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Abstract

For a prime p with p = 3(mod4) and an odd number m, the
Bentness of the p-ary binomial function f,(x) = Tr}(az?” ') +
Trf(bx#) is characterized, where n = 2m, a € F}., and b € F,.
The necessary and sufficient conditions of f, ,(z) being Bent are estab-
lished respectively by an exponential sum and two sequences related
to a and b. For the special case of p = 3, we further characterize the
Bentness of the ternary function f, s(x) by the Hamming weight of a
sequence.

Key Words p-ary Binomial Bent functions Exponential sum  Ham-
ming weight

1 Introduction

Nonlinearity is an important cryptographic criteria for the Boolean functions
used in symmetric ciphers [1]. The nonlinearity of a Boolean function is the
distance between it and the set of affine functions. Bent functions, intro-
duced by Rothaus [18], are ones of the most famous Boolean functions since
they achieve the upper bound on nonlinearity. Highly nonlinear functions
including Bent functions have been extensively applied to cryptography, se-
quences and coding theory [1, 2, 10]. The concept of Bent function is also
generalized to more general notations such as generalized Bent functions
[2, 6,9, 12, 13, 19]. People have paid lots of attention to this topic, however,
the complete classification of Bent functions is still hopeless. Some research
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of Bent functions focuses on monomial functions, binomial functions, and
quadratic functions [1, 4, 5, 8, 14].

For a prime p and a positive integer n, let F,» be the finite field with
p" elements, Fyn = Fpn \ {0}, and Tr}(-) is the trace function from Fyn to
F,. For p = 2 and an even number n = 2m, Dillon [7] established that the
monomial Boolean function defined by

falz) = Tr?(aa:d), a € Fom

is Bent if and only if the Kloosterman sum satisfies K (x1,a,0) = —1, where
the exponent is d = 2™ — 1, x1 is the canonical additive character of Fpn,
and the Kloosterman sum [15] is defined as

K(x,a,b) = Z x(ax +bx™1), a, b€ Fyn.

xEF;n

This result is generalized by Charpin and Gong to d = r(2™ — 1) for any
integer r coprime with 2™+ 1 [3] and by Helleseth and Kholosha to fields of
odd characteristic [11].

Recently, Mesnager characterized the Bentness of the binary Boolean
function .
Tr’f(axQn/z_l) + Tr%(bx%), a € Fon, beFy (1)
for even n in terms of the Kloosterman sums of the coefficients a and b
[17]. Different from most previous constructions, the coefficient b here shall
be restricted in a subfield F4 of Fon. In this paper, following the line of
Mesnager’s work, we consider the analogy problem for the odd p-ary function
fap : Fpn — Fp, defined by

p"—1

fap(x) =Trf(aa?" ")+ Tri(ba 7 ), a €F}, be Fe (2)

where m is odd, n = 2m, and p is odd with p = 3 (mod4). In analogy with
the binary case, we first characterize the Bentness of the function (2) in terms
of an exponential sum over a subset of F,». For a further characterization
of the exponential sum, however, the method of Mesnager can not continue
to work here since it needs to divide this subset into four parts but the
exponential sum can not be evaluated over each part as in [17]. To this end,

we characterize the Bentness by two sequences defined by Tr(azP" ~!) and
Tr? (bx” T ). Finally, for the special case of p = 3, we further characterize

the Bentness of the ternary function f,(z) by the Hamming weight of a
sequence.



The rest of this paper is organized as follows. In Section 2, we recall
some necessary preliminaries and present the main results. In Section 3, the
main theorems are proved and examples of ternary binomial Bent functions
are presented.

2 Preliminaries and Main Theorems

For two positive integers k and n with k|n, the trace function from Fyn to
Fpr [15] is defined as

n/k—1 .
Tryp (z) = Z P, xeFpn.
1=0

The Walsh transform of a function f : F,n — F, is defined by

F\) = Z W/ @=TTA) -\ ¢ Fpn
z€F,n
2ny/—1

where w = e »  is a primitive p-th complex root of unity. For an odd
prime p, f is called a p-ary Bent function if \f(/\)] =p2 forall \ € Fpn [13].
A Bent function f(z) is called regular if for every A € F,» the normalized
Walsh coefficients p~2 f (M) equals to a complex p-th root of unity, that is,
p 2 f(A) = w!" W for some function f* : Fyn — ). A binary Bent function
is always regular. For odd p, a p-ary Bent function f(x) may not be regular,
but its Walsh transform coefficients satisfy

f

+ " Np3 if p" =1 (mod4),

if p" = 3 (mod4)

where € is a complex primitive forth root of unity (please see Property 8
of [13]).

Assume n = 2m is even. For any = € [Fjn, denote Z = 2P". Let G be a
subgroup of the multiplicative group F. defined by

G={eveF az=1},

i.e., G is the group of elements in F,,» of order dividing p"*+1. G is sometimes
called the unit circle of Fy.. Let v be a primitive element of Fjn. For each
0 <i<p"—2, the element v* of Fjn can be written as AP HDE AL where

0<I<p™and 0 <k <p™—2. As a consequence, we have the following



Lemma 2.1 For a prime p, the multiplicative group Fpn can be decomposed
to the Cartesian product
k *
Fpn - ]Fpm X V
where V = {1,7,72, e ,7pm} and vy 1s a primitive element of Fpn.

In the sequel, we always assume that p is odd and n = 2m for some
integer m such that p™ > 3 and p™ = 3 (mod 4), i.e., p > 3, p = 3 (mod 4),
and m is odd. To characterize the Bentness of the function f,;(x) defined
in (2), we define an exponential sum over the subset V' as follows:

p™ ) 2 Tpn_li
Sap = Z wlap(®) = Z Wit (aﬁy(pmil)l)wTrl <b7 > . (4)
veV =0

The main theorems are listed below and their proofs will be given in
Section 3.

Theorem 2.2 The binomial function f,p(x) in (2) is Bent if and only if
Sap = 1. (5)

Moreover, if (5) holds then fq () is a reqular Bent function and the corre-
sponding Walsh transform coefficient of fq () is equal to

. myfab(®x)  for A € F*
P , for A€ Fpn,
fanX) = { p", for A\=0

where x = vy is the unique solution in V of Ax + X" 2P" =0 for \ € Fon.

Theorem 2.2 provides a characterization for Bentness of f, ;(x), however,
it is still difficult to compute the exponential sum S . In order to find an
alternative characterization for S, = 1, from the last expression in (4) we

consider two sequences {ai}?;no and {bi}f;no defined by
a; = Tr} (a’y(pmfl)i> , by =Tr? (by%i> .

It is clear that p™ + 1 and 4 are their periods respectively. Let

p" =3
7=<0,1,2,...
{777 b 4 }

for p™ = 3 (mod 8) and

m_ 7
j:{O,l,Q,...,p - }

for p™ = 7 (mod 8), respectively. Then we have



Theorem 2.3 The following statements hold:

1. If p™ = 3 (mod 8) then the function fqp(x) in (2) is Bent if and only if

Z (Cos 2 (bo + a4i) + cos 2m(by + a4i+1)> = % (6)
p

1€ p

2. If p™ =7 (mod 8) then the function f,p(x) in (2) is Bent if and only if

27hg 2mas; 2mby 2magiy1 1
cos =0 Y cos=E + cos T Y cos T2 = 5,
i€l 1€l
. 2mhg 2mag; 2magiy2
sin =0 ZEZJ (cos T —cos= 2 ) + (7)

. 2 Qs
sin2mL S (cos MWL _ (g it ) — (),
P P P
ieJ

In the above two cases, the fq,p(x) in (2) is a reqular Bent function.

By Theorem 2.3, the Bentness of f,(z) is completely determined by
subsequences of the sequences {ai}f;no and {bi}’;;no. In particular, for p = 3,
let

3M41

s:(bo+a0,b1+a1,b0—|—a47b1+a5,...,b0+a3m_3,bl+a3m_2) €F3 2

that is, s is a subsequence of the sequence {a; + b;}?-, consisting of its
0,1,4,5,---,3™—3, (3™ — 2)-th entries. Let Wt(s) be the Hamming weight
of s. Then we have

Corollary 2.4 Let p = 3 and m be an odd integer. The function fq(x)
in (2) is Bent if and only if

Wit(s) = 3™ 1.

In this case, the f,p(x) in (2) is a regular Bent function.

3 The Bentness of p-ary Binomial Functions

In this section, we will finish the proofs of Theorem 2.2 and 2.3.

We first analyze the properties of the function f,(x) in (2) and use
them to calculate the Walsh spectra of f, ;(x).



By Lemma 2.1, any x € Fj» can be uniquely expressed as yv for y € Fym
and v € V. Then we have

fa,b($) = fa,b(yv)
m m -1 n—1
= Tof (avP" ~1yP" 1) + Tr (bvaypT)

= T (") + T} (") ") (8)
= Ty (m}pmil) + Tr? (bvp 4_1>
= fap(v)

since p™ = 3(mod4). According to the equality (8), for any A € Fyn we
have

Fap(V)
— Z wlap@) =Tt (Az)
z€Fpn
=14+ Z Z wla.p(y)=TrT (vy)
veV yE]F*
-1+ waab Z wTrl (Avo+(w)? )y) 9)
veV YEF m
=1+ Z (p™ — Dwlar(®) — Z wlan(®)
veV,Av+(Av)P™ =0 vEV, Av+(Av)P™ #£0
=1+4p™ Z wlan®) _ Z wlan(®)
vEV, Av+(Av)P™ =0 veV

In particular, for A = 0 we have

Fap(0) =1+ (p™ — 1)Sup. (10)

For any A € I}, we first have

Lemma 3.1 The equation \x + X" 2P" = 0 has a unique solution in V.

Proof Clearly, the mentioned equation has the same nonzero solutions
with this equation: (Az)P"~! = —1, whose unique solution is given by z =
A—l,y(pm+1)/2' 0

We denote this solution by vy as in Theorem 2.2. By (9), we have

an7b()\) — 1 _i_pmwfa,b(vz\) — Sa,b' (11)



Thus, the calculation of fal,()\) is reduced to determining the exponential
sum Sg p.

With the above preparations, we can prove Theorem 2.2.

Proof of theorem 2.2 Sufficiency. Assume S,; = 1. By equalities
(10) and (11) we have

. Mfap(®x) - for X # 0
_ prw 9 or )
Jap(A) = { P, for A = 0.

Thus f, () is a regular Bent function.

Conversely, assume f, () is a Bent function. Then | fa7b(>\)] = p™ for
any A € Fpn. We choose a A # 0. By equality (3), we can assume that
anJ,()\) = +wkp™ for some 0 < k; < p — 1. Moreover, let

p—1
Sap = Z wlab®) — ZNiwi
1=0

veV

where N; = tt{v e V| faplv) = z} for 0 < i < p—1. We want to prove
No—1=Ny=---=N, = p™~ 1. If this holds then Sap = 1.

First notice that No+ N1 +...4+ Np—1 =p™ + 1. Set ky = fop(vy). The
equality (11) can be rewritten as

(No — 1) + Nyw + - - - + Np_qwP~ 1 £ pmwft — pmwk2 = 0. (12)
Suppose merging similar items on the left side of (12) gives
ap+aw+ -+ ap_lwp_l =0.

Comparing the sequence of nonnegative integers {No, Ny, -+, N,—1} and
the sequence of integers {ag, a1, - ,a,—1}, we know there are at least p —3
indexes 1 <17 < p—1 with a; = N;, and

ap+ar+--+ap1=No—1+ N+ +Np_q) £p" —p™ = £p™.

Thus ap = a1 = --- = ap—1 = +p™~! since by Eisenstein’s criteria, 2P~! +
-4+ 22 + 2+ 1 is irreducible over the rational numbers, and hence it is the
minimal polynomial of w over the field of rational numbers.

Suppose an,b(A) = —wk1p™ namely the above mentioned ”+” is a neg-
ative sign. Then ag = a1 = -+ = ap—1 = —p™~1 < 0, which happens only
when p = 3 since otherwise there will be a negative N;, and in this case
we must have Ng = 1 —p™ ™! < 0 and Ny = Ny = p™ — p™ !, this further
happens only when m = 1.



Suppose fa,b()\) = wklpm, Then ap = a1 = -+ = ap—1 = pm L By

the relation of two sequences {Ng, N1, -+, N,—1} and {ag, a1, ,ap—1}, we
can easily learn that k; = ko since otherwise there is some ¢ with a; >
Ni—1+p™>p™—1>p™ ! and hence, ag = Ny — 1, and a; = N; for
1<i<p-—1. Thus, Ng—1=N;=---= p_lzpmfl. O

To prove Theorem 2.3, we make the following preparations. Since ’yp =

—1, we have

p"—1

by = Tr%(b), by = Tl"% (b’Y 4 ) , by=—by, b3 = —b1.

Since p™ = 3 (mod4), we can decompose the sequence {ai}fzo into corre-
sponding four parts according to values of b;. So the expression (4) becomes

pm
Sab = § w - W

=0
— wbo Z Wi wbl Z u/,1141'-;-1_{_(“)—170 Z Wwit2 w_bl Z (o4i+3 (13)
1€T €T 1€T 1€
= waS() + wbl ST+ w_bOSQ + w_bng
where S; = > w™iti for j € {0,1,2,3}.
i€
It can be verified that the sequence {ai}fzo satisfies

a; = Try (afy(pmfl)i> = —Tr? (a’y(pmfl)(”%)) = 0 i (14)

for any .

Proof of Theorem 2.3 The condition p” = 3 (mod 4) is divided into
two cases p™ = 3 (mod 8) and p" = 7 (mod8).

When p™ = 3 (mod 8), we have pm2+1 = 2 (mod4). By the equality (14),
for i € Z and j € {0,1}, we have A4i42+5 = —O4(i—(pm—3)/8)+j since 41 4 2 =
4(i — (p"™ —3)/8) + (p"™ + 1)/2. Thus, the terms wi+i in the expansion of
S; are one-to-one equal to the terms w™i+7 in the expansion of S;i2, and
(13) can be rewritten as

Sap = (80 + w8, ) + (wh Sy +w ™ sy)
_ Z <wbo+a4i + w*(bo+a4i)> + Z (wb1+a4¢+1 + w*(b1+a4i+1))
i€l i€l (]‘5)

27 (b i 27 (b i
:22(608 ﬂ( 0+a4)—|—cos W( 1+a4+1)>.

p p

€L



As a consequence, S, = 1 if and only if the equality (6) holds. In this case,
by Theorem 2.2, fq () is regular.

When p™ = 7 (mod 8), we have me'H = 0 (mod4). By (14), similarly, the
terms w®i+k and w~%i+k are one-to-one correspondence in the expansion of

Sy for i € J and k € {0,1,2,3}. So, the equality (13) becomes
Sap = w8y + WS +w S + w1 Ss
_ wbo Z (wa4i + w—au) + wb1 Z (wa4i+1 + w—a4z‘+1)

icJ ieJ
+ wbo Z (wa4i+2 + w*a4¢+2) + Wb Z (wa4i+3 + w*a4z‘+3)
ieJ ieJ
2mb 2ma9; 27b 2mas;
= 2003—0 cos 2 + 2003—1 Z cosﬁ
p €T p €T p
27b 2T aq; 2T
+2< sin 0 Z (cos i cos42+2>
P = p p

27h 2 i 2 ;
+sin ™ Z <cos MO4+1 cos 7m4z+3) } v—1.
P = P P
Thus S, = 1 if and only if the equality (7) holds. O
Finally, for p = 3, we have that a;,b; € {0,1,2} for 0 < ¢ < 3™,j €
{0,1}, and w is a primitive 3-th complex root of unity. It is clear that
27T(bj+ai) B { 2, if bj—l—ai:O(mod?)),

2cos 3 —1, otherwise.

(16)

3M41
Let s = (bo +ao, b1 +a1,bo+ay, b1 +as, ..., bo+agm_3,b; +agm_o) € Fy *
From equalities (16) and (15) we have

3m 41

Sap = —Wt(s) +2 x < — Wt(s)> = 3™ +1—3Wt(s) .
Therefore, S, = 1 if and only if Wt(s) = 3™~L. This finishes the proof of
Corollary 2.4.

Remark 3.2 If b = 0 then f,p(x) is degraded to a monomial function.
According to Corollary 2.4, fa0 is a Bent function if and only if the sequence

3M+1
(ag, a1, aq,as,...,asm_g,agm_s) € Fy 2 has the Hamming weight 3™ 1,
which is Corollary 1 in [11], here the length of the sequence considered is
half of that in Corollary 1 in [11].



Applying Corollary 2.4, with the help of a computer, we can efficiently
determine whether the ternary binomial function f, () defined in (2) is
Bent or not for some suitable values of n. Below are numerical examples by
applying Corollary 2.4.

Example 3.3 (1) For p = 3 and n = 6, there are 1260 pairs (a,b) €
56 x T, such that fop(w) is Bent. An incomplete list of (a,b) is as follows:

a ,72 ,72 72 ,}/2 ,75 ,},17 78 715

blor o206 | 03] 0 [ 0F | 0°

where vy is a primitive element of Fss with minimal polynomial 2% + x5 + 2
6_
and 0 = ’y3 5 isa primitive of Fao.

(2) For p=3 and n = 10, there are 40992 pairs (a,b) € F5,y x F}, such
that fop(x) is Bent. An incomplete list of (a,b) is as follows:

a ’74 '74 ,74 ,Y4 ’761 752 7152 752

blor o206 | 60" | 03| 0° 0

where vy is a primitive element of Fs10 with minimal polynomial 10 + 29 +
10_

2’ +2and O = 73 5 is a primitive of Fa2.

4 Conclusion

We have characterized the Bentness of a family of p-ary binomial functions
fap(x) defined by (2) by a specific exponential sum S, ; and by two sequences
depending on the coefficients a and b. In the special case of p = 3, the
Bentness of the ternary binomial functions

3" -1

fap(z) = e (az®" 1) + Trd(ba ™1 )

was further characterized by the Hamming weight of a finite sequence of
length ?’mT“

Our work is motivated by a recent work given by Mesnager [17], who
studied the class of functions defined in (1). Another possible way to extend
Mesnager’s work is to discuss the Bentness of the following functions

m pl—1
Gap(2) = TeP(ax?" 1) + Tr%(beQ—l ), a €Fpn, beTF,,

which have slight different expression from f, ,(z). When p = 2, g, () is
exactly the function considered in [17].
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