implies that P; and P, have opposite signs in the ++/a/d. Hence (X5 : Z3) = (X1 : Z1)
and (Y2 : TQ) = (—Yl : Tl)

Similar comments apply if Zo = 0. Assume from now on that Z; # 0 and Z5 # 0.

The equation X3 = 0 is XoY71 71Ty = —X Y2251, and the equation Y3 + 15 = 0 is Y1221 75 —
aX1X2T1T2 + Z1Z2T1T2 — dX1X2Y'1Y2 =0. Multlply the second equation by XQZlTQ, eliminate XgYiZlTQ
using the first equation, and use T7 # 0, to obtain

~X1Z1(Y3Z3 + aX3Ty) + XoZo(Z3T3 + dX1Yy) = 0.
Now use the P, curve equation to see that
~ X\ ZW(Z5T5 + dX3YS) + XoZo(Z7T5 + dX7Y3) =0,

i.e., (X2Z1 - Xlzg)(Z1Z2T22 - XmXQ}/QQ) =0.



Suppose XoZ; # X1Z5. Then Z1Z,T3 = dX; XY, Multiply this equation by X; X3Z2T%, use the P,
curve equation, and rearrange to obtain

(XoZy + X1Z5) X1 X0 Z2 ZoTHTS = XEXo Z3TE (aX3T3 + YL Z3).

Multiply the P curve equation by X3Z2T3, replace X3Y2Z2T2 with X2Y2Z2T? (twice), and replace
(1)(1)(2}/’22 = Z1Z2T22 to obtain

X2XoZ3TH(aX3TE +YZ2Z2) = Z\TETH( X323 + X3 73).

Hence
(XoZy + X122) X1 X2 Z3 25T TS = 20 TETS (X323 + X3 Z3);

ie., (XoZ1—X172)%(X2Z1+X17Z2)Z1T3TZ = 0. Hence X2Z1+X1Z5 = 0. The equation X3 = 0 then implies
XoZ1 (Y1 Ty —YoTh) = 050 ViTo = YT Hence Yo = XY, ZoTy — XoYoZ)i Ty = X1 Yo ZoTy — XoY1 20Ty = T
and Y32\ Ty = V1Yo Z2 Z5T) — a X1 Xo Z, T2 T,

= (Y?Z} +aX}?T?) Z, T,

= (ZT} + dXTY?) 2T

= Z27,THTy — dX \ XoV1\ Yo Zi Ty = T3 2Ty

so Y3 = T3. Contradiction.

Hence X221 = Xlzg. Then Xg =0 1mphes X2Y1Z1T2 = —Xl}/éZQTl == —)(vQY'QZlT’l7 i.e., XQZl(YlTQ +
Y2T1) = 0. Both X5 and Z; are nonzero so Y1To +Y2T) = 0s0 (X2 : Z3) = (X1 : Z1) and (Yo : To) = (=Y :
T). O

Theorem 7.3. Fiz a field k with char(k) # 2. Fiz distinct nonzero elements a,d € k. Define A =
2(a+d)/(a—d) and B = 4/(a —d). Define f : Ega.d(k) — Ena (k) as the bijection in Theorem 7.1.
Then f(P1 + Pz) = f(Pl) -+ f(PQ) fO’i‘ all Py, Py € EE,a,d(k)'

Proof. Write Py as (X1 : Z1),(Y1 : Th)) and write Py as ((X2 : Z2),(Y2 : T3)). Define X3, Zs,Y3, T3,
X4, Z5, Y4, T} as in Theorem 6.1.

There are several cases in the definition of addition on EM, A,B, and we split the proof into several cases
accordingly.

Case 1: P1 0: ) (1:1)). Then f(Pl) (0:1:0) so on En a5 we have f(Py) + f(P2) = f(Py).

Now (Xg ) = ( ZQTQ) and (Yg ) (}/’QZQ : ZQTQ) so if (Xg, Zg) 7é (O, 0) and (Yg,Tg) 7& (0,0)
then P1+P2 (( ),(Yng)) ((X2 .22)7(Y2 ZTQ)):PQ.

Similarly (X% : Z3) (XoYs @ YaZs) and (V5 : Z%) = (XY : XoTo) so if (X}, Z%) # (0,0) and
(V4.T3) # (0,0) then Py + Py = (X} Z3), (¥{ : T) = (X : Zu), (Yo : Tv)) = Pu.

Case 2: P, =((0:1),(1:1)). Exchange indices 1 and 2 above to see that Py + P, = Py so f(P) + P2) =
f(P) = f(P) + f(P )

Case 3: P, = ((—=X1: 21),(Y1:Th)) and Py # ((0: 1), (1:1)).

IftP =(0:1),(-1 )) then P, = P; so f(Py) = (P) = (0:0:1). Furthermore P; + P, = ((0
1),(1:1)) so f(P1 +P2) (0:1:0)=(0:0:1)+(0:0:1) = (P + f(Py).

If P = ), (£4/a/d : 1)) then P2 Piso f(P) = f (P) = (1% F 0:1%+/a/d). Furthermore
(X3 : Z3) = (O : 1) and (Y3 : T3) = (— —d\/a/ : so PL+ P, = ((0:1),(1:1)) so

f(PL+P)=(0:1:0) 11\/7 0: 1¢F 1ﬁ:\/7 o 1¢F f(P) + f(Pa).

Otherwise X4, Z ;é 0and P, # P;. Now X) =0 and Yy = T4 and X5 = 0 and (by the P; curve
equation) Y3 = T3, 80 P + P, = ((0: 1),(1: 1)). Put (Uy : V4 : Wy) = f(P1); then f(P2) = (=Uy : V1 :
—Wl) = (Ul =V Wl) = —f(Pl) SO f(Pl) + f(PQ) = (0 : 1 0) = f(P1 + Pz).

Case 4: P2 = P1 and P2 75 ((—Xl : Zl)7 (Yl : Tl))

Note that X, Z; # 0 since otherwise (—X; : Z1) = (X1 : Z1). Furthermore T} 4+ Y7 # 0 since otherwise

aX?+27Z% = Z3+d X3, forcing a = d. Note also that (Y4, T4) = (0,0) and thus Py +P, = (X3 : Z3), (Y3 : T3)).
10



Again put (Uy : Vi : Wy) = f(Py). Then Vi # 0 since (Th + Y1)Z; # 0.

If Y1 = 0 then aX? = Z2 and (Uy : Vi : Wq) = (1 : &/a : 1). The tangent line at (Uy : V4 : Wy)
on EM,A,B has slope (3U12 + 24U, W7 + Wf)/(2BV1W1) = (0, —d+a+ d)/(i2\/5) = ﬂ:\/& = Vl/U1 and
therefore passes through (0:0: 1).

If Ty = 0 then Z7 = dX? and (U; : V3 : Wy) = (=1 : £v/d : 1). The tangent line at (U; : Vi : W)
on Eyp 4 p has slope (3UE + 24U W, + W32)/(2BViW,) = (a —d — a — d)/(£2Vd) = F/d = V1 /U, and
therefore passes through (0:0: 1).

Either way Py + P, = ((0:1),(=1:1)) and f(PL+ P2) =(0:0:1) = f(P1) + f(P2).

Otherwise Xl,Yth,Tl # 0 so X3 = 2X1Y1Z1T1 }é O7 Zg = Zl2T12 + dX%Yf = CLX12T12 + }/12212,
Yg = Y12Z127(1X12T12, and Tg = Z12T127dX12Y12 Thus f(P1+P2) = ((T3+Y3)X3 : (T3+}/3)Zg : (T37Y3)X3).

The tangent line through f(P;) = (Ty + Y1)X1 : (Ty + Y1)Z1 : (Th — Y1)X1) on Ep a.p has slope
(3U2 + 2AU W, + W3E)/(2BViW7). The following script in the Sage computer-algebra system [15] verifies
that this line passes through — f(P; + P»):

R.<a,d,X1,Z1,Y1,T1>=QQ[]

A=2%(a+d)/(a-d)

B=4/(a-d)

S=R.quotient ([
a*xX172xT172+Z172%Y172-Z1"2*%T172-d*X1"2%Y1"2

D

X3=X1*Y1*Z1*T1+X1xY1*Z1*T1

23=71*Z1*T1*T1+d*X1*xX1*Y1*Y1

Y3=Y1*Y1*Z1*Z1-a*xX1*X1*T1*xT1

T3=Z1%Z1*T1*T1-d*X1*X1*xY1*Y1

U1=(T1+Y1) *X1

V1=(T1+Y1)*Z1

W1=(T1-Y1)*X1

U3=(T3+Y3) *X3

V3=(T3+Y3)*Z3

W3=(T3-Y3)*X3

slopell = (3*U1"2+2xA*xU1l*W1+W1~2)/ (2*B*xV1xW1)

slopel3d = (V1*W3+V3*W1)/(U1*xW3-U3*W1)

print O == S(numerator(slopell-slopel3))

Hence f(P1 + P2) = f(P1) + f(P1) = [(P1) + [(P2).

Case 5: Pg?épl andPQ;é((—XlzZl),(Yl:Tl)) andPlsé((Ol),(ll)) andPQ;é(( ) ( 1))

IfP=(0:1),(—1:1)) then Po £ ((0:1),(=1:1))so f(P1)=(0:0:1) and f(P) = ((T> + Y )
(T2 + }/’Q)ZQ : (T2 — }/Q)XQ) Note that (T2 + }/Q)XQ, (T2 — }/Q)XQ 7& 0 ThUS f(Pl) + f(PQ) = (
D+((To+Y2) X2 : (To+Y2)Zy : (To—Y2)X2) = (To—Y2) X2 : —(T2—Y2)Zs : (To+Y2)Xs). If (X3, Z3) # (0 0)
and (Ys,Tg) 7& (0,0) then (Xg : Zg) = (—XQTQ : ZQTQ) = (—X2 : ZQ) and (Yg : T3) = (—YéZg : ZQTQ) =
(=Ya2 : Zs); if (X4, Z%) # (0,0) and (Y?)’,T3) # (0,0) then (X} : Z4) = (XoYa : —YaZy) = (X3 : Z3)
and (Y3’ : Té) = (—X2Y2 : XQTQ) = ( Y2 ) either way f(Pl + P2) = ((T2 — Yg)(—XQ) : (TQ — }/Q)ZQ :
(To + Y2)(=X2)) = (T2 = Y2) Xo : —=(T2 — Y2)Zy : (T2 4+ Y2) X2) = f(P1) + f(P2).

Similar comments apply if P, = ((0:1),(—1:1)). Assume from now on that P, # ((0:1),(—1:1)) and
P2 75 ((O : 1), (—1 : 1)) Then f(Pl) = ((TI +Y1)X1 : (T1 +Y1)Z1 : (Tl —Yl)Xl) and f(Pg) = ((T2+1/2)X2 :
(To +Y2)Zy : (To — Y2) X3).

If P+ P =((0:1),(=1:1)) then (X2: Z3) = (X1 : Z1) and (Ya : Tz) = (=Y7 : T1) by Hilfslemma 7.2
SO f(Pl) = ((Tl +Y1)X1 : (Tl +Y1)Z1 . (Tl 7Y1)X1) and f(PQ) = ((Tl 7Y1)X1 : (T1 7Y1)Zl : (T1 +Y1)X1)
Hence f(P1) + f(P2) = (0:0:1) = f(P1 + P2).

Assume from now on that Py + P, # ((0 : 1),(—=1 : 1)). If (X3,7Z3) # (0,0) and (Y3,73) # (0,0)
then Pl + P2 = ((X3 : Z3),(Y3 : Tg)) SO f(Pl + Pg) = ((Tg + Y3)X3 : (Tg + Yg)Zg : (Tg — YE&)X?))
The following Sage script verifies that (T3 + Y3)X3 : —(T3 + Y3)Z3 : (T5 — Y3)X3) is on the line from
((Tl +Y1)X1 . (T1 +Y1)Zl . (Tl — H)Xl) to ((T2 +Y2)X2 . (TQ +Y2)Z2 . (T2 — YQ)XQ)S
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R.<a,d,X1,Z21,Y1,T1,X2,22,Y2,T2>=QQ[]

S=R.quotient ([
a*xX172xT172+Z172%Y172-Z21"2%T172-d*X1"2%Y1"2,
axX272xT272+Z272xY272-22"2%T272-d*X2"2*%Y2"2

D

X3=X1*Y2*Z2*xT1+X2*Y1*Z1*xT2

23=Z1%Z2*T1*T2+d*X1*xX2*xY1xY2

Y3=Y1xY2*Z1%Z2-a*xX1*X2*T1*T2

T3=Z1%Z2*T1*T2-d*X1*X2*xY1*Y2

U1=(T1+Y1)*X1

V1=(T1+Y1)*Z1

W1=(T1-Y1)*X1

U2=(T2+Y2) *X2

V2=(T2+Y2) *Z2

W2=(T2-Y2) *X2

U3=(T3+Y3) *X3

V3=(T3+Y3) *Z3

W3=(T3-Y3)*X3

slopeld = (V1*W3+V3*W1)/(U1*W3-U3*W1)

slopel2 = (V1%W2-V2+W1)/(U1xW2-U2xW1)

print O == S(numerator(slopel3-slopel2))

Hence f(P1) + f(P,) = f(P1 + P).

It (X},24) # (0,0) and (Y], T3) # (0,0) then Py + Py = (X} : Z4),(¥{ : T})) s0 f(Py + Py) =
(T3+Y5) X5 (T5+Y4)Z5 - (T5—Y4)X5). The following Sage script verifies that ((T5+Y3) X5 : —(T5+Y3)Z5
(Té — Ygl)Xé) is on the line from ((Tl + Yl)Xl : (Tl + Yl)Zl : (T1 — Yl)Xl) to ((TQ + Yé)XQ : (T2 + }/2)22 :
(T2 - }/—Q)XQ)

R.<a,d,X1,Z1,Y1,T1,X2,22,Y2,T2>=QQ[]

S=R.quotient ([
a*X172xT172+Z172%Y172-Z1"2*%T172-d*X1"2%Y1"2,
axX272xT272+Z272xY272-22"2%T272-d*X2"2*%Y2"2

D

X3=X1*Y1*Z2*xT2 + X2*Y2*xZ1*T1

Z3=a*xX1*xX2xT1*T2 + Y1xY2%Z1%Z2

Y3=X1xY1*Z2*T2 - X2%Y2*Z1x%T1

T3=X1xY2*Z2*T1 - X2*Y1*Z1xT2

U1=(T1+Y1)*X1

V1=(T1+Y1)*Z1

W1=(T1-Y1)*X1

U2=(T2+Y2) *X2

V2=(T2+Y2) *Z2

W2=(T2-Y2) *X2

U3=(T3+Y3) *X3

V3=(T3+Y3)*Z3

W3=(T3-Y3)*X3

slopeld = (V1*W3+V3*W1)/(U1*W3-U3*W1)

slopel2 = (V1%W2-V2+W1)/(U1xW2-U2xW1)

print O == S(numerator(slopel3-slopel2))

Hence f(P1) + f(P2) = f(P1 + P»). O
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8. Special cases

The neutral element of Eg 4 4 is ((0: 1), (1: 1)).

The negative of ((X1: Z1), (Y1 :Th)) € Egaais (=X1: Z1), (Y7 : T1)). This implies in particular that
points of order 2 have (X1 :Z1) €{(0:1),(1:0)}.

Theorem 8.1 below gives linear characterizations of the pairs (P1, ) € Ega4 X Epqq that can be
added by each of our addition laws. For example, the dual addition law fails for all doublings, so the original
addition law works for all doublings. One can also express the exceptional divisors as functions of P, — P,
as one would guess by analogy to [6l Theorem 2]: the original addition law fails for exactly the pairs (Py, P»)
such that Py — Py is ((1: £v/d), (1:0)) or ((1:0), (£y/a/d : 1)), and the dual addition law fails for exactly
the pairs (P, P») such that P, — Py is ((1: ++/a),(0:1)) or ((0:1),(%1:1)). These characterizations rely
on, e.g., the “v/d formula”

(X1:Z1), (Y1 :T0)) + (1 :Vd), (1:0)) = (Ty : VadYr), (Z1 - —VdXy)).

This formula follows immediately from the original addition law when X;Y; # 0, as pointed out by Edwards
n [7, page 404, last sentence]; and it follows immediately from the dual addition law when T} 7Z; # 0.

The same v/d formula can also be used as a way to “rotate” addition laws, and in particular to obtain the
dual addition law from the original addition law. Specifically, add ((1 : V/d), (1:0)) to (X1 : Z1), (Y1 : Th)),
using the v/d formula; further add ((Xs : Z5), (Ya : T3)), using the original addition law; and then subtract
((1:+/d),(1:0)), using the v/d formula. The final result is exactly the dual addition law for ((X; : Z;), (Y1 :
Ty)) and ((X2 : Zs),(Y2 : T2)). Applying the same rotation to the dual addition law recovers the original
addition law; this justifies our “dual” terminology. Rotating the exceptional cases for the original addition
law produces the exceptional cases for the dual addition law.

Theorem 8.1. Fiz a field k with char(k) # 2. Fiz distinct nonzero elements a,d € k. Fiz P1, Py € Eg 4.4(k).
Write Py as (X1 : Z1), (Y1 : T1)) and write Py as (X2 : Z2), (Ya : T2)). Define X3,Ys, Zs,T5, X5, Y3, Z5, T}
as in Theorem 6.1. Then

e (X3,73) = (0,0) if and only if Py = (Ty : £V/dY1), (Z1 : FVdX1)).

o (Y3,T3) = (0,0) if and only if Py = ((£+/a/dZ; : aX1), (£\/a/dT; : V1))
o (X4, 25) = (0,0) if and only if Py = (Y1 : £/aTy), (FvaXy : Z1)).

o (Y4, T3) = (0,0) if and only if P, = (£X1 : Z1), (£Y7 : TY)).

Proof. Part 1. Assume without loss of generality that (Xs, Z2,Y3,T3) = (Tl,:I:\/EYl,Zl, :F\/&Xl). Then
X3 = Xl}/2Z2T1+X2Y1Z1T2 = X1Z1(:l:\/gyl)T1+T1Y121(:{:\/gX1) = 0and Zg = Z1Z2T1T2+dX1X2Y1Y2 =
Zl(ﬂ:\/(jyl)Tl(¥\/gX1) + dX1T1HZ1 =0.

Conversely, assume that (X3, Z3) = (0,0).

If Ty =0 then Z? = dX? and X5 = O and Y = T%, as shown before in Part 2 of the proof of Theorem
6.1. Write s = —Z1T5/(X1Y2); then s2 = d and ((Ty : sY1),(Z1 : —sX1)) = ((0: 1), (Ys : T)) = (X2 :
Z5), (Y2 : Tz)).

If 22 =0 then aT3 = dY# and Y; = 0 and aX? = Z, as shown before. Again write s = —Z1T»/(X1Y2);
then S =d and (( SY&) (Zl —SXl)) ((1 0) (YQ TQ)) ((XQ Zz) (Yé TQ))

Similar comments apply if 7o = 0 or Z; = 0. The only remaining case is that Z1, Z,T1,T5 # 0. Then
X1Y2 =rZ1T5 and X3Y; = —rZ5T; for some r satisfying r? = 1/d, as shown before. Write s = —1/7; then
S = d and (( SYl) (Zl : 78X1)) ((XQ ZQ) (ng ))

Part 2. Assume without loss of generality that (Xa, Za, Ys,To) = (£+/a/d Z1,aX1,++/a/dT1,Y7). Then
Y3 = YiYQleQ - aX1X2T1T2 = Yl i\/a/ T1 ZlaXl - aXl i\/a/ Zl T1Y1 =0 and T3 = Z1Z2T1T2 -
dX1X2Y1Yé = ZlaXllel — Xm(:I:\/a/le)Yl(:I:\/a/dTl) = 0

Conversely, assume that (Y3,73) = (0,0).
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If ) =0 then Z2 = dX? and Yz = 0 and a X3 = Z2, as shown before in Part 3 of the proof of Theorem
6.1. Write s = aX1X2/(Z17Z5); then s = a/d and ((sZ; : aX1),(sTh : V1)) = (X2 : Z2),(0: 1)) = ((X2 :
Z2), (Ya : T3)).

If Z; = 0 then aT? = dY? and Xy = 0 and Y3 = T2, as shown before. Write s = Y1Ya/(T1T3); then
82 = a/d and ((SZl : aXl), (STl : Yl)) = ((0 : 1), (}/’2 : TQ)) = ((XQ : ZQ), (YQ : TQ))

Similar comments apply if 7o = 0 or Zy = 0. The only remaining case is that Z1, Zs,T1,T5 # 0. Then
Y1Ys = sT1 Ty and aX1Xo = sZ1Z5 for some s satisfying s? = a/d, as shown before, so ((sZ; : aX1), (sT1 :
Y1) = (X2 : Z2), (Ya : T3)).

Part 3. Assume without loss of generality that (Xs, Zs, Y2, Ta) = (Y1, £v/aT1, Fv/aX1, Z1). Then X} =
X1Y1Z2T2 + Xg}/glel = lel(:t\/aTl)Zl + Yl(:F\/aXl)ZlTl =0 and Zé = aXngTlTQ + Yl}/gzlzg =
aX1Y1T121 + Y1($\/5X1)Z1(j:\/5T1) =0.

Conversely, assume that (X5, Z4) = (0,0).

If X; = 0 then X5Ys = 0 and Y225 = 0 so Yo = 0. Furthermore Y? = T? and aX3 = Z3. Write
r=Y1Z5/(XoTh); then r?2 = a and (Y1 : vT1), (—rX1: Z1)) = (X2 : Z2),(0: 1)) = (X2 : Za), (Ya : T3)).

If 77 = 0 then Z5T5 = 0 and Y525 = 0 so Z = 0. Furthermore Z% = Xm2 and aT22 = dY22. Write
r = —YéZl/(XlTQ); then 7’2 =a and ((Yl : TTl), (—'I’Xl : Zl)) = ((]. : 0), (Y2 : Tg)) = ((X2 : ZQ), (1/2 : Tg))

Similar comments apply if Xo = 0 or Ty = 0, so assume that X1, Xo,T1, Ty # 0. Then a X? X, T1T§ =
—Xl}/VlYQZlZQTQ = XQYQQZ%Tl SO X2T1(G,X12T22 —Y22Z12) =0so CLX12T22 = }/'22Z12 Write r = —}/2Z1/(X1T2).
Then ’/‘2 =a and ’I“XQTl = —XngZlTl/(XlTQ) = X1}/1Z2T2/(X1T2) = YiZQ SO ((Yl : ’/‘Tl), (—TXl : Zl)) =
(X2 : Z2), (Y2 : T3)).

Part 4. Assume now that (XQ, ZQ7Y2,T2) = (:l:Xl,Zl, :l:Yl,Tl). Then Yg/ = X1Y122T2 — X2Y2Z1T1 =
X2\ — (£X1)(£V1) 21Ty = 0 and T4 = X 1Ys ZoT) — XoY1 Z0Te = X1 (£Y1) 21Ty — (£X1)Y1Z:Th = 0.

Conversely, assume that (Y3, T5) = (0,0).

Ile = 0 then XgYé =0 and X2T2 =0 so X2 =0. IfZl = 0 then ZQTQ =0 and }/QZQ =0so ZQ =0.
If Yl = 0 then X2Y2 =0 and Y2Z2 =0so Y2 =0. If Tl = 0 then Z2T2 =0 and X2T2 =0so TQ =0. In all
four cases one sees easily that ((rX; : Z71), (rY1 : T1)) = (X2 : Z2), (Ya : T3)) for some r € {—1,1}. Similar
comments apply if Xo =0o0r Zy =0o0r Y5 =0 or T = 0.

In the remaining case X12Y1222T2 = X1 XoYoZo ZWTh = X22Y1Z12T2 SO X12Z22 = X22Z12. Write r =
XQZl/(Xle). Then r € {—1, 1} and ’I“Y1T2 = X2Y1Z1T2/(X122) = X1}/2Z2T1/(X1Z2) = Y2T1 SO
((’/‘Xl : Zl), (TYl : Tl)) = ((X2 : ZQ), (Y2 : TQ)) ]
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